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Abstract

When solving the Schrödinger equation for the hydrogen atom which
is −h

2

2me
∇2ψ+ V ψ = Eψ setting ψ(r, θ, φ) = R(r)× Y (θ, φ) , the angular

solution Y (θ, φ) is called Spherical harmonics by means of Euler’s iden-
tity the solid harmonics are obtained, which are the geometric references
of orbitals, the gaussian curvature will be calculated for p-orbitals.
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1 Introduction

Some properties on surfaces such as elliptical points and the definitions of
Gaussian curvature and mean curvature can be found in [1]. In [3] there are
some comments about orbitals. In [4] was found the angular solution of the
Schrödinger equation using Legendre polynomials. It was studied antibound
states for the Schrödinger equation in [2]. In this paper we show that the
surface of the p-orbital for the hydrogen atom is elliptical.

2 Preliminaries

The hydrogen-like atom is a ideal system where the atom is supposed to have
only an electron, the angular solution of the Schrödinger equation to this sys-
tem in a spherical coordinate system, namely

x = r sin θ cosφ 0 ≤ r ≤ ∞ (1)

y = r sin θ sinφ 0 ≤ θ ≤ π (2)

z = r cos θ 0 ≤ φ ≤ 2π (3)

is given by (see [4])

Yl,m(θ, φ) = Θl,m(θ)Φm(φ) =

√
(2l + 1)

4π

(l − |m|)!
(l + |m|)!

P
|m|
l (cos θ) exp(imφ)

Where p
|m|
l are the associated Legendre polynomials, when m = 0 the equation

is real, if m 6= 0 the following linear combinations are considered

1√
2

(Yl,m + Yl,−m) and
1

i
√

2
(Yl,m − Yl,−m)

or in the same way√
(2l + 1)

2π

(l − |m|)!
(l + |m|)!

P
|m|
l (cos θ) cos(mφ)

and √
(2l + 1)

2π

(l − |m|)!
(l + |m|)!

P
|m|
l (cos θ) sin(mφ)
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3 Geometric argument

By means of the gauss map a surface can be described (see [1]), in the case of
a p-orbital, take l = 1 and m = 0, so the angular function is

pz =

√
3

4π
cos θ (4)

(5)

SettingN =
√

3
4π

, replacing (4) in (1), (2) and (3), an orthogonal parametriza-

tion for pz, is obtained, which is

Z(θ, φ) = N

(
sin(2θ)

2
cosφ,

sin(2θ)

2
sinφ,

1 + cos 2θ

2

)
(6)

4 Main Result

Theorem 4.1.

The Gaussian curvature for pz is

Kz =
16π

3

and the mean curvature is

Hz = 2

√
4π

3

Proof. For Z(θ, φ)

Zθ(θ, φ) = N (cos(2θ) cosφ, cos(2θ) sinφ,− sin(2θ))

Zφ(θ, φ) = N

(
−sin(2θ)

2
sinφ,

sin(2θ)

2
cosφ, 0

)
Zθθ(θ, φ) = N (−2 sin(2θ) cosφ,−2 sin(2θ) sinφ,−2 cos(2θ))

Zφφ(θ, φ) = N

(
−sin(2θ)

2
cosφ,−sin(2θ)

2
sinφ, 0

)
Zθφ(θ, φ) = N (− cos(2θ) sinφ, cos(2θ) cosφ, 0)

So, the coefficients of the first fundamental form are given by

E = 〈Zθ, Zθ〉 = N2 F = 〈Zθ, Zφ〉 = 0 G = 〈Zφ, Zφ〉 = N2 sin2(2θ)

4
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a normal mapping of the surface is given by,

η(θ, φ) =
Zθ ∧ Zφ
|Zθ ∧ Zφ|

= (sin(2θ) cosφ, sin(2θ) sinφ, cos(2θ))

so, the coefficients of the second fundamental form are

e = 〈η, Zθθ〉 = −2N f = 〈η, Zθφ〉 = 0 g = 〈η, Zφφ〉 = −N sin2(2θ)

2

consequently the curvature for pz is

Kz =
eg − f 2

EG− F 2
=

4

N2
=

16π

3

and the mean curvature is

Hz = −1

2

eG− 2fF + gE

EG− F 2
= −1

2

(−2N) ·N2 sin
2(2θ)
4
−N3 sin

2(2θ)
2

N4 sin
2(2θ)
4

=
2

N
= 2

√
4π

3

For this orbital the curvature is positive for any value of θ and φ hence
every point of the surface is an elliptical one.
Orbitals can not be observed, given that are just a mathematical model (see
[3]), however the notion of atomic orbital is very important in the study of
chemistry and also the angular functions as it was showed, and here the geom-
etry has been related to it by using the gauss map, since an intrinsic property
of a surface (in this case an spherical harmonic) is the Gaussian curvature
which describes the whole surface (an atomic p-orbital).

Example 4.2. Given that every point of the surface is an elliptical one,
then for each p = Z(θ0, φ0) there is a neighborhood V of p = Z(θ0, φ0) such
that all the points in V belong to the same side of the tangent plane Tp(Z(θ, φ))
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