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Abstract

In the present work a path-integral formalism in which the Hub-
bard X-operators are used as dynamic field variables is analyzed. The
same formalism to the t-J model case is also discussed. Moreover, and
by means of arguments coming from the Faddeev-Jackiw symplectic
method, a family of first-order Lagrangians for the t-J model is con-
structed, and it is shown how the corresponding correlation generating
functional can be mapped into the slave fermion or slave boson repre-
sentation. Since the Faddeev-Jackiw symplectic Lagrangian formalism
as well as from the Hamiltonian Dirac method, it can be shown that
it is not possible to define a classical dynamics consistent with the full
algebra of the Hubbard X-operators. So, and in order to satisfy the
Hubbard X-operators commutation rules, it is possible to determine
the number of constraint that must be included in a classical dynamical
model. It is clear that the constraint conditions must be introduced
in the classical Lagrangian formulation. Finally, in order to define the
propagation of fermions and bosons, we discuss two alternative ways to
treat the fermionic and bosonic sector in the path-integral formalism
for the t-J model.

Keywords: Hubbard model, t-J model, slave-particle, path-integral



174 O.P. Zandron and P.A. Turner

1 Introduction

As was mentioned, in this paper the application the path integral formalism,
technique used in field theory, was analyzed for different models with the Hub-
bard X-operators [1]-[3] and since different approaches.

The Hubbard X-operators give an adequate framework in which the elemen-
tary excitations in solids can be explained. Also they are used when electronic
correlations are taken into account, scenery in which High-Tc superconductiv-
ity occurs. In describing the behavior of strongly correlated electron systems,
the study of the supersymmetric generalizations of the Hubbard model, it is
of great interest. The Hubbard models based on the superalgebras spl(2,1),
osp(2,2) or SU(2,2) have been formulated since several approaches. For exam-
ple, the superalgebra spl(2,1) could be useful to study the model in the limit
of infinite on-site repulsion, and with infinite-range hopping between all sites.
There are many other reasons of great interest to study the Hubbard operators
algebra.

We define the algebra of the Hubbard X-operators as:
a) The commutation rules:

[X̂αβ
i , X̂γδ

j ]± = δij (δβγX̂αδ
i ± δαδX̂γβ

i ) . (1)

b) The completeness condition:

X̂++
i + X̂−−i = Î . (2)

c) The multiplication rules for a given site:

X̂αβ
i X̂γδ

i = δβγ X̂αδ
i . (3)

We consider, for simplicity, the case in which the indices α and β only can
be + and −. So, the Hubbard X-operators are boson-like operators of the
algebra SU(2). The spin s = 1/2 is naturally contained in this case. It is
easy to show that the equations (3) are not all independent, and so the full
information contained in the algebra can be recovered from the equations (1)
and (2), and the following three independent equations:

X̂−+X̂++ − X̂−+ = 0 . (4)

X̂+−X̂−− − X̂+− = 0 . (5)

X̂+−X̂−+ − X̂++ = 0 . (6)

Summarizing, the full algebra is equivalent to the commutation rules (1),
the completeness condition (2), and the three conditions (4), (5) and (6).
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At the same time, a many body theory constructed by using the Hub-
bard operators as field variables, requires the application of techniques used in
quantum field theories. From this point of view, where the field operators are
neither usual fermion nor bosons, is necessary to formulate the Wick theorem
[4].

Another way to attach the problem is via the path-integral formulation. A
suitable path-integral formulation must be independent of a given representa-
tion, and must be written in terms of an effective action with a well-defined
dynamics. This point of view also is adopted in quantum field theories.

There are countless works where the classical and quantum Lagrangian
dynamics for the SU(2) bosonic algebra, and the perturbative formalism by
means of the path-intergral techniques was discussed.

Particularly, the well-known t-J model is model most important to explain
the phenomenology of high-Tc superconductivity, where the Hubbard opera-
tors are boson-like one, a suitable representation for the spin 1/2 Heisenberg
model. In this model, in which spin and charge are degrees of freedom, the
Hubbard X-operators satisfies the graded algebra spl(2,1). Thus, the t-J model
is quite natural to treat the electronic correlation effects.

The path-integral formalism applied to the t-J model described in terms of
a first-order Lagrangian can be useful, since these techniques are powerful in
quantum field theory as well as in solid state physics.

On the other hand, many of these problems were treated in the framework
of the decoupled slave-particle representations. The most important represen-
tations are, the slave boson and the slave fermion. The first one privileges the
fermion dynamics, and therefore seems to be more right to describe a Fermi
liquid state. The second, the slave-fermion representation, seems to give a
good response when the system is closed to the antiferromagnetic.

To understand the physics of the high-Tc superconductors it is important
to solve how to go from one representation to the other, being that in high-Tc
superconductors, both the Fermi liquid and the magnetic order states seem to
be present.

In addition, one of the main problems appearing in these models is de-
fine the dynamics of fermions in the constrained Hilbert space, with a double
occupancy of lattice sites, for which it is also useful the slave-particles repre-
sentation.

The slave-particle models possess a local gauge invariance which is de-
stroyed in the mean field approximation. This gauge invariance has associated
a first-class constraint which is difficult to handle in the path-integral formal-
ism. Another form to attack the problem would be using generalized coherent
states in the framework of the functional integral formalism.

Our approach was the construction by using the Faddeev-Jackiw symplec-
tic Lagrangian method [5] of a family of first-order Lagrangians constrained,
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in the supersymmetric version. In this point of view any decoupling is used,
but the field variables are directly the Hubbard X-operators which verify the
superalgebra spl(2,1). In this way, we always work with the real physical exci-
tations. Subsequently, and by using path-integral techniques, the correlation
generating functional and the effective Lagrangian were constructed.

As mentioned above, one of the interesting problems in this constrained
system, is to study the fermionic sector when the double occupancy of lattice
sites is excluded. In particular, the role of the fermionic constraints and the
fermionic dynamics in the constrained Hilbert space is a crucial problem.

One of the main purposes of the present paper is to go into the discussion of
the different alternatives to define the fermionic propagator in the t-J model.
To this end, the study of the fermionic propagation and different alternatives
are analyzed. By working inside the path-integral and integrating out the two
delta functions on the fermionic constraints, we show that there is another’s
ways to obtain fermionic propagation.

Other interesting point is to check the formalism obtained by means of the
slave-particle representations, as the path-integral expression for the partition
function, written in terms of the Hubbard operators, can be mapped in the
partition function coming from the slave-fermion representation.

By last, it is possible to show that exist a new family of first-order con-
strained Lagrangians written in terms of the Hubbard X operators by following
the Faddeev-Jackiw symplectic method. These Lagrangians are able to repro-
duce the Hubbard X-operators commutation rules verifying the graded algebra
spl(2,1), and can be mapped into the slave-boson representation.

2 Preliminary: Classical Lagrangian model

One of the possible approaches to study the quantization of spin systems in
which the Hubbard operator algebra provides an appropriate framework is to
consider the constrained systems from the point of view of coherent state phase
path integration. Also the Dirac’s Hamiltonian method is frequently used, in
particular when slave boson or fermion representation is studied.

By writing a family of first-order classical Lagrangian directly in terms of
the Hubbard operators, the main purpose is to obtain information about the
kind and the number of constraints present in these models. In this way it is
possible to obtain a response about how many information can be introduced
at the classical level. This approach requires the introduction of a suitable
set of constraints, and to this purpose it is useful to use the Faddeev-Jackiw
Lagrangian method [5]-[7]. Are introduced some definitions and key equations.

The Faddeev-Jackiw symplectic quantization method is formulated on ac-
tions only containing first-order time-derivatives. The most general first-order
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Lagrangian is specified in terms of two arbitrary functionals Ka(µ
a) (free) and

V 0 (interaction), given by:

L(µa, µ̇
a) = µ̇aKa(µ

a)− V 0(µ) . (7)

The functionals Ka(µ
a) are the components of the canonical one-form

K(µ) = Ka(µ) dµa and the functional V 0(µ) is the symplectic potential. The
compound index a runs in of the complete set of variables that defines the
configuration space.

The Euler-Lagrange equations of motion obtained from (7) are:

∑
b

Mabµ̇
b − ∂ V 0

∂ µa
= 0 . (8)

The elements of the symplectic matrix Mab(µ) are the components of the
sympletic two-form M(µ) = dK(µ). The exterior derivative of the canonical
one-form K(µ) is written as:

Mab =
∂ Kb

∂ µa
− ∂ Ka

∂ µb
. (9)

If the symplectic matrix Mab is non-singular, from the equations of motion
(8) result:

µ̇a = (Mab)
−1 ∂ V

0

∂ µb
. (10)

As the symplectic potential is just the Hamiltonian of the system, the
equation (10) is written:

µ̇a = [µa, V ] =
[
µa, µb

] ∂ V 0

∂ µb
, (11)

where: [
µa, µb

]
= (Mab)

−1 , (12)

are the generalized brackets defined in the Faddeev-Jackiw symplectic for-
malism. It is easy to show that the elements (Mab)

−1 of the inverse of the
symplectic matrix Mab correspond to the Dirac brackets of the theory [8].

Transition to the quantum theory is realized by replacing classical fields by
quantum field operators acting on the Hilbert space. Therefore, the predictions
of both Faddeev-Jackiw and Dirac methods are equivalents.

Furthermore, when the matrix Mab is singular, the constraints appear as
algebraic relations and they are necessary to maintain the consistency of the
field equations of motion. So, there exist m (m < n) left (or right) zero-modes
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va, (c = 1, ...,m; a = 1, ..., n) of the supermatrix Mab, where each va is a
column vector with n + m entries vac . So the zero-modes verify the following
equation:

∑
a

vacMab = 0 . (13)

From the equations of motion (8) we see that the quantities Ωa are the true
constraints in the Faddeev-Jackiw symplectic formalism, given by:

Ωa = via
∂ V 0

∂ ϕi
= 0 . (14)

The constraints are written in the symplectic part of the Lagrangian by
means of Lagrange multipliers as follows:

L(1) = ϕ̇i ai(ϕ) + ξ̇a Ωa − V (1) , (15)

where the new symplectic potential is definition as V (1) = V 0|Ω = 0. The
partition µa = (ϕi, ξa) and Ka = (ai,Ωa) can be defined, and the compound
indices a, b run the set a = (i, α) and b = (j, β).

In each iterative procedure the configuration space is enlarged. The sym-
plectic matrix is modified. If no new constraints are found the iterative pro-
cedure is finished.

All the examples in which the field variables are the components of the
spin operators, the starting point is to consider first-order Lagrangians. The
same idea can be applied in the t-J model when it is written in slave boson or
fermion representation [9].

We apply the Faddeev-Jackiw formalism to a dynamical model with Hub-
bard operators. The Faddeev-Jackiw is a formalism suitable to study this kind
of dynamical systems in which the constraints play a crucial role. So, we as-
sume that the first-order classical Lagrangian as functional of the Hubbard
operators, written as:

L = aαβ(X) Ẋαβ −H(X)− λa Ωa . (16)

Considering the usual procedure, in the equation (16), the Hamiltonian of
the Heisenberg model, λa is an adequate set of Lagrange multipliers which
allows the introduction of the constraints in the Lagrangian formalism. Ωa(X)
is a set of unknown constraints, initially considered ad hoc in the Lagrangian.
Both the constraints Ωa(X) as well as the range of the index a must be deter-
mined by consistency. The coefficients aαβ(X) = a∗βα(X) are found in such a
way that the algebra for the Hubbard operators must be verified.

From (16), we see that the initial set of dynamical symplectic variables is
defined by (Xαβ, λa) and the symplectic potential V 0 is given by:
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V 0 = H(X) + λa Ωa . (17)

The symplectic matrix (9) obtained from the Lagrangian (16) is singular,
so, the constraints are obtained by using the equation (14), and they read:

Ωa =
∂ V 0

∂ λa
, (18)

and the first-iterated Lagrangian writes:

L(1) = aαβ(X) Ẋαβ + ξ̇a Ωa −H(X) . (19)

The symplectic matrix to (19) is:

Mab =

(
∂ aγδ
∂ Xαβ − ∂ aαβ

∂ Xγδ
∂ Ωb
∂ Xαβ

− ∂ Ωa
∂ Xγδ 0

)
, (20)

where a = {(αβ), A} and b = {(γδ), B}. At this point should be determined
which, and how many constraints can be deduced from the algorithm of the
method with the purpose to obtain a non-singular symplectic matrix. To this
end its inverse should be computed. By equating each elements of the inverse
of the symplectic matrix, to each one of the commutations rules (1), differential
equations on the coeffients aαβ(X) and on the constraints Ωa are obtained.

As it can be seen, the dimension of the symplectic matrix (20) is (4 +
a), where a enumerates the constraints. Mab is antisymmetric. From the
properties of this matrix we can conclude:

i) If a > 4 or odd, the symplectic matrix is singular.

ii) For a = 4 the symplectic matrix can be invertible, but it is not possible
to obtain the commutation rules (1). The commutators obtained by using
equation (12) vanish, independently of the value of the coefficients aαβ(X).

If the number of constraints equals the number of fields there is no dy-
namics. So, it is not possible by means of Lagrange multipliers to enforce
the constraint (2) together with the three conditions (4)-(6). Consequently,
we must resign the introduction in a classical first-order Lagrangian of the
complete information contained in the algebra (1) to (3).

Then, the unique possibility is to have only two constraints. The equation
(2) must be imposed accounting their physical meaning, it avoid at quantum
level the configuration with doubly occupied sites.

The remaining constraint can not be any one of that given in (4)-(6), be-
cause the commutators (1) can not be recovered. Therefore, we can expect
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that the remaining constraint can be provided naturally by consistency, when
the symplectic method is used.

We assume an arbitrary constraint Ω = Ω(X+−, X−+, u), where u =
X++ − X−−. This assumption is not a restriction because, by the complete-
ness condition, the sum (X++ + X−−) is equal to one. Of requirement that
the matrix elements of the inverse of (20) must be equal to each one of the
Hubbard commutation rules (1), and by solving the differential equation on
this constraint the solution we find is:

Ω = X+−X−+ +
1

4
u2 − β = 0 , (21)

where β is an arbitrary constant.

The constraint (21) is not an imposition but appears naturally from our
method. This is the unique possible constraint in order to satisfy the com-
mutation rules and the completeness condition. In equation (21) there is less
dynamical information than the contained in the three equations (4)-(6).

The fact that the path integral for this kind of fields represents the system
in some limit of the operatorial approach allows the discussion.

Now, follow determine the functions aαβ(X) in the Lagrangian (19). The
two constraints Ωa to consider are given in equations (2) and (21). Once the
symplectic matrix (20) is constructed its inverse can be computed. To deter-
mine Ωa we must take into account the equation (12) and the commutation
rules (1), by consistency the following differential equation is found:

2

[
∂ a+−

∂ u
− ∂ au
∂ X+−

]
X+− − 2

[
∂ a−+

∂ u
− ∂ au
∂ X−+

]
X−+

+

[
∂ a−+

∂ X+− −
∂ a+−

∂ X−+

]
u = i , (22)

where au = 1
2

(a++ − a−−).

We assume that the coefficients a+−, a−+ and au can be written as products
of arbitrary functions of the u variable by polynomials of the X+− and X−+

variables. We look for a particular family of solutions by taking first-order
polynomials in the X+− and X−+ variables, so:

a+− = f(u)
[
a+ bX+− + cX−+

]
, (23)

a−+ = a∗+− = f ∗(u)
[
a∗ + b∗X−+ + c∗X+−

]
, (24)

au = h(u)
[
p+ qX+− + rX−+

]
, (25)
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where a, b, c, p, q and r are arbitrary ones.

Introducing (23)-(25) in (22), by straightforward computation we find:

ph(u) = (ph(u))∗ , (26)

qh(u) = (rh(u))∗ , (27)

qh(u) = a
df

du
, (28)

cf(u)− c∗f ∗(u) = 2i Im cf = 2i
u+ α

4β − u2
, (29)

being b = 0 and α an arbitrary integration constant.
So, the equations (23)-(25) for the Lagrangian coefficients and (26)-(29),

determine a family of Lagrangians compatible with (1), (2) and (21).
In equations (24) and (29) we can choose c = i, and without loss of gen-

erality, two different families of solutions are obtained. The function f(u)
is:

f(u) =
u+ α

4β − u2
. (30)

i) If a = 0 the solution reads:

a+− = i
u+ α

4β − u2
X−+ , (31)

a−+ = −i u+ α

4β − u2
X+− , (32)

au =
1

2

(
a++ − a−−

)
= h(u) , (33)

where h(u) is an arbitrary real function which also can be taken equal to zero.

ii) If a 6= 0 the solution reads:

a+− =
u+ α

4β − u2

(
1 + i X−+

)
. (34)

a−+ =
u+ α

4β − u2

(
1− i X+−

)
. (35)

au =
1

2
(a++ − a−−) = h(u)

(
1 +X+− +X−+

)
. (36)
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where in this second case h(u) verifies the equation (28).
The two different families of solutions (31)-(33) and (34)-(36) take into

account the majority of the significant cases.

3 First-Order Lagrangian of t-J Model

One usual approach to study the quantization problem in the t-J model is
the path-integral representation, both the slave-fermion and the slave-boson
representations [10]. Here the real excitations are forced to be decoupled,
and the constrained Dirac theory is necessary. Exists a discrepancy between
the results of the slave-boson and the X-operator approaches, therefore, is
important try this situation, since the Hubbard X-operators are treated as
indivisible objects [11]. Another way, is try the model without any decoupling
assumption, and to study the system from the point of view of the coherent
state phase path-integration [12]-[13]. In this case, the Lagrangian dynamics
generated by the graded algebra spl(2,1) is constructed, so, the four quanti-
ties (X++, X−−, X+−, X−+) are boson-like operators and the four quantities
(X0+, X0−, X+0, X−0) are fermion-like.

The Lagrangian (16) for the t-J model explicitly reads:

L = a++ Ẋ++ + a−− Ẋ
−−

+ a+− Ẋ
+− + a−+ Ẋ−+

+ a+0 Ẋ
+0 + a−0 Ẋ

−0

+ a0+ Ẋ0+ + a0− Ẋ
0− − V 0 . (37)

We define au = 1
2

(a++ − a−−) and av = 1
2

(a++ + a−−), by calling u =
X++ −X−− and v = X++ +X−−, the Lagrangian (37) is written:

L = a+− Ẋ
+− + a−+ Ẋ−+ + au u̇+ av v̇

+ a0+ Ẋ0+ + a0− Ẋ
0− + a+0 Ẋ

+0 + a−0 Ẋ
−0 − V 0 . (38)

In the general case of the graded algebra spl(2,1) the symplectic superma-
trix Mab can be constructed straightforward. Mab is singular, and one iteration
is necessary to obtain an invertible supermatrix. Due that there are only four
bosonic fields, only two bosonic constraints are possible.

The t-J model case is given by seven homogeneous differential equations.
Such a system has two bosonic solutions, and the constraints writes:

Ω1 = X++ +X−− + ρ− 1 = 0 , (39)
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Ω2 = X+−X−+ +
1

4
u2 −

(
1− 1

2
v
)2

+ ρ = 0 , (40)

where ρ is defined by:

ρ = X0+X+0 +X0−X−0 . (41)

It is important to notice that in the present case the constraint (39) solves
the difierential equations system, if and only if the following fermionic con-
straints hold:

Ξ1 = X0+X−− −X0−X−+ = 0 , (42)

Ξ2 = X+0X−− −X−0X+− = 0 , (43)

Ξ3 = X0+X+− −X0−X++ = 0 , (44)

Ξ4 = X+0X−+ −X−0X++ = 0 . (45)

The four fermionic constraints (42)-(45), are also solutions of the differential
equations system. As it can be seen only two of the fermionic constraints must
be considered as independent. In fact, from (44) and (45), and using the (40),
it is easy to show that the (42) and (43) can be recovered.

In consequence, in the t-J model there are two bosonic constraints given by
(39) and (40), and two fermionic constraints given by (44) and (45). So, the
symmetric non-singular ordinary bosonic submatrix Dff also results a 6 × 6
dimensional square matrix, and the symplectic supermatrix has dimension
12× 12.

In the spinless fermion case, and in the t-J model, the completeness con-
dition (2) is also obtained as one of the bosonic constraints, idem to (39). In
(39) ρ is identified with the hole density, proportional to the number of holes
X00, a function of the fermion-like operators. We remember that such a con-
dition has an important physical meaning, and it must be imposed to avoid at
quantum level the configuration with double occupancy at each site. Clearly
then, that in our approach the completeness condition appears as necessary
by consistency.

As it has done previously, the next step is to determine the Lagrangian coef-

ficients functions aαβ appearing in the equation (38), by using Mab

(
M bc

)−1
=

δca, and solving the system of partial differential equations on such coefficients.
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After some algebraic manipulations (similar to the pure bosonic case), it
can be shown that a family of solutions of the partial differential equations
system is written as:

a) For the bosonic coefficients:

a+− = i F (u, v, ρ)X−+ , (46)

a−+ = a∗+− = −i F (u, v, ρ)X+− , (47)

and au, av are respectively arbitrary functions of the u and v variables.
b) For the fermionic coefficients:

a+0 =
i

2
X0+ , (48)

a0+ =
i

2
X+0 , (49)

a−0 =
i

2
X0− , (50)

a0− =
i

2
X−0 . (51)

The real function F (u, v, ρ) in (46) and (47) verifies the following system
of partial differential equations:

1 + ρ = 4X+−X−+ ·
(
∂F

∂u

)
− 2Fu ,

0 = X0+

(
2X+−X−+ ·

(
∂F

∂X−−
− ∂F

∂ρ

)
+ 2X++ · F +X++

)
,

0 = X0+

(
2X+−X−+ ·

(
∂F

∂X++
− ∂F

∂ρ

)
+ 2X−− · F −X−−

)
,

0 =
ρ

X++

(
2 F +X+−X−+

) ( ∂F

∂X−−
− ∂F

∂ρ

)

+
ρ

X−−

(
2 F +X+−X−+

) ( ∂F

∂X++
− ∂F

∂ρ

)
, (52)

Solutions of the above system, which has physical interest, is given by:

F (u, v, ρ) =
(1 + ρ)u+ α

(2− v)2 − 4ρ− u2
, (53)
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being α an arbitrary and non-trivial integration constant. In the bosonic limit
when ρ = 0 and v = 1 it results:

F (u) =
u+ α

1− u2
, (54)

it recovers the solution for the pure bosonic case [14]-[17].
For simplicity, we choose a particular family of solutions by taking au =

av = 0 and α = −1, so the Lagrangian (38) is written as:

L(X, Ẋ) = i
∑
i

ui (1 + ρi)− 1

(2− vi)2 − (4ρi + u2
i )

(
X−+
i Ẋ+−

i −X+−
i Ẋ−+

i

)
+

i

2

∑
i,σ

(
Xσ0
i Ẋ

0σ
i +X0σ

i Ẋ
σ0
i

)
−Ht−J(X) , (55)

where σ takes the values + and −, and the site index i was added. In (55) the
Hamiltonian for the t-J model in terms of the Hubbard operators is given by:

Ht−J(X) =
∑
i,j,σ

tij
(
Xσ0
i X

0σ
j

)
+

1

4

∑
i,j,σ,γ

Jij
(
Xσγ
i Xγσ

j

)
− 1

4

∑
i,j,σ,η

Jij
(
Xση
i Xση

j

)
. (56)

4 Spinless Fermion Representation

The treatment of the spinless fermion model is useful for to understand how the
algorithm is applied when boson-like and fermion-like Hubbard X-operators
are present, and to show that the path-integral representation produces an
adequate generating correlation functional of the model.

Our purpose is to construct a family of classical first-order Lagrangians
written in terms of the Hubbard X-operators whose graded quantum Dirac
brackets between field variables are given by (1). This approach shows how
the constraint structure and the number of constraints present are provided by
the symplectic Faddeev-Jackiw quantum method. We assume that the classical
first-order Lagrangian, idem (16), can be written as:

L = aαβ(X)Ẋαβ − V 0 . (57)

In the Faddeev-Jackiw language the symplectic potential V 0 is defined by:
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V 0 = H(X) + λaΩa , (58)

and so the constraints are given by:

∂ V 0

∂ λa
= Ωa . (59)

From Lagrangian (57) we see that the initial set of dynamical symplectic
variables defining the extended configuration space is given by (Xαβ, λa). In
(58), H(X) is the Hamiltonian for the model given in terms of the Hubbard
X-operators. It is important to remark that at this level the X-variables must
be treated as classical fields. The site subscript indices (i, j), of the Hubbard
operators were dropped, since they are irrelevant.

In (57) the coefficients aαβ(X) are unknown, they are determined in such
a way that the graded algebra (1) must be verified.

The reality condition implies that aαβ(X) = (−1)|a|a∗βα(X), (whith |a| Fer-
min grading). The λa parameters used in (58) are bosonic or fermionic La-
grange multipliers which allow the introduction of the constraints in the La-
grangian formalism. Ωa is the set of unknown bosonic or fermionic constraints,
initially considered ad hoc in the Lagrangian. The constraints Ωa as well as
the range of the index a must be determined later on by consistency. The
Faddeev-Jackiw method must be implemented on the Lagrangian (57), and so
the symplectic supermatrix Mab can be constructed.

If Mab is singular it is necessary to carry out the iteration procedure by
enlarging the configuration space. Otherwise, the inverse supermatrix, M−1

ab , is
unique and their matrix elements are the generalized Faddeev-Jackiw brackets,
corresponding to the graded Dirac brackets of the theory.

The main feature of the symplectic formalism is that the classification of
constrained or unconstrained systems is related to the singular or non-singular
behavior of the fundamental symplectic two-form which gives rise to the sym-
plectic supermatrix. In change, on the Dirac’s formalism the classification of
constraints in first-class and second-class has no meaning.

The relation between the graded Dirac Brackets { , } and the graded com-
mutation relations for the Hubbard X-operators is: i{X,X}± → [X,X]±.

Another feature of the Faddeev-Jackiw symplectic method, are the con-
straints associated to gauge symmetries, the algorithm is unable to produce
an invertible symplectic supermatrix, therefore the existence of the inverse
necessarily implies that the model has only constraints which in the Dirac
formalism correspond to second-class one.

Now we are going to apply the symplectic formalism to the spinless fermion
model for the graded algebra (1) when the indices α, β can take only two values:
0 (empty site), and 1 (occuped site) with one fermion, so, the four Hubbard
X-operators close the graded algebra spl(1,1) [18].
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It is easy to show that in this case the symplectic supermatrix obtained from
the Lagrangian (57) in which the field variables are (Xαβ, λa), is singular, and
so it is necessary to carry out one iteration to obtain an invertible symplectic
supermatrix. This is done by enlarging the configuration space redefining the
λa variables as: λa = −ξ̇a.

After the iteration the Lagrangian L1 is written as:

L1 = a11(X) Ẋ11 + a00(X) Ẋ00

+ a01(X) Ẋ01 + a10(X) Ẋ10 + ξ̇a Ωa − V 1 . (60)

where: V 1 = V 0|Ωa=0 = H(X).
Therefore, the symplectic supermatrix associated to the Lagrangian (60)

remains:

Mab =

(
∂ aγδ
∂ Xαβ − ∂ aαβ

∂ Xγδ
∂ Ωb
∂ Xαβ

− ∂ Ωa
∂ Xγδ 0

)
. (61)

where the compound indices a = {(αβ), A} and b = {(γδ), B} run in the
different ranges of variables of the extended configuration space.

Now, the problem is to determine both, the Lagrangian coefficients aαβ(X)
and how many constraints Ωa are provided by the Faddeev-Jackiw symplectic
formalism, by solving the equations Ωa = 0.

At the same time, M−1
ab is written:

M−1
ab =

{Xαβ, Xγδ
} {

Xαβ, ξb
}

{
ξa, Xγδ

} {
ξa, ξb

}  . (62)

each matrix element of the submatrix
{
Xαβ, Xγδ

}
must be equalled to each

one of the following Hubbard commutation relations of the spl(1,1) graded
algebra:

{
X00, X00

}
−

=
{
X00, X11

}
−

=
{
X11, X11

}
−

= 0{
X00, X01

}
−

= −iX01
{
X00, X10

}
−

= iX10{
X11, X10

}
−

= −iX10
{
X11, X01

}
−

= iX01{
X01, X10

}
+

= −i
{
X00 +X11

}
. (63)

Of course in (61) the three remaining sub-matrices
{
Xαβ, ξb

}
,
{
ξa, Xγδ

}
and

{
ξa, ξb

}
are unknown. The Mab is a square 6 × 6 dimensional one, of in

the form:
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Mab =
(
Abb Bbf

Cfb Dff

)
. (64)

whose Bose-Bose parts Abb and Fermi-Fermi parts Dff are even elements
of the Grassmann algebra and whose Bose-Fermi parts Bbf and Fermi-Bose
parts Cfb are odd elements. The inverse M−1

ab exists if and only if Abb and Dff

have an inverse [19]. The Bose-Bose part Abb is an ordinary non-singular 4× 4
dimensional matrix and the Fermi-Fermi part Dff is an ordinary non-singular

2 × 2 dimensional matrix. By using the equation Mab

(
M bc

)−1
= δca, and

taking into account the equation:(
M bc

)−1
= −i(−1)|εb| [b, c]± , (65)

where |εb| is the Fermi grading of the variable b, differential equations on the
Lagrangian coefficients aαβ and on the constraints Ωa are obtained.

The system of four homogeneous differential equations on the constraints
Ωa can be written:

i(−1)|εαβ |(|a|+1) ∂ Ωa

∂ Xαβ

[
Xαβ, Xγδ

]
±

= 0 , (66)

where |εαβ| and |a| are the Fermi grading of the Hubbard operators and of the
constraints respectively.

Solving the differential equations system (66), two bosonic solutions are
found. So, the associated constraints read:

Ω1 = X00 +X11 − 1 = 0 , (67)

Ω2 = X11 +X01X10 − 1 = 0 , (68)

Alleged the invertibility of the supermatrix (61), necessarily the constraints
(67) and (68) are second-class, as really occurs.

On the other hand, by solving the remaining system of the differential
equations on the Lagrangian coefficients aαβ, the values are:

a00 =
1

2
X11, a11 = −1

2
X00, a10 =

i

2
X01, a01 =

i

2
X10 , (69)

The constraint (67) provided by the Faddeev-Jackiw symplectic formal-
ism is the completeness condition (2), which is necessary due to the ban the
double occupancy at each site.

Consequently, from the Lagrangian (57), the coefficients given in (69) and
the bosonic constraints (67) and (68), it is possible to prove that the graded
algebra spl(1.1) given in (63) is recovered.
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Now, we can to write the generating functional correlation by using the
path-integral approach of Faddeev-Senjanovich [20]-[21]. Thus, the spinless
fermion model initially partition function can be written as:

Z =
∫

DXδ
(
X01X10 +X11 − 1

)
δ
(
X11 +X00 − 1

)
exp

(
i
∫

L
(
X, Ẋ

)
dt
)
,

(70)
where the Lagrangian L(X, Ẋ) is:

L =
1

2

(
X11Ẋ00 −X00Ẋ11

)
+
i

2

(
X01Ẋ10 +X10Ẋ01

)
−H(X) . (71)

In (70) the superdeterminant of the supermatrix with structed was omitted
from the constraints field because it is independent and can be included in the
path-integral normalization factor.

By integrating out the bosonic variablesX11 andX00, the partition function
(70) is:

Z =
∫

DX10DX01 exp
(
i
∫

Leff
(
X, Ẋ

)
dt
)
, (72)

where:

Leff
(
X, Ẋ

)
=
i

2

(
X01Ẋ10 +X10Ẋ01

)
−H(X)|Ωa=0 . (73)

As it can be seen, this model initially has two bosonic degrees of free-
dom, and the Faddeev-Jackiw symplectic formalism provides two bosonic con-
straints, so the bosonic dynamics is lost.

So, (72) is only dependent on one complex variable-Grassmann, and it
is precisely the path-integral representation for the partition function of the
spinless fermion model. This shows how our approach produces the correct
and effective Lagrangian for the model.

5 Slave-Boson Representation

Newly, in this section we start of the classical first-order Lagrangian, function
of the Hubbard X-operators, idem (57):

L = aαβ(X)Ẋαβ − V 0 . (74)

where the five Xσγ and X00 are boson-like and the four Xσ0 and X0σ are
fermion-like. The symplectic potential is: V 0 = H(X). The Lagrangian func-
tional coefficients aαβ must be determined by consistency in such a way that



190 O.P. Zandron and P.A. Turner

the graded algebra (1) is verified. By following the same steps is straightfor-
ward to construct the supermatrix associated to the Lagrangian (74). The
symplectic supermatrix Mab is written as, idem (64):

Mab =
(
Abb Bbf

Cfb Dff

)
. (75)

The Bose-Bose parts Abb is a 10× 10 dimensional matrix:

Abb =


∂ aσγ
∂ Xαβ − ∂ aαβ

∂ Xσγ
∂ a00
∂ Xαβ − ∂ aαβ

∂ X00

∂ Ωσγ
∂ Xαβ

∂ Ω00

∂ Xαβ

− ∂ a00
∂ Xσγ + ∂ aσγ

∂ X00 0 ∂ Ωσγ
∂ X00

∂ Ω00

∂ X00

− ∂ Ωαβ
∂ Xσγ −∂ Ωαβ

∂ X00 0 0
− ∂ Ω00

∂ Xσγ − ∂ Ω00

∂ X00 0 0

 . (76)

The Bose-Fermi parts Bbf is a 4× 10 dimensional supermatrix:

Bbf =


∂ a0σ
∂ Xαβ − ∂ aαβ

∂ X0σ
∂ aσ0
∂ Xαβ − ∂ aαβ

∂ Xσ0

∂ a0σ
∂ X00 − ∂ a00

∂ X0σ
∂ aσ0
∂ X00 − ∂ a00

∂ Xσ0

− ∂ Ωαβ
∂ X0σ − ∂ Ωαβ

∂ Xσ0

− ∂ Ω00

∂ X0σ − ∂ Ω00

∂ Xσ0

 . (77)

The Fermi-Fermi parts Dff is the 4× 4 dimensional matrix:

Dff =

(
∂ a0σ
∂ X0γ + ∂ a0γ

∂ X0σ
∂ aσ0
∂ X0γ + ∂ a0γ

∂ Xσ0

∂ a0σ
∂ Xγ0 + ∂ aγ0

∂ X0σ
∂ aσ0
∂ Xγ0 + ∂ aγ0

∂ Xσ0

)
. (78)

where Ωσγ and Ω00 are the bosonic second-class constraints of the model. Ap-
plying the symplectic algorithm and solving the differential equations, the
solution we found is:

ai0σ =

(
i

2X00
i

)
Xσ0
i , aiσ0 =

(
i

2X00
i

)
X0σ
i . (79)

The boson-like Lagrangian coefficients are all zero. The set of bosonic
second class constraints is:

Ω00
i = X00

i +X++
i +X−−i − 1 = 0 , (80)

Ωσγ
i = Xσγ

i −
Xσ0
i X

0γ
i

X00
i

= 0 . (81)
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The constraint (80) is the completeness condition necessary to avoid the
double occupancy at each site.

Consequently, the symplectic supermatrix is invertible and their elements
give the graded brackets (1):(

Mab
)−1

= −i(−1)|εa| [a, b]± , (82)

where |εa| is the Fermi grading of the field variable a. So, the dynamics in this
condition is given by the Lagrangian:

L
(
X, Ẋ

)
= − i

2

∑
i,σ

1

XX00
i

(
Ẋ0σ
i X

σ0
i + Ẋσ0

i X
0σ
i

)
−H(X) . (83)

The previous Lagrangian together with the bosonic constraints, represent a
model in which the bosons are totally constrained, and the dynamics is carried
out only by the fermions. The partition function corresponding is:

Z =
∫
DXαβ

i δ
[
X00
i +X++

i +X−−i − 1
]

· δ

[
Xσγ
i −

Xσ0
i X0γ

i

X00
i

]
(sdetMab)

1/2
i

· exp
(
i
∫
L(X, Ẋ) dt

)
. (84)

The superdeterminant of the symplectic matrix in (84) it results:

(sdet Mab)
1/2
i =

(
detA

[
det(D − CA−1B

]−1
)1/2

=
(
X00
i

)2
. (85)

With the objetive to confront the correlation generating functional (84)
with the slave-boson representation, some algebraic manipulations are needed
[22]-[35]. The first step is to make the following change of variables:

ϕi1 = X00
i − b∗i bi = 0 , (86)

ϕiσ0 = Xσ0
i − f ∗iσbi = 0 , (87)

ϕi0σ = X0σ
i − fiσb∗i = 0 , (88)

ϕi2 = b∗i − bi = 0 . (89)

As in the slave-fermion representation, one additional condition among the
fields is needed. By simplicity, we choose the reality condition (89).
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The super Jacobian Ji of the transformation (86)-(89) is:

Ji = −b
∗
i + bi

(b∗i bi)
2 . (90)

Now, by introducing in the equation (84) the unity:

1 =
∫

Df ∗iσ Dfiσ Db
∗
i Dbi Ji δ

(
Xσ0
i − f ∗iσ bi

)
δ
(
X0σ
i − fiσ b∗i

)
· δ

(
b∗i bi −X00

i

)
δ (b∗i − bi) . (91)

Integrating out all the fields, is possible to show that the partition function
Z takes the form:

Z =
∫
Db∗i Dbi Df

∗
iσ Dfiσ δ (Ωi) δ (φi) (b∗i + bi)

· exp
(
i
∫
L(b∗, b, f ∗σ , fσ) dt

)
, (92)

where Ωi and ϕi are the first-class constraint and the gauge fixing condition
appearing in the partition function of the slave-boson representation. They
respectively read:

Ωi = b∗i bi +
∑
iσ

f ∗iσ fiσ − 1 = 0 , (93)

φi = i (bi − b∗i ) = 0 . (94)

We note that the factor (b+ b∗) in the equation (92) is precisely the value
of the det [Ωi, ϕi]D of the gauge theories with first-class constraints. The
Lagrangian in (92) is given by:

L(b∗, b, f ∗σ , fσ) =
1

2
i
∑
i

(
b∗i ḃi − ḃ∗i bi

)
+

1

2
i
∑
iσ

(
f ∗iσ ḟiσ − ḟ ∗iσ fiσ

)
−H . (95)

From our approach, with the Hubbard X-operators and without any decou-
pling, the Lagrangian (83) is obtained. The functional (84) is mapped into the
solution provided by the slave-boson representation. It is important to note
that the new path-integral (84) in terms of the Hubbard X-operators was de-
veloped. We see how a second-class constrained model written in terms of the
Hubbard X-operators in terms of the decoupled slave-particle representations,
is transformed in a constrained system. The local gauge symmetry is evident.
We think that the equation (84) with the Lagrangian (83) can be useful for
regimes where the system is close to a Fermi liquid state.
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6 Path-Integral Representation

In this paragraph, we write the correlation generating functional for the t-J
model by using the path-integral Faddeev-Senjanovich approach. The partition
function in function of the Hubbard X-operators can be written as:

Z =
∫
DXi δ(Ωi1) δ(Ωi2) δ(Ξi3) δ(Ξi4) (sdetMab) exp

(
i
∫
L(X, Ẋ) dt

)
,

(96)
where L(X, Ẋ) is the Lagrangian (55), and Ω1,Ω2,Ξ3 and Ξ4 are the con-
straints of (39), (40), (44) and (45).

The function sdetMab of (96), is the superdeterminant of the symplectic
supermatrix (64), constructed from the second-class constraints provided by
the Dirac formalism. Can be shown that, the symplectic supermatrix and the
supermatrix constructed from the second-class constraints are equals.

The previous superdeterminant is computed, getting iden (85):

sdet Mab = detA
(
det

(
D − CA−1B

))−1
= − 4 (1 + ρ)2

(1− ρ+ u)2 , (97)

where A, B, C and D are the sub-matrices defined in (64).
By using explicitly the constraint (40), the independent bosonic degrees of

freedom are reduced to three:

X++ =
1

2s
(1− ρ) (s+ S3) , (98)

X−− =
1

2s
(1− ρ) (s− S3) , (99)

X+− =
1

2s
(1− ρ) (S1 + iS2) , (100)

X−+ =
1

2s
(1− ρ) (S1 − iS2) , (101)

where s is a constant.
Note that only when ρ = 0 (pure bosonic case), the real vector field S can

be identified with the spin. Also, the fermion-like X-Hubbard operators can
be related with Grassmann variables:

X+0 = Ψ− X0+ = Ψ∗− , (102)

X−0 = Ψ+ X0− = Ψ∗+ , (103)
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where now ρ = Ψ∗+Ψ+ + Ψ∗−Ψ− and accounting the fermionic constraints (42)-
(45) it results (1− ρ) (1 + ρ) = 1.

The remaining bosonic constraint (40) as function of the real vector field
variable S writes:

Ω2 = S2
1 + S2

2 + S2
3 − s = 0 , (104)

and, the two fermionic constraints (44) and (45) can be written:

Ξ3 = Ψ∗− (S1 + iS2)−Ψ∗+ (s+ S3) = 0 , (105)

Ξ4 = Ψ− (S1 − iS2)−Ψ+ (s+ S3) = 0 . (106)

Unless of a total time derivative the Lagrangian (55) in terms of these new
fields is:

L =
1

2s

∑
i

(
Si2Ṡi1 − Si1Ṡi2

)
s+ Si3

+ i
∑
iσ

(
Ψiσ Ψ̇∗iσ

)
−Ht−J . (107)

The Ht−J of (107) written in term of S and the component spinors (102)
and (103), is:

Ht−J =
∑
ijσ

tij Ψ∗jσ Ψiσ

+
∑
ij

Jij
8s2

(1− ρi) (1− ρj)
(
Si1Sj1 + Si2Sj2 + Si3Sj3 − s2

)
(108)

Finally, we note that the fermionic constraints (42)-(45), in matrix nota-
tion, are:

Ξ∗ = Ψ∗ (sI + S · σ) = 0 , (109)

Ξ = (sI + S · σ) Ψ = 0 , (110)

where σ are the Pauli matrices, and the two-component spinor Ψ = (−Ψ+,Ψ−),
this constraints are those used in the framework of the coherent state repre-
sentation.

By using the integral representation for the delta functions, (96) can be
written in an alternative way, the delta functions is: δ(Φ) =

∫
Dχ exp (i

∫
χ Φ dt),

where the quantities χ are suitable bosonic or fermionic Lagrange multipliers.
So, the functional (96) takes the form:
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Z =
∫
DXi D(λ1

i ) D(λ2
i ) D(ξi) D(ξ∗i ) (sdetMab) exp

(
i
∫
Leff (X, Ẋ) dt

)
.

(111)
The Leff (X, Ẋ) in (111) is defined by:

Leff (X, Ẋ) = L(X, Ẋ) +
∑
i

λ1
i

(
X++
i +X−−i + ρi − 1

)
+

∑
i

λ2
i

(
X+−
i X−+

i +
1

4
u2
i −

(
1− 1

2
vi

)2

+ ρi

)
+

(
X0+
i X+−

i −X0−
i X++

i

)
ξi

+ ξ∗i
(
X+0
i X−+

i −X−0
i X++

i

)
, (112)

where L(X, Ẋ) was given in (55).
In (112) the parameters λa with (a = 1, 2) and ξ are respectively bosonic

and fermionic Lagrange multipliers. The sdetMab in terms of the S and the
two component spinor Ψ results:

sdet Mab = − 4s2(1 + ρ)2

(1− ρ)2(s+ S3)2
. (113)

The exponentiation of the superdeterminant is realized by introducing the
Faddeev-Popov ghosts in the effective Lagrangian. Consequently, the func-
tional sdetMab is:

sdet M =
∫

DC exp i
(
Ca

1 Mab C
b
2

)
, (114)

where DC = Πa DC
a
2 DC

a
1 and Ca

A (A = 1, 2) denote commuting as well as
anti-commuting ghosts. Using the transformations (98)-(103), (111) is:

Z =
∫
DSi1 DSi2 DSi3 DΨiσ DΨ∗iσ Dλ

2
i Dξi Dξ

∗
i

· (sdetMab)
∂X

∂S
exp

(
i
∫
Leff (X, Ẋ) dt

)
, (115)

where the quantity ∂X/∂S is the super Jacobian of the transformation. The
field is:

∂X

∂S
= −i (1− ρ)3

2s3
. (116)

The Leff in (115), in terms of the new variables is:
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Leff (X, Ẋ) =
1

2s

∑
i

(
Si1Ṡi2 − Si2Ṡi1

)
s+ Si3

+ i
∑
iσ

(
Ψiσ Ψ̇∗iσ

)
−Ht−J

+
∑
i

λ2
i

(
S2
i1 + S2

i2 + S2
i3 − s2

)
+

∑
i

(
Ψ∗− (Si1 + iSi2)−Ψ∗+ (s+ Si3)

)
ξi

+
∑
i

ξ∗i (Ψ− (Si1 − iSi2)−Ψ+ (s+ Si3)) . (117)

We see that the Lagrangian (117) depends on the hole density ρ. If the
number of holes is small, the hole density ρ = constant, so, the super Jaco-
bian of the transformation (98)-(103) is constant and it contributes only to
the normalization factor of the path-integral (115). Also, the non-polynomial
structure of (117) come, of the bosonic kinetic part, of the terms coming from
the sdetMab and of the presence of the component S3 of the vector field S in the
denominator. This problem can be treated considering fluctuations around the
antiferromagnetic background. In these conditions, and when only first-order
terms of the perturbative development are retained, the sdetM is constant.
So, it is possible to obtain results without introducing ghosts.

7 Conclusions

In the present paper a new approach about the path-integral formalism for
three cases, in which the dynamical systems are written in terms of Hubbard
operators is studied.

Using the Faddeev-Jackiw symplectic formalism, and in order to satisfy the
commutation relations rules (1)-(3), we have resigned to include the complete
information contained in the X-operator algebra. By consistency we have
found the number of constraint conditions. From our approach, independent
way, we arrive to a path-integral, which is consistent with the results obtained
by means of coherent states method, and to a suitable effective Lagrangian for
each of the three models. Some of them are linked with previous Lagrangians
obtained by different methods.

The first-order Lagrangian describing the dynamics of the t-J model, where
the field variables are directly the Hubbard X-operators that satisfying the
graded algebra spl(2,1) was built. Also, the t-J model is treated in the frame-
work of the path-integral representation, and the correlation generating func-
tional is deducted.
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Using the supersymmetric version of the Faddeev-Jackiw formalism, sam-
ple that it is possible to find a family of first-order Lagrangian able to repro-
duce at classical level the generalized Faddeev-Jackiw brackets or graded Dirac
brackets of the t-J model. When the transition is realized in a canonical quan-
tum formalism, the graded quantum Dirac brackets are precisely the graded
commutators of the Hubbard X-operators algebra, and in both cases, for the
spinless fermion model as well as for the t-J model, the unique possible set of
constraints is naturally provided by the symplectic Faddeev-Jackiw method.

By last, the pure bosonic case in a classical Lagrangian formalism was an-
alyzed. In this case, it is not possible to introduce the full Hubbard algebra
by means of constraints. So, in a path-integral formulation it cannot be in-
troduced the complete information of the algebra, namely, the commutation
rules, the completeness condition and the multiplication rules for the opera-
tors. The Heisenberg model treated under Lagrangian formalism only admits
two second-class constraints, the completeness condition and the non-linear
constraint. It can be shown that the presence of such constraint is consistent
with the quantization of a spin system in the limit of large spin, or equivalently
for magnetic order state.

A similar situation occurs when the Hubbard X-operators closes the graded
algebra spl(2,1), the t-J model described in terms of a first-order Lagrangian
supports two possible solutions: the first solution is the family of first-order
Lagrangians together with the set of second-class constraints, two are bosonics
and two are fermionics. In particular the constraint (80) is the completeness
condition. So, the path-integral formalism is mapped into the decoupled slave-
fermion representation, in this case, our correlation generating functional (70)
privilege the magnon dynamics of the system with a strong feature of magnetic
order state. The second solution, is the new set of second-class constraints,
in this case all the constraints are bosonic, and (80) is again the complete-
ness condition. In this situation the bosons are totally constrained, and the
dynamics is carried out only by the fermions. The path-integral formalism
corresponds to the situation of the slave-boson representation, therefore, in
our correlation generating functional (84) the fermion dynamics with a strong
feature of Fermi liquid, is privileged.

We conclude that once the set of second class-constraints is chosen, different
Lagrangians are obtained, and we can insure that each one contains different
physics. Worthwhile to remark that both of them Lagrangian formalism are
independent of the dimension of the lattice. Moreover, as it was seen in all
the cases the completeness condition appears as necessary. The completeness
condition involve an important physical meaning, such condition avoids at the
quantum level the double occupancy at each lattice site.
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