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Abstract

We discussed a mechanism that allows the universe started from
lower dimension (d < 4) in its very early era and evolves to four di-
mensions at the end of the process. The mechanism is generated by a
nonminimal derivative coupling of scalar field, where derivative terms
of the scalar field coupled to curvature tensor. We solve the Einstein
equations for a limit of large and nearly constant Hubble parameter
and analyze the evolution of the Hubble parameter in this limit. The
lower-dimensionality in early universe has advantages in the context of
unification theory.
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1 Introduction

Physics of early universe has attracted much attention. One of the main issue
is the number of dimensions of the early universe, which is strongly related to
the unification of all physical theories. String theory, as a candidate for the uni-
fication theory of physics, suggests that the universe consists of 26 (for bosonic
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string) and 10 dimensions (for superstring). As the universe evolves, the ex-
tradimensions compactified to a very small size, too small to be observabed.
The idea of compactified extra dimensions then developed into braneworld
model of gravity. In braneworld model, our four dimensional spacetime is
embedded in five dimensional bulk and the matter field is constrained in the
brane while the graviton can move freely in the bulk. One of the most popular
model of braneworld scenario is the Randall-Sundrum model [1, 2].

Another candidate of unified theory of all physical phenomena is the quan-
tum gravity. This theory has a good mathematical consistency in 1+1 and
1+2 dimensions, but not in 1+3 dimension ([3], and reference therein), which
is the number of observable dimensions. The model of vanishing dimensions
as proposed in [4] can accomodate the problem. They suggest that dimension-
ality of the universe depends on the scale of observation, so that in a small
scale the universe has smaller dimension (less than 1+3) and in a large scale
the universe may have a larger dimension (may have extradimensions). By the
model, we can consider the quantum gravity model works at a very small scale
of spacetime, as the small scale spacetime has lower dimensions.

The general test for the model was proposed in [5]. Because the big bang
theory assume that the universe evolves from a small volume of spacetime
to a large one, the universe may have a lower dimensions at its early stage.
Since (2+1)-dimensional spacetimes have no gravitational degrees of freedom,
gravity waves cannot be produced in that epoch. So there is a maximum
frequency of primordial gravitational wave that propagate since the end of
that epoch. Furthermore, as pointed out in [6], in lower dimensions, many
problems that plague the standard theories of Phyisics simply do not exist
and some experimental evidence for the dimensional reduction may already
exist, and future experiments and observations may give us a more definite
picture.

In this paper, we propose similar approach concerning the dimensionality
of the universe. Instead of the extradimension of early universe compatified or
depends on the scale of observation, we suggest that universe simply evolved
from small dimension in very early universe to current 1+3 dimensions. We
adopt the idea of inhomogeneous universe proposed in [7, 8]. In inhomogeneous
universe, one spatial dimension can evolve faster or slower than other spatial
dimensions. We assume that the early universe has one time dimension, one (or
two) ”large” spatial dimensions, and two (or one) ”small” spatial dimensions.
As the universe evolve, the small spatial dimension open up and reach a same
size as the large spatial dimension(s) in some finite time. We use nonminimal
derivative coupling of scalar fields to generate the process.
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2 Model Setup

A spatially inhomogeneous early universe is described by the following ansatz
metric,

ds2 = −dt2 + a21dx
2 + a22dy

2 + a23dz
2, (1)

where ai = ai(t), i = 1, 2, 3 is scale factors for every spatial coordinate. When
a1 = a2 = a3 the universe will be spatially homogeneous. Furthermore, we can
describe a 1 + 1 dimensional universe by choosing two of the scale factors zero
or small enough comparied to another one, and get 1 + 2 dimensional universe
where one of the scale factors is zero.

As the dynamical quantity, we introduce the nonminimal derivative cou-
pling of scalar field in following action,

S =

∫
d4x
√
−g
(
R

2κ2
+ L(φ)

)
, (2)

where

L(φ) =
1

2
gµν∂

µφ∂νφ+
ξ

2
Rgµν∂

µφ∂νφ+
η

2
Rµν∂

µφ∂νφ. (3)

This coupling was introduced in [9] and has been studied extensively by some
authors in the context of four [9, 10, 11, 12, 13] and five dimensional grav-
ity [14, 15, 16]. In [14] we assume that in its very early era, our universe
consisted of five dimensional spacetime then the four dimensional and one di-
mensional extra dimension evolved differently. We find a solution for recent
universe consisting of expanding four dimensional spacetime with acceleration
and shringking extra dimension is exists. The solution for that case is the de
Sitter universe where the Hubble constant evolves from a large value to a small
one.

Now, let us consider an inhomogeneous universe with a1 = a2 = a and a3 =
aγ, where γ is a non-constant parameter. For every value of a, the condition
of γ < 0 will give us a 1+3 dimensional universe with one dimension (which
is related to the scale factor a3) smaller than two other spatial dimensions. In
other words, we have a 1+2 dimensional universe. On the other hand, condition
of γ > 0 will make a3 dominant on other two factors and the universe become
1+1 dimensional. Then the condition of γ = 1 will give us a homogenous 1+3
dimensional universe. In general, we can choose γ to depend on time, γ = γ(t).
With this choice, we can define Hubble parameters for each coordinates as
follows,

H1 = H2 ≡ H, (4)

H3 = γ̇ ln a+ γH, (5)

Ḣ3 = γ̈ ln a+ γ̇H + γḢ, (6)

where Hi ≡ ȧi/a and dot is time derivative.
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3 Field Equation and Its Solution

In general, the field equations that comes from the action (2) contain some
higher order terms of time derivatives of the scalar field. As given in [13, 14],
the condition of 2ξ + η = 0 will remove the higher order terms. In this paper,
we do choose that condition. The Einstein equations that comes from action
(2) are (

1− ξκ2φ̇2
)

(2γ + 1)H2 =
κ2φ̇2

2
, (7)

G11

(
1 + ξκφ̇2

)
= g11

(
1

2
+ 2R00

)
φ̇2, (8)

G33

(
1 + ξκφ̇2

)
= g33

(
1

2
+ 2R00

)
φ̇2. (9)

We do not write the equation for 22-component because its value is the same
as that of 11-component. Dividing (8) with (9) gives

(γ − 1) Ḣ +
(
γ2 + γ − 2

)
H2 + (γ̇ + 2γ̇γ ln a+ γ̇ ln a)H

+ γ̈ ln a+ γ̇2(ln a)2 = 0. (10)

Next, we consider to solve this equation to find the value of the γ parameter.
As the simplest solution, we consider the de Sitter solution with large and

nearly constant Hubble parameter. For this solution, we take H = H0 as a
constant and eq. (10) can be rewritten as[

γ̇2t2 + (2γ + 1) γ̇t+ γ2 + γ − 2
]
H2

0 = 0 (11)

Then we have the following conditions,

γ̇2t2 + (2γ + 1) γ̇t+ γ2 + γ − 2 = [γ̇t+ (γ + 2)] [γ̇t+ (γ − 1)] = 0, (12)

and the solutions are

γ = −2 +
γ̃1
t
, (13)

atau

γ = 1− γ̃2
t
, (14)

with γ̃1 and γ̃2 are integration constants. If we choose γ̃1 < 0, then γ varies
from −∞ at t→ 0 to −2 at t→∞. Choosing a > 1, the scale factors a1 = a2
always domintant to a3. If we choose γ̃1 > 0, then γ varies from +∞ at t→ 0
to −2 at t→∞. For this case, at early stage the a3 is dominant to two other
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scale factors, then decrease and reach a same size with a1 dan a2, before it
become smaller than two other scale factors. A more interesting pheneomenon
arise from the solution (14). If we choose γ̃2 < 0, the value of γ varies from
+∞ at t → 0 to +1 at t → ∞, it means that the universe evolve from 1 + 1
dimensions to 1 + 3 dimensions. While if we choose γ̃2 > 0, the γ varies from
−∞ at t → 0 to 1 at t → ∞, that means the unvierse evolve from 1 + 2
dimensions to 1 + 3 dimensions.

From the solution that given by equation (14), for a very large t the γ
parameter become constant and close to +1. At constant γ, equation (10)
gives us

Ḣ + (γ + 2)H2 = 0, (15)

and the solution is
a ∝ [(γ + 2) (t− t0)]

1
γ+2 . (16)

Then for γ = 1 we have a = c ∝ (t − t0)
1/3 which is equal to a standard

cosmological solution for a universe dominated by a stiff matter.
As a consistency condition we check the equation of motion of the scalar

fields,

−φ̈− (2 + γ)Hφ̇− 2ξ
(
G00φ̈− 2a21H

2G11φ̇− γ2H2a23G
33φ̇
)

= 0. (17)

For de Sitter solution with large Hubble parameter the equation of motion can
be reduced to

− 2γ̇

4γ + 2
= 2ξ

(
5γ2 + 2γ + 2

)
H4

0 . (18)

Substituting eq. (14) for γ to the last equation, gives us

H4
0 = − γ̃2

ξ

t

2(3t− 2γ̃2)(9t2 − 12γ̃2t+ 5γ̃22)
. (19)

If we choose γ̃2 < 0, the last equation will gives us a solution if ξ > 0. Other-
wise, if γ̃2 > 0 the solution for H0 is exist only for some range. As an example,
when ξ > 0 and γ̃2 = 1, H0 only exist at 0 ≤ t < 0, 269 and 0, 667 ≤ t < 2, 064.
From the value of H0, we obtain a as a1 = a2 = a = a0 exp(

∫
H0dt) dan

a3 = aγ.
The plot of H0 versus t for γ̃2 = −1,−2,−3 and ξ = +1 is given in figure

(1). Form the figure, we see that the Hubble parameter evolve in time as the
Gaussian-like pattern. But variation of H0 is small enough compared to range
of evolution time. So our assumption concerning constancy of the Hubble
constant is satisfied. Figure 2 gives us the evolution of the a1 = a2 = a scale
factors for every t. We see that for a short period of time the increasing of the
scale factors is very significant. It is looks like an inflation that occured for
the two scale factors.
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Figure 1: Plot of H0 versus t for de Sitter solution with constant and very
large Hubble parameter.

It is interesting to study how the a3 scale factor evolves in time. As we
take a3 = aγ and the γ parameter is very large for t → 0, the value of a3 will
be very large at that time. Then there is a ”deflation” mechanism for the a3
scale factor as the inflation mechanism occured for the other two scale factors.
Evolution for a1 = a2 = a dan a3 in time is given in figure 3.

4 Conclusion

As conclusion, we discussed a mechanism that allows the universe to start from
lower dimensional (d < 4) in its very early era and evolve to four dimension at
the end of the process. The mechanism is generated by a nonminimal derivative
coupling of scalar field, where derivative terms of the scalar field is coupled to
curvature tensor. The lower-dimensionality in early universe has advantages
in the context of unification theory as the quantum gravity works consistently
in that dimenions.
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Figure 2: Plot of a1 = a2 = a scale factors versus t for de Sitter solution with
constant and very large Hubble parameter.
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Figure 3: Plots of a1 = a2 = a scale factors and a3 versus t for de Sitter
solution with constant and very large Hubble parameter.
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