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Abstract 

 

 In the current work we have developed and justified a mathematical model of 

crystallization of a false bottom on the basis of representations of the equilibrium 

two-phase zone and boundary conditions, taking into account the turbulent heat 

and mass transfer in the bottom layer from the sea water. This model differs 

significantly from the model, the front [1-3] and the prior art approaches that 

adequately describes the physical picture of the process and the known field 

observations. 
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1 Introduction 
 

 As it was already mentioned in [4-8], in case of the mixture of the fresh water 

and salt water, when the temperature is equal to the temperature of the phase 

transitions, the ice forming takes place. It was already mentioned in the previous 

works, that such a called “false  bottom” effect is quite natural, meanwhile the  

space in between the false bottom and inderwater packed ice might reach up to 60 

cm. The thickness of the false bottom might increase with the time, when his  
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transport speed might reach up to a few cm per day, affecting quite a lot on the 

budgets of the region.  

We consider the process of the directional solidification of the false 

bottom [9-11]. ]Dealing with the system, when the thin ice cover have already 

formed (naturally, that’s the matter of a few hours), and assuming that regions 

𝑎(𝑡) < 𝑧 < 0, 𝑧 < 𝑏(𝑡), 𝑏(𝑡) < 𝑧 < 𝑎(𝑡) are correspondently filled with fresh 

water, sea water and false bottom (namely, mushy layer, for  the moving 

boundaries 𝑎(𝑡) and 𝑏(𝑡), we consider the mushy zone as quasi-equilibrium. 

Since the relaxation time of the temperature field differs from the other process 

characteristics, we shall describe the temperature field by the linear function of 

the space coordinate: 

 

𝑇𝑚(𝑧, 𝑡) =
𝑇𝑎(𝑡)(𝑧 − 𝑏(𝑡)) + 𝑇𝑏(𝑡)(𝑎(𝑡) − 𝑧)

𝑎(𝑡) − 𝑏(𝑡)
, 𝑏(𝑡) < 𝑧 < 𝑎(𝑡), 

 

where 𝑇𝑎(𝑡),  𝑇𝑏(𝑡) are the temperatures on the borders 𝑎 and 𝑏. The linear 

representation of the temperature distribution has been also confirmed by the 

laboratory experiments [11]. Taking into account, that salinity distribution e 

𝑆𝑚(𝑧, 𝑡) is also a linear function of 𝑧 and also the fact, that there are some light 

space and time changes of the solid-part in the mushy zone, we shall use the 

Sheil’s equation [12]. 

 
∂

∂t
((1 − 𝜑)𝑆𝑚) = 0, 𝑏(𝑡) < 𝑧 < 𝑎(𝑡), 

 

which assumes, that all the salt is pushed by the ice into the liquid part of the 

mushy layer. Since the mushy zone is thermodynamically stable, the temperature 

and the salinity are connected by the following equation 

 

𝑇𝑚(𝑧, 𝑡) = −𝑚𝑆𝑚(𝑧, 𝑡), 𝑏(𝑡) < 𝑧 < 𝑎(𝑡), 
 

where m is a constant liquid’s coefficient.  

 

2 Methodology 
 

 Laboratory experiments shows, that as for the question of transport, the 

temperature and mass fluxes on the border 𝑎(𝑡) from the fresh water are less, than 

their analogues from the mushy zone (false bottom). Thus we have the following 

boundary conditions: 

 

𝐿𝑉𝜑𝑎

𝑑𝑎

𝑑𝑡
= (𝑘𝑖𝜑𝑎 + 𝑘𝑤(1 − 𝜑𝑎))

𝜕𝑇𝑚

𝜕𝑧
, 

 

𝑆𝑎

𝑑𝑎

𝑑𝑡
= −𝐷

𝜕𝑇𝑚

𝜕𝑧
, 
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where 𝐿𝑉 = 𝜌𝐿, whish is a parameter of the latent heat. This condition means, that 

the speed of the diffusive salt departure from the mushy into the fresh water zone 

coincide with the speed of the border 𝑎(𝑡). Since the speed of the border 𝑧 = 𝑏(𝑡) 

is determined by turbulent transport fluxes in the ocean (salt water), the second 

part of the boundary conditions looks like as follows: 

 

𝐿𝑉𝜑𝑏

𝑑𝑏

𝑑𝑡
= (𝑘𝑖𝜑𝑏 + 𝑘𝑤(1 − 𝜑𝑏))

𝜕𝑇𝑚

𝜕𝑧
+ 𝛼ℎ𝜌𝑤𝑐𝑝𝑤𝑢(𝑇∞ − 𝑇𝑏), 

 

𝑆𝑏𝜑𝑏

𝑑𝑏

𝑑𝑡
= 𝛼𝑠𝑢(𝑆∞ − 𝑆𝑏), 

 

where 𝑇∞, 𝑆∞ determines temperature and salinity of the sea water out of the false 

bottom region, 𝑢 is friction velocity, 𝜌𝑤, 𝑐𝑝𝑤 - density and heat capacity of the 

water, 𝛼ℎ, 𝛼𝑠 are the coefficients of the turbulent heat and mass transfer. The 

afore-mentioned model represents itself the nonlinear system of equations and 

boundary conditions with the moving phase transitions boundaries.  

For the constant values of 𝑢, 𝑇∞ or 𝑆∞ (or when these parameters, dependent on 

time, were changed by its average values), we find the explicit form of the 

function 𝑡(𝑇𝑎): 

 

𝑡(𝑇𝑎) = ∫ 𝐹(𝑇𝑎)𝑑𝑇𝑎

𝑇𝑎

𝑇𝑎0

, 𝐹(𝑇𝑎) =
𝑑𝑄1(𝑇𝑎)

𝑑𝑇𝑎

𝑄1(𝑇𝑎)

𝑄2(𝑇𝑎) + 𝑄1(𝑇𝑎)𝑄3(𝑇𝑎)
 

 

Here 𝑄𝑖 are the coefficients, which can depend on time in the explicit 

form. The initial temperature 𝑇𝑎0 (determined for 𝑡 = 0) can easily be determined 

when finding the decision of the equation of the type 𝑎(𝑡) − 𝑏(𝑡) = 𝑄(𝑇𝑎(𝑡), 𝑡) if 

the initial coordinates 𝑎(0), 𝑏(0) are known. Finding the integral from the 

previous equation gives us the 𝑇𝑎(𝑡) function and gives the full decision of the 

problem.  

 For the general situation, when one of the values 𝑢, 𝑇∞ or 𝑆∞depends on  time, 

we can get the Cauchy problem in order to determine function 𝑇𝑎(𝑡). Substituting 

again 𝑎(𝑡) − 𝑏(𝑡) we get 

 
𝑑𝑇𝑎(𝑡)

𝑑𝑥
= 𝑓(𝑇𝑎(𝑡), 𝑡), 𝑇𝑎(𝑡) = 𝑇𝑎0, 

 

where 𝑓(𝑇𝑎(𝑡), 𝑡) is known. The initial condition 𝑇𝑎0 can be determined by (4.22). 

 Finally, we focus on some estimates of heat transport flow. According to [9] in 

times of increasing the thickness of the false bottom of the heat flux is 

considerable and of the order of 10 W / 𝑚2. The model shows that the heat flux 

can be directed both up and down at different times of the process with an average 

of -12.9 W/𝑚2 for experiments "AIDJEX" and -5.6 W/𝑚2 for experiments 

"SHEBA" (see Fig. 1 a,b). This stream is comparable in magnitude with the other  
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contributions to the resulting heat flow. For example, with solar flux or flow 

oscillations latent heat that is caused by freezing of seawater ice cracks. So, the 

last of these streams of data of [10], ranging from 0.0008 to 0.004 W / 𝑐𝑚2  

(measured between 22 June and 10 July 1982, i.e., just at a time characteristic the 

formation of a false bottom). This means that the heat flow can have a significant 

effect on the heat exchange between the ocean and the atmosphere, which is 

particularly evident in the summer period, which is characterized by the formation 

and evolution of the false bottom [9]. 

 

 

 

 
 

(a) 

 

 

 
(b) 

 

 

Figure 1. Oscilations of the water and temperature on the border b(t) (a) and 

oscillations of the temperature difference and the heat flow (b), calculated on the 

basis of the theory, developed according to field observations "SHEBA" [9]. 
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3 Results 
 

 Within the framework of the developed model an analytical solution of the 

nonlinear non-stationary problem with two moving boundaries of phase 

transitions was developed. The distribution of temperature, salinity and the solid 

fraction in the two-phase layer of a false bottom were obtained, as we find the 

laws of motion of its borders and the heat flow. At the same time, solutions are 

obtained in an explicit analytic form in a situation, where the temperature and 

salinity in the depths of the ocean, as well as the speed of the friction, does not 

depend on time or replaced independent of time averages. In a situation where 

these features are functions of time, the problem is reduced to a single point 

Cauchy problem, that is easily solved by known methods.  

 Also It is shown that the temperature and salinity in the mushy zone are linear 

functions of the spatial coordinates, and the proportion of solids in it undergoes 

only minor spatial and temporal variations. It was demonstrated that the two-

phase zone migrates in the direction from salt to fresh water, its thickness 

increases with time, and the heat flow is directed from the false floor towards the 

saltwater under quiescent conditions of the process. It is shown that in a sudden 

increase in friction velocity (due to the storm), the pattern change: the length of 

the two-phase zone may experience temporary oscillations, and the heat flow 

change its direction due to the increase of salt concentration and temperature 

corresponding reduction in the false bottom of the border - the ocean. Calculations 

of the average values of the heat flux on the basis of field data. It is shown that 

these values are comparable in magnitude with other possible contributions to the 

resulting heat flow of the system. This means that the migration processes of the 

false bottom give rise to significant heat fluxes, which may have a significant 

effect on the heat exchange between the ocean and the atmosphere, which is 

particularly evident in the summer season. 
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