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Abstract

We propose a new lattice Boltzmann technique for the simulation the
Bogoliubov-de Gennes equations using a d1q3 lattice velocity scheme,
with periodic boundary conditions. We formulate four distribution func-
tions that satisfy the lattice Boltzmann equation, in order to obtain the
components of Bogoliubov-de Gennes equations. Also, we adopt two im-
portant definitions, we choose adequate source terms in the four lattice
Boltzmann equations, and we define the first moment of the distribution
function as a spatial derivative of the zero moment. Furthermore, we
obtain the equilibrium distribution functions that satisfy the moments
of the statistical system. The whole model corresponds to the solution
of a nonlinear reaction diffusion system by using a method of moments
using lattice Boltzmann scheme. As a benchmark problem, we obtain
soliton behavior using the hypothesis of Barankov et al., [14], where
BdG equations become an integrable problem with soliton solutions.
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1 Introduction

A superconductivity phenomenon has begun to be part of the current tech-
nological applications of macro- and microscopic quantum mechanics concepts
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in physics [1]-[2]. Nowadays, the manufacturing capacity of superconductor
devices has reached the scale of nanometers, obtaining nano-quality metal
structures. Also, we find mono-crystalline films with thicknesses of monolay-
ers, flat ultrathin Pb islands [3], and cables with diameters between 5 and 10
nm [3].

H. Kamerlingh Onnes discovered superconductivity in 1911. He found no
electrical resistance in mercury below 4.15K. Years later, it was observed that
magnetic fields in the superconductivity state are ejected. This phenomenon,
called the Meissner effect, was discovered by W. Meissner and R Oshcenfeld,
and was explained by London using a coupling between the huge current in the
system and the magnetic field. At the beginning of the fifties, Ginzburg and
Landau presented a free energy theory in terms of an order parameter, related
to the super-currents, which describes superconductor state using the concept
of phase transition. Later on, Barden, Cooper, and Schrieffer proposed a
theory based on the pairing of electrons close to the Fermi level, using a phonon
attractive interaction as a mechanism to get the superconductor ground state.
Much work has been done since that time. For a review, see reference [4].

One of the common tools for describing natural phenomena in complex sys-
tems is differential equations. They can be found in many different areas of
knowledge, which range from condensed matter, fluid dynamics, electrody-
namics, biophysics, and the dynamics of beams in mechanical engineering to
modeling solitons in elementary particle physics, etc. In order to find ana-
lytical solutions to nonlinear partial differential equations, various analytical
methods have been developed. These include the mixed exponential method
[5], the homogeneous balance method [6]-[7], the method of the Jacobian el-
liptic function [8], the inverse scattering method [9], the tanh method [10], the
separation of multilinear variables [11], etc.

On the other hand, we have computational methods that are based on dis-
cretizing the physical laws governing space and time. Among them we have
finite differences, one of the most popular, which has been applied to a great
many problems in science and technology. During the last two decades, lattice
Boltzmann, the discretized version of the Boltzmann equation, has become a
very important tool for problems related to suspension flow [12]. The physical
model is a gas that exists in a discretized coordinate of space and time. In each
time step, the particles jump to the next coordinate point and then scatter
according to rules that preserve conservation of mass, energy, and momentum
[13]. Therefore, the averaged macroscopic properties of lattice simulations lead
to a good approach to the continuum equations.

In the present paper, we propose using the lattice Boltzmann method as a
solution to the BdGEqs. In section 2, we present the set of equations of
the Boltzmann technique and the moments of the equilibrium distribution
functions. In section 3, we obtain the BdGEqs, using four lattice Boltzmann
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equations. In section 4, we get the equilibrium distribution functions used
for the realization of the computational scheme. In section 5, we present the
soliton behavior using the hypothesis of Barankov et al., ref. [14], and in
section 6, we give our conclusions.

2 The lattice Boltzmann model

This is considered a 1D model where the velocities of the particles are dis-
cretized on the grid into d directions. The velocities are spanned with basis
vector ex,i = 0, c,−c, then d = 2. The lattice Boltzmann equation is:

fi,j(x+ exδt, t+ ∆t)− fi,j(x, t) = Ωi,j(x, t) + Ξi,j(x, t) (1)

where fi,j is the probability density function of finding the group particle
i at the spatial point x time t and ∆t is the time step. The subscript j runs
on all different species of particles represented by their respective distribution
functions. Ωi,j and Ξi,j are the collision and source terms, respectively. They
are defined as:

Ωi,j(x, t)) = −1

τ

(
fi,j(x, t)− f eqi,j(x, t)

)
(2)

Ξi,j(x, t)) = ε2φi,j (3)

The collision operator, Eq. (2), is expressed using the B.G.K. approxi-
mation [7], where τ is the non-dimensional relaxation time that measures the
approaching rated to the statistical equilibrium. The source term, Eq. (3),
assumes a diffusive process at time scale ε2. Expanding the left-hand side of
Eq. (1) up to second order in a Taylor series, and using ε as a time step unit,
we have:
Expanding in a Taylor series, the distribution functions, up to order third, are:

fi,j(x+ ej,lε, t+ ε)− fi,j(x, t) = ε

(
∂

∂t
+ ex

∂

∂x1

)
fj,l (4)

+
ε2

2

(
∂

∂t
+ ex

∂

∂x1

)2

fj,l

Assuming the spatial and temporal derivatives as:

∂

∂x
= ε

∂

∂x1
,

∂

∂t
= ε

∂

∂t1
+ ε2

∂

∂t2
(5)

Doing a perturbative expansion of the derivatives in time in powers of ε, we
get:
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fi,j = f
(0)
i,j + εf

(1)
i,j + ε2f

(2)
i,j (6)

We get at first order in ε:

δt

(
∂f 0

i,j

∂t1
+ ex

∂

∂x1
f 0
i,j

)
= −1

τ
f 1
i,j (7)

and at second order in ε

−1

τ
f 2
i,j = δt

∂f 0
j,l

∂t2
+
δt2

2

(
∂

∂t1
+ ex

∂

∂x1

)2

f 0
i,j + δt(

∂

∂t1
+ ex

∂

∂x1
)f 1
i,j + φi,jδt (8)

where it is assumed that

f
(0)
i,j = f

(eq)
i,j (9)

Inserting Eq. (7) into Eq. (8), we obtain:

−1

τ
(εf 1

i,j + ε2f 2
i,j) = (

∂

∂t1
+ex

∂

∂x1
)(εf 0

i,j + ε2f 1
i,j(1−

1

2τ
))+ ε2

∂f 0
i,j

∂t2
+ ε2φi,j (10)

The moments of the distribution function are defined as:

bρj =
∑
i

f 0
i,j (11)

−a∂ρj
∂x

=
∑
i

eif
0
i,j (12)

λρj =
∑
i

eieif
0
i,j (13)

∑
i

fki,j = 0, k > 0 (14)

where a and b are constants.

3 The Bogoliubov-de Gennes Equations

Summing i in Eq. (10), and using Equations (11- 15), we find:

b
∂ρj
∂t

= a
∂2ρj
∂x2

− ε2(b+ 1)Φj (15)

Making the next definitions:
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ρ1,r = uη,r(x, t), ρ1,c = uη,c(x, t) (16)

ρ2,r = vη,r(x, t), ρ2,c = vη,c(x, t) (17)

a = − h̄2

2m
, a1 =

h̄2

2m
, c = −ε2(b+ 1) (18)

then we have:

b
∂uη,r
∂t

= a
∂2uη,r
∂x2

+ cΦ1,r (19)

b
∂uη,c
∂t

= a1
∂2uη,c
∂x2

+ cΦ1,c (20)

b
∂vη,r
∂t

= a1
∂2vη,r
∂x2

+ cΦ2,r (21)

b
∂vη,c
∂t

= a
∂2vη,c
∂x2

+ cΦ2,c (22)

where the subscripts r and c mean the real and complex part of uη(x, t) and
vη(x, t). Now, defining the source terms in the diffusion equations, Eq. (20-21),
as:

cΦ1,r = Luη,r + ∆c(t)uη,r + ∆r(t)uη,c (23)

cΦ1,c = −Luη,c −∆r(t)uη,r + ∆c(t)uη,c (24)

cΦ2,r = −Lvη,c + ∆r(t)vη,r + ∆r(t)uη,r (25)

cΦ2,c = Lvη,r −∆c(t)vη,r + ∆c(t)vη,c (26)

we multiply Eqs. (20) and (22) by the complex number i and define uη and vη
as:

uη = uη,r + iuη,c (27)
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vη = vη,r + ivη,c (28)

Then, collecting and grouping all the terms in Eqs. (18-28), we obtain the
Bogoliubov-de Gennes equations:

(− h̄
2∇2

2m
+ L)uη + ∆(t)vη = ih̄

∂uη
∂t

(29)

−(− h̄
2∇2

2m
+ L)vη + ∆∗(t)uη = ih̄

∂vη
∂t

(30)

So the Hamiltonian function is defined as:

H = − h̄
2∇2

2m
+ L (31)

Therefore, we obtain:

(
Ĥ ∆(t)

∆∗(t) a

)(
uη
vη

)
= ih̄

∂

∂t

(
uη
uη

)
(32)

The ∆ term is taken as:

∆ = −g
∑
η

uηv
∗
η (33)

4 The equilibrium distribution function

As we defined in Eq. (9), f eqi,j = f 0
i,j, and using the d1q3 velocity lattice

Boltzmann scheme, with ex,i = {0, c,−c}, we have:

f eqi,j =


−λρj

c2
− bρj → i = 0

λρj
2c2
− a∂ρj

2c∂x
→ i = 1

λρj
2c2

+ a∂ρj
2c∂x

→ i = 2

 (34)

The subscript i runs on the elements of d1q3 velocity scheme; j goes with u or
v functions, which can be real or complex.
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Figure 1: The spatio-temporal evolution of the lattice Boltzmann model using
d1q3 lattice velocity scheme for BdGEq.

5 The equilibrium distribution function

To implement the derivative operator of ρ(x, t), the difference discretization
scheme is applied for the first spatial derivative:

∂ρj
∂x

=
ρj(x− δx, t)− ρj(x, t)

δx
(35)

In order to give a benchmark test of the LB method of the BdG equations,
we use the theoretical approach given in reference [14]. In it, Barankov et
al., using a stability analysis of BdG equations, established that the system
becomes an integrable problem and exhibits soliton solutions. The starting
point is the consideration of the time- dependent mean field pairing function
as:

∆ =
γe−iωt

cosh (γ(t− t0))
(36)

The hypothesis given in Eq. (39) is used in Eqs. (26-27); we obtain a set of
coupled partial differential equations. To deal with boundary conditions, we
use periodic boundary conditions. The system is initialized with the function:

A2sech(d(x+ µ1)
2)− A2sech(d(x+ µ2)

2) (37)
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The algorithm begins at t0 = 0, with Eqs. (39-40) in all the nodes of system,
for each one of the four components in the lattice Boltzmann equation, Eq.
(1). Then Eq. (1) is initialized with Eqs. (26-29).

The parameters used in the simulation are: lattice system size L = 100, A = 7,
a = 0.7, b = 0.9, c = 1.0, µ1 = 15, µ2 = 75, d = 0.5, ∆x = 1/L, and ∆t =
∆x/c = 0.01. Panels (a-c) were taken at times t = 100∆t, t = 200∆t, and
t = 400∆t, respectively. The spatio-temporal phenomenon of the periodical
approaching, interpenetrating, and separating of these two profiles appears
several times in fig. (1).

6 Conclusions

In this paper, we obtain a new method, using the lattice Boltzmann equation,
for solving the Bogoliubov-de Gennes equations, employing a d1q3 lattice ve-
locity. The simulation clearly exhibits the current soltion behavior, which the
whole temporal evolution is fully seen in fig. (1). These simulation result is
in good agreement with those found in reference [14] . As a future project, we
could extend the BdGEq method to the bidimensional case.
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