
Advanced Studies in Theoretical Physics
Vol. 9, 2015, no. 7, 315 - 321

HIKARI Ltd, www.m-hikari.com
http://dx.doi.org/10.12988/astp.2015.5231

Factorized Parametric Solutions and Separation

of Equations in ΛLTB Cosmological Models

Antonio Zecca 1

Dipartimento di Fisica dell’ Universita’, Via Celoria, 16 - 20133 Milano, Italy
GNFM - Gruppo Nazionale per la Fisica matematica - Italy

Copyright c© 2015 Antonio Zecca. This is an open access article distributed under the

Creative Commons Attribution License, which permits unrestricted use, distribution, and

reproduction in any medium, provided the original work is properly cited.

Abstract
Factorized parametric solutions of the ΛLTB cosmological model

are discussed. The factorization assumption implies the factorization
of the physical radius on the coordinates dependence, the separation
of the cosmological equation and a relation between the integration
functions E(r), M(r) of the model. Explicit parametric solutions of the
cosmological equation are given distinguishing according to the signs of
M(r) and Λ. The results ensure the reduction of spin field equations to
separated equations.
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1 Introduction

The Lemâıtre-Tolman-Bondi (LTB) cosmological model has origin from the
papers by Lemâıtre [6], Tolman [8], and Bondi [2]. The model represents
an inhomogeneous spherically symmetric universe filled with freely falling dust
like matter without pressure. In spherically symmetric co-moving coordinates
the time evolution of the Universe is governed by the the Einstein field equation

Rµν −
1

2
Rgµν = kTµν − Λgµν (1)

T µν = η UµUν , U0 = 1, U i = 0, i = r, θ, ϕ, (2)

gµν = diag{1;− exp γ(r, t);−y2(r, t);−y2(r, t) sin2 θ} (3)

where η = η(r, t) is the proper energy density, k = 8πG, Λ the cosmological
constant. The model can be completely integrated. Indeed the scheme (1)-(3)
can be first reported to the equations (dot and prime means t, r-derivative):
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γ = 2 log y′ − log(1 + 2E) (4)

ẏ2

2
− M(r)

y
+

Λ

6
y2 = E(r) (5)

M(r) = 4πG
∫ r

0
dr y′(r, t)y2(r, t) η(r, t) (6)

where E(r), M(r) are arbitrary integration functions. The equation (5) can
then be explicitly integrated both in closed and parametric form. See e. g.
[3, 5] for Λ = 0 and [11] for Λ 6= 0. The model is therefore a useful tool
for further investigations. On account of the lack of homogeneity it has been
proposed as an alternative to the Standard Cosmological Model with dark
energy [4, 7]. It furnishes also a general relativity context where to study field
equations, field quantization as well as the study of the particle creation effect
due to the universe expansion (see e.g., [13, 14, 16, 19, 20, 21, 22, 23, 24]).
It is therefore of interest to know different aspects of the solution of (5). In
the present note the parametric integration suggested in [22] is reconsidered.

2 A class of parametric solutions

The general parametric solution of (5), that has been given in [11], has a
complicated parameter dependence. It is useful to look for parametric solutions
of the form

y(r, t) = g(r)a(η), t = f(r)b(η) (7)

Accordingly (5) becomes

a′2

b′2
= c1 + c2

1

a
+ c3a

2 (8)

c1g
2 = 2Ef 2, c2g

3 = 2Mf 2, 3c3 = −f 2Λ (9)

The assumptions are not weak. By first deriving (8) with respect to r and the
resulting equation with respect to η one finds that, by consistency, non trivial
solutions a(η) are possible only if c1, c2, c3 are constants. Then, f(r) = const.
and, from (7), η = η(t). The physical radius has therefore the form

y(r, t) = g(r)a(η(t)) = g(r)T (t) (10)

From (9) one also derives the relation

6c3c
2
2E

3(r) = −c31ΛM2(r) (11)

By (10), (11) the cosmological equation (5) separates. One easily obtains

M(r)

g3(r)
= const. = − c2

6 c3
Λ (12)

3c3 Ṫ
2 T + Λ(c3T

3 + c1 T + c2) = 0 (13)
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where the separation constant is forced to have the form in (12) as a conse-
quence of (9). The scheme still depends on the arbitrary function E. The
solution is completed by solving (13), a task that does not seems easy.
Alternatively one can proceed by the given parametric representation. It is
useful to set b′(η) = a(η), a condition that is borrowed from the conventional
(Λ = 0) LTB model [5]. By quadrature, one has from (8)

η =
∫ da√

c1a2 + c2a+ c3a4
(14)

or even, by further setting a(η) = 1/(αz(η) + β), α, β ∈ R,

η =
∫ dz√

c2αz3 + (c1 + 3c2β)z2 + 2βc1+3c2β2

α
z + c3+c1β2+c2β3

α2

(15)

Suitable choices of the constants c1, c2, c3, α, 1, β allow to explicitly perform
the quadratures. The choices done here are

c1 = −1, c2 = 1/α, c3 = 4α2/27, β = 2α/3 (16)

c1 = 1, c2 = 1/α, c3 = −4α2/27, β = −2α/3 (17)

c1 = 1, c2 = 1/3β, c3 = 100β2/6, α = 3β (18)

c1 = −1, c2 = −1/3β, c3 = −100β2/6, α = −3β (19)

c1 = ±1, c2 = 2, c3 = 0 (20)

The first two cases were proposed in [22]. They are are such that E, Λ have
the same sign. From (16), (17) one has respectively

g(r) =
α

3

√√√√8|E|
|Λ|

, a(η) =
1

α( tanh2 η
2
− 1

3
)
, (E, Λ < 0) (21)

f(r) =
2α

3
√
|Λ|

, b(η) =
∫
a(η)dη, 2 tanh−1

1√
3
< η ≤ ∞ (22)

g(r) =
α

3

√
8E

Λ
, a(η) =

1

α( tan2 η
2

+ 1
3
)
, (E, Λ > 0) (23)

f(r) =
2α

3
√

Λ
, b(η) =

∫
a(η)dη, 0 ≤ η ≤ π (24)

In correspondence to (18), (19) the expressions under square root in (15) reduce
respectively to (z2 +1)(z±2). One can then perform the quadratures in terms
of the Jacobi elliptic function F (x|m) (see e.g., [10]) so that

η = CF
(
i sinh−1

√
−i− 2

z + 2

∣∣∣∣∣3− 4i

5

)
, C =

2(
√

5− i)
5

√
2 + i (25)

√
−i− 2

z + 2
= − sinh

(
i am(

η

C
)
)

= i sin
(
am(

η

C
)
)

= i sn(
η

C
) (26)
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am(u), sn(u) being the amplitude and the sine amplitude Jacobi elliptic func-
tions [1]. Therefore in correspondence to (17) one finally finds:

g(r) = 10β

√
E

|Λ|
, a(η) =

3β|sn
(
η
C

)
|2

√
5 + (3β2 − 2)|sn

(
η
C

)
|2

(27)

f(r) = β

√
50

|Λ|
, b(η) =

∫
a(η)dη, E > 0, Λ < 0 (28)

Similarly, by (18) one arrives at

g(r) = 10β

√
|E|
Λ
, a(η) =

3β|sn
(
η
C

)
|2

(3β2 − 2)|sn
(
η
C
−
√

5
)
|2

(29)

f(r) = β

√
50

Λ
, b(η) =

∫
a(η)dη, E < 0, Λ > 0 (30)

β > 0 is still an arbitrary number. Since sn is a double periodic function it
suffices to consider in (27)-(30), values of η such that η/C is in a single region
of periodicity (see e. g., [9]).
The choice (19) generates the well known parametric solutions:

a(η) = cosh η − 1, b(η) = sinh η − η, η ∈ [0,∞] (31)

f(r) =
M

(2E)3/2
, g(r) =

M

2E
, (E > 0) (32)

a(η) = 1− cos η, b = η − sin η, 0 ≤ η ≤ 2π (33)

f(r) =
M

(2|E|)3/2
, g(r) =

M

2|E|
, (E < 0) (34)

where now E,M remain independent arbitrary integration functions.

3 Concluding Remarks

In the previous Section a class of parametric solutions of (5) have been studied.
The assumed factorized parametric form dependence of the solutions, that has
been taken from the case Λ = 0, implies that the physical radius itself has the
form y = Y (r)T (t), that a relation like E3 ÷ M2 holds and that both results
implies the separability of the cosmological equation (5). As a consequence
the metric tensor (3) specializes to a Robertson-Walker one in the coordinate
Y (r) = |E|1/2. Therefore in such Robertson-Walker space-time of coordinates
(t, Y, θ, ϕ) the inhomogeneity is lost, but the separability of the field equation
is ensured (see, e. g., [17, 18]).
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For what concerns the separability of spin field equations in the original ΛLTB
model (4)-(6) the problem has already been considered for different spin values.
For Λ = 0 separability holds for spin 0, 1/2, 1, 3/2 [13, 14, 19, 21] and it
is guessed to hold for the higher spin values [21]. For Λ 6= 0 it holds for
s = 0, 1/2, 1. This was shown for the solutions (21)-(24) [22] and similarly,
it can be shown to hold for the solutions (27)-(30). One can also show, by
proceeding as in [21], that separability holds also for 3/2 spin field equation.
What is in fact needed is the assumption (7), the proportionality E3÷M2 (that
has to be explicitly required for Λ = 0) and the condition f(r) = const.. At the
end of the separation procedure one is left, besides separated radial equations,
with a system of separated differential equations in the parameter η. It is at
that point that the explicit parametric solutions of the ΛLTB model given in
the previous Section play their role for the (possibly numerical) solution of the
separated time equations.
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of Lemâıtre-Tolman Bondi cosmologies. Int. Journal of Theoretical
Physics.51 (2012) 438. http://dx.doi.org/10.1007/s10773-011-0920-x

[22] A. Zecca, Separation of spin 0, 1/2, 1 field equations in Lemâıtre-Tolman-
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