
Advanced Studies in Theoretical Physics
Vol. 9, 2015, no. 5, 213 - 232

HIKARI Ltd, www.m-hikari.com
http://dx.doi.org/10.12988/astp.2015.511

New Fundamental Dynamical Equation for

Higher Derivative Quantum Field Theories

Z.E. Musielak, J.L. Fry and G.W. Kanan

Department of Physics
The University of Texas at Arlington

Arlington, TX 76019, USA

Copyright c© 2015 Z.E. Musielak, J.L. Fry and G.W. Kanan. This is an open access

article distributed under the Creative Commons Attribution License, which permits unre-

stricted use, distribution, and reproduction in any medium, provided the original work is

properly cited.

Abstract

In space-time with the Minkowski metric, the group of the metric is
the inhomogeneous Lorentz group, which is also known as the Poincaré
group. A dynamical equation is called fundamental if it is invariant with
respect to the group of the metric, which consists of all transformations
that leave the metric invariant. A method based on this group is used to
derive two infinite sets of Poincaré invariant linear dynamical equations
for scalar and analytical functions that represent free, spin-zero, massive
elementary particles. The sets contain two different types of fundamen-
tal higher derivative dynamical equations, which are used to construct
higher derivative quantum field theories. One of these sets contains
the original Klein-Gordon equation and it is shown that all physically
acceptable solutions to the higher derivative equations in this set are
the same as the solutions to the Klein-Gordon equation. This means
that none of the higher order equation in this set can be considered
as new and that the Klein-Gordon is the only fundamental dynamical
equation available to construct local quantum field theories. However,
for the other set, it is demonstrated that all physically acceptable so-
lutions to the higher derivative equations are the same as the solutions
to the lowest order fundamental equation in this set. As a result, this
lowest order equation is the only new fundamental equation in the set,
and it is used to construct higher derivative (non-local) quantum field
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theories. It is suggested that such higher derivative theories may ap-
ply to string theories, modeling of dark energy and to non-localities in
quantum mechanics.

Keywords: Minkowski space-time, Poincaré group, scalar wave functions,
higher derivative Klein-Gordon equations

1 Introduction

The measure of space-time introduced by Minkowski plays an important role in
formulating relativistic field theories of elementary particles. The basic prop-
erties of space-time are determined by the Minkowski metric, which shows how
space and time are connected, and defines a measure of separation between
events. The group of transformations leaving the Minkowski metric invariant is
the inhomogeneous Lorentz group, which is also called the Poincaré group. A
set of coordinate transformations that leaves this metric invariant forms a rep-
resentation of the group. Wigner [1] was the first who classified all irreducible
representations (irreps) of the Poincaré group and identified an elementary
particle with an irreducible unitary representation of the group. By using this
definition, Wigner was able to determine classes of elementary particles that
may exist in Minkowski space-time [2,3].

In this paper, we consider free, massive, spin-zero elementary particles and
represent them by a scalar and analytical wave function. As it is well-known,
relativistic field theories of such particles have already been formulated [3,4]
and the basic dynamical equation of these theories is the original (second-
order) Klein-Gordon (KG) equation [5,6], which has also been used to describe
the Higgs field in the standard model of electroweak interaction [3,7]. The
KG equation describes the evolution of the wave function in space-time with
the Minkowski metric, and it has been shown that the equation is Poincaré
invariant [8,9]. This simply means that the KG equation is invariant with
respect to all the transformations that leave the metric invariant, and we shall
refer to such an equation as fundamental. Observers who use the Minkowski
metric and whose coordinate systems are related by the transformations that
leave the metric invariant are in inertial frames of reference in Minkowski
space-time. Thus to guarantee that all inertial observers identify the same
elementary particle, it is sufficient to require that the wave function describing
this particle transforms like one of the irreps of the group of the metric. The
latter requirement is the basis for a method that uses the group of the metric
to formally derive fundamental dynamical equations of non-relativistic [10-12]
and relativistic [13] wave theories, without employing the usual procedure of
’promoting’ certain classical quantities to operator status.

In our previous work [10], we used the method to derive a Schrödinger-like



New fundamental dynamical equation 215

equation [14] for a scalar wave function, and we also demonstrated that this
equation was the only Galilean invariant equation among an infinite number of
dynamical equations that were formally obtained by the method [11]. In addi-
tion, we derived the basic dynamical equations of classical mechanics [12] and
recently extended the method to relativistic theories of waves and particles
[13], including generalized Lévy-Leblond and Schrödinger equations [15,16],
and generalized Dirac and Klein-Gordon equations for spinor wave functions
[17]. The method is based on two principles, namely, the Principle of Relativ-
ity and the Principle of Analyticity. Our version of the Principle of Relativity
requires that all inertial observers formulate the same physical law and that
they identify the same elementary particle or field. According to this Princi-
ple, all dynamical equations describing evolution of the wave function in time
and space must be invariant with respect to all transformations that leave the
metric unchanged. The Principle of Analyticity demands that the wave func-
tion describing elementary particles be analytic. In our previous papers as well
as in this paper, it is implicitly assumed that the the metric is unchanged by
the presence of the objects being described, i.e. all objects are test particles.
Changes in the metric of space-time must be treated with methods of General
Theory of Relativity, which is beyond the scope of this paper.

The main purpose of this paper is to use our method to derive additional
possible dynamical equations describing free, massive, spin-zero elementary
particles in flat space-time with the Minkowski metric, and investigate Poincaré
invariance of these equations. We show that there are two infinite sets of
Poincaré invariant linear dynamical equations; one set contains all the equa-
tions with the even powers of a second-order operator and the other set con-
tains all the equations of the odd powers of this operator. The well-known
Klein-Gordon equation is a member of the second group and it is the only
second-order partial differential equation in this set. The result has far reach-
ing consequences as it clearly demonstrates that any local quantum field theory
(QFT) describing free, massive, spin-zero particles must be based on this equa-
tion; a field theory is considered to be local when its effects quickly diminish
with distance from a point where the theory is formulated [9]. The fact that
there are two infinite sets of higher-order partial differential equations and
that all of them are Poincaré invariant is important for constructing higher
derivative (non-local) relativistic field theories.

The basic idea of constructing higher derivative (HD) field theories was
originally put forward by Podolski [18], who generalized an electromagnetic
theory by introducing the HD. It was then extended by Green [19], Coelho
de Souza and Rodrigues [18] and others [21-24] to QFT. In more recent work,
a field theory with derivatives of arbitrary order was constructed for a scalar
field by Weldon [23]. The advantage of this method is that it can formally
be applied to dynamical equations of any order. Therefore, the method is
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especially suitable for the two infinite sets of Poincaré invariant HD dynamical
equations obtained in this paper.

We use the method to develop two HD quantum field theories (see Sec. 5.2
and 6.2). Then, we generalize the results to all fundamental HD dynamical
equations in both infinite sets, which contain two different types of funda-
mental, higher derivative, linear dynamical equations, with the original Klein-
Gordon equation being a member of one of these sets. For the set with the
Klein-Gordon equation, it is shown that all physically acceptable solutions to
the higher derivative equations are the same as those obtained for the Klein-
Gordon equation. As a result, none of the higher order equation in this set can
be considered as new and the original Klein-Gordon is the only fundamental
dynamical equation available to construct local quantum field theories. Now
for the other set, it is demonstrated that all physically acceptable solutions to
the higher derivative equations are the same as the solutions to the lowest order
fundamental equation, which is still the higher order equation in this set. This
means that the lowest order equation is the only new fundamental equation
in the set, and that this equation can be used to construct higher derivative
(non-local) quantum field theories. It is suggested that possible applications
of such theories may range from string theories and modeling of dark energy
to non-localities in quantum mechanics.

This paper is organized as follows: the Poincaré group, the resulting eigen-
value equations,and definitions of elementary particles are presented in Sec.
2; two infinite sets of Poincaré invariant dynamical equations are derived in
Sec. 3; the Klein-Gordon equation is discussed in Sec. 4; the relationship of
the Poincaré invariant dynamical equations to the Klein-Gordon equation and
their quantization are presented and discussed in Sec. 5 and 6; the invari-
ant frequencies for selected particles are given in Sec. 7; and conclusions are
presented in Sec. 8.

2 Poincaré group, eigenvalue equations and el-

ementary particles

To derive dynamical equations for particles on a space-time manifold, we begin
by defining carefully what we mean by an elementary particle. We are inter-
ested in quantum particles, objects which may be described by a function of
space-time variables that we associate with a space-time, metric manifold. An
elementary particle is any object that may be described by a function existing
in a Hilbert space and transforming like an irreducible representation (irrep)
of some symmetry group. The symmetry group may be chosen arbitrarily,
defining a particular type of particle. In this paper, we are interested in the
symmetry group consisting of all the coordinate transformations leaving the
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space-time metric of a given manifold invariant. We limit ourselves to flat
space-time and employ the Minkowski metric.

The Minkowski metric can be written as ds2 = dt2−dx2−dy2−dz2, where
the spatial coordinates x, y and z, and time t are all measured in the same
units because the speed of light has been defined as c = 1. The group of this
metric is the Poincaré group, whose structure is given by the following semi-
direct product: P = Hp⊗s T (3 + 1), where T (3 + 1) is an invariant subgroup
of space-time translations and Hp is a non-invariant subgroup consisting of
the remaining transformations and the identity transformation [2,23]. In this
paper, we consider the so-called proper orthochronous group P ↑+ that is a
subgroup of P .

To identify an elementary particle, we require that a scalar, analytical
wave function ψ(xµ) transforms as one of the irreps of the invariant subgroup
T (3 + 1). Since the transformation properties of the function are preserved
in the irreps of the semi-direct product of the group, it can be shown that a
necessary condition that ψ represents an elementary particle in any inertial
frame of reference is the following set of eigenvalue equations [13]

i∂µψ = kµψ , (1)

where ∂µ = ∂/∂xµ = (∂t,−∇) and kµ = (ω, ki), with ∂0 = ∂t = ∂/∂t, µ = 0,
1, 2 and 3, and i = 1, 2 and 3. Since i∂µ is a Hermitian operator, kµ must
be real numbers. The irreps of T (3 + 1) and thus P ↑+ may be labelled by real
numbers. By contrast, if we label the irreps by a parameter called mass by
Wigner [1], some values of this parameter may become imaginary [2]. We will
now use the set of eigenvalue equations given by Eq. (1) to derive Poincaré
invariant dynamical equations in Minkowski space-time.

3 Poincaré invariant dynamical equations

A physical theory is called fundamental in space-time with the Minkowski
metric when its dynamical equations are invariant with respect to all transfor-
mations of coordinates that leave the metric invariant. Since these transfor-
mations form a representation of the Poincaré group, we refer to an invariant
dynamical equation as a Poincaré invariant (or fundamental) equation. We
now present the main results of our search for Poincaré invariant dynamical
equations using the eigenvalue equations (see Eq. 1) as the starting point.

Let us consider two inertial observers who use sets of coordinates xµ and
x′µ to describe the state of the particle that is given by the following two scalar
functions: ψ(xµ) and ψ′(x′µ). In space-time with the Minkowski metric the
coordinates xµ and x′µ are related to each other by the Lorentz transformation
Λµ
ν , which can be used to obtain x′µ = Λµ

νx
ν . With this coordinate transfor-

mation, it is easy to show that (∂′µ∂′µ)ψ′(x′µ) = (∂µ∂µ)ψ(xµ). The operator
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(∂′µ∂′µ) is one of two Casimir operators for the Poincaré group [2] and the only
one needed to develop possible higher order equations for scalar functions. We
shall discuss more general functions for which both Casimir operators may
be used to generate new Poincaré invariant higher order equations in another
paper.

Using the above results, the simplest Poincaré invariant dynamical equation
that can be derived from the eigenvalue equations is

−∂µ∂µψ = kµkµψ = (ω2 − k2)ψ , (2)

which is commonly known as the Klein-Gordon (KG) equation [3,4]. We can
write this equation in a more compact form by introducing a special frame
of reference with ki = 0, and in that frame defining ω = ω0. We call ω0 the
invariant frequency since it is the same for all inertial observers [13]. This
allows us to write ω2 = ω2

0 + k2, where k2 ≡ kiki, and obtain(
∂µ∂µ + ω2

0

)
ψ = 0 . (3)

We note that classical mass and the Planck constant do not appear and are in
fact not needed since ω0 can be determined experimentally (see Sec. 6).

In developing higher order dynamical equations for particles or fields we
rely upon the fundamental equation (1), which is a set of eigenvalue equations
defining an elementary particle. The above method used to obtain the KG
equation can now be applied again and the following fundamental dynamical
equations are derived

(∂µ∂µ)2ψ − ω4
0ψ = 0 , (4)

and
(∂µ∂µ)3ψ + ω6

0ψ = 0 . (5)

After repeating the procedure m and n-times, the resulting Poincaré invariant
dynamical equations are [

(∂µ∂µ)m − ω2m
0

]
ψ = 0 , (6)

and [
(∂µ∂µ)n + ω2n

0

]
ψ = 0 , (7)

where ω0 is a constant, and m is any positive even integer and n is any positive
odd integer. Based on our approach presented here, the above equations ex-
haust all possibilities of obtaining the fundamental linear equations for scalar
state functions with no interactions. It must be noted that these higher or-
der differential equations have solutions other than elementary state functions
of the eigenvalue equations (see Eq. 1), possibly introducing new physical
phenomena in the form of fields.
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An interesting result obtained here is that there are two distinct sets of
Poincaré invariant dynamical equations: one infinite set with the even powers
of (∂µ∂µ) and the ’minus’ sign, and the other infinite set with the odd powers
of (∂µ∂µ) and the ’plus’ sign. In the remaining parts of this paper, we shall
refer to Eqs (6) and (7) as the even and odd order fundamental dynamical
equations, respectively.

4 Klein-Gordon equation

The Klein-Gordon (KG) equation is typically obtained by using the relativistic
relationship between energy, momentum and mass, and by substituting differ-
ential operators for the energy and momentum [3,4]. The equation can also be
derived by another method that is based on group theory originally introduced
by Bargmann and Wigner [26]. Both methods are different than the approach
presented in this paper. In our approach, the KG equation is formally derived
from the eigenvalue equations, which are established by the structure of the
group of the metric [13], and the two fundamental principles described in Sec.
1.

The well-known difficulties, such as negative energy states and the proba-
bilistic interpretation, associated with the KG equation are eliminated in QFT
by the procedure of field quantization. The so-called single particle interpreta-
tion of the KG equation can formally be introduced by using the true particle
operators [27] or by limiting the theory to situations where states with en-
ergy greater than twice the particle’s rest mass are ignored [4]. However, such
single-particle interpretations are not commonly accepted; see for example the
recent work by Wharton [28] and his novel interpretation of the KG equation.

Our results presented in Sec. 3 showed that the original KG equation
belongs to the infinite set of fundamental dynamical equations given by Eq.
(7) and it is obtained by taking n = 1

(∂µ∂µ)ψ + ω2
0ψ = 0 . (8)

This equation was derived from the eigenvalue equations (see Eq. 1), whose
solutions form a complete set in any coordinate system. Moreover, each so-
lution of the eigenvalue equations is also a solution of the above equation.
However, there are solutions of Eq. (8) that are not solutions of the eigenvalue
equations. These extra solutions are the KG field, which has been ’quantized’
to gain a meaningful interpretation in terms of single particles as reported in
standard QFT textbooks [3,4].

Equation (8) is the only second-order fundamental dynamical equation for
ψ being a scalar and analytical state function. The result has already been
known (e.g., Bargmann and Wigner [26], and also Daughty [9] and references



220 Z.E. Musielak, J.L. Fry and G.W. Kanan

therein), however, what is new here is the fact that the KG equation is the
only one that can formally be derived from the eigenvalue equations without
involving Einstein’s energy momentum relationship and promoting the classical
physical quantities to operators, which is a standard procedure used in QFT
textbooks [3,4,27].

Since the eigenvalue equations are not Poincaré invariant equations for
the scalar state function, the KG equation is the only one that is available
to construct local quantum field theories for free and spin-zero elementary
particles. Here, we follow a standard approach and refer to a field theory as
local when its effects quickly decrease with distance from the point in space-
time at which the theory is formulated.

The procedure of quantization of the KG equation is well-known and given
in most QFT textbooks [3,4,27]. The coefficients of Fourier expansions ψ are
treated as operators, and the negative and positive energy solutions correspond

to the frequency ω± = ±
√
k2 + ω2

0, respectively. In the approach presented
here, these solutions are consequences of the metric and our definition of an
elementary particle (see Sec. 2). However, it must also be pointed out that the

solutions with ω representing the energy E and the wave vector ~k representing
the momentum ~p do satisfy the energy-momentum relationship of Special The-
ory of Relativity (STR). The solutions with ω± describe spinless and massive
elementary particles such as the pions, kaons and Higgs bosons [7].

Standard local quantum field theories are based either on first or second-
order differential equations [3,4,9,27], however, higher derivatives (HD) do arise
in various contexts of such theories. For example, in the electro-weak theory
the HD arise in the gauge-fixing terms [23]. They also appear in Higgs the-
ories [7], in quantum corrections for black holes [27], in quantum theories of
gravitation [23,30,31], in modified Einstein’s gravitation [32,33], and in general
covariant Horava-Lifshitz gravity [34,35]. A third-order derivative also appears
in the classical Lorentz-Dirac equation, which describes a radiating point-like
charge [36].

5 Fundamental Higher Derivative Equations

with Even Order

5.1 Relationship to Klein-Gordon equation

The higher derivative (HD) fundamental dynamical equations with even pow-
ers are given by Eq. (6). It is easy to show that this equation can be written
as [

(∂µ∂µ)m − ω2m
0

]
ψ =

[
(∂µ∂µ) + ω2

0

]
[other terms]ψ = 0 , (9)

which is valid for m being any positive even integer.
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Our main result obtained here is that all Poincaré invariant HD dynamical
equations with even powers do explicitly display the original KG equation.
This is an interesting result, however, it must be kept in mind that the struc-
ture of the Poincaré invariant HD equations is richer than the KG equation,
hence, they may account for physical phenomena that the original KG equation
cannot (see below).

5.2 Quantization of fundamental equation with m = 2

We now use the higher derivative fundamental equation given by Eq. (6)
with m = 2 to develop the corresponding quantum field theory. The resulting
fourth-order fundamental equation can be written as[

(∂µ∂µ)2 − ω4
0

]
ψ(t, ~x) = 0 , (10)

where ψ(t, ~x) is a scalar wave function. The Lagrangian L for this equation is

L =
1

2

[
(∂µ)2ψ (∂µ)2ψ + ω4

0ψ
2
]
. (11)

This Lagrangian is a special case of the most general form of the Poincaré
invariant Lagrangians for scalar fields given by Weldon [23] (see his Eq. (1.2)).

Making a Fourier transform in space

ψ(t, ~x) =
∫ d3k

(2π)3
φ(t)ei

~k·~x , (12)

we obtain
d4φ

dt4
+ 2k2

d2φ

dt2
+ (k4 − ω4

0)φ = 0 , (13)

with the corresponding Lagrangian

L =
1

2

(d2φ
dt2

)2

− 2k2
(
dφ

dt

)2

+ (k4 − ω4
0)φ2

 . (14)

To find solutions of Eq. (13), we take φ(t) = Aeiωt, where A and ω are
constants to be determined. The allowed solutions are those with the following

frequencies: ω1± = ±
√
k2 + ω2

0 and ω2± = ±
√
k2 − ω2

0. Thus, we can write

φ(t) =
2∑
r=1

(
are
−iωrt + bre

iωrt
)
, (15)

where ar and br represent A for different values of ω, and ωr is either ω1 or ω2.
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Having obtained the solution for φ(t), we now promote φ to be an operator
φ̂. In addition, we introduce φ̂1(t) given by

φ̂1(t) = φ̂(t) =
2∑
r=1

(
âre
−iωrt + b̂re

iωrt
)
, (16)

and φ̂2(t) defined as

φ̂2(t) =
dφ̂

dt
=

2∑
r=1

[
âr(−iωr)e−iωrt + b̂r(iωr)e

iωrt
]
. (17)

We calculate the momenta Π̂1 and Π̂2 by using Eq. (2.12) given by Weldon
[21], and obtain

Π̂1 =
2∑
r=1

[
ωr(2k

2 + ω2
r)
(
−iâre−iωrt + ib̂re

iωrt
)]

, (18)

and

Π̂2 = −
2∑
r=1

ω2
r

(
âre
−iωrt + b̂re

iωrt
)
. (19)

The following commutation relationships are obeyed: [Π̂j, φ̂l] = −iδjl, [φ̂j, φ̂l] =

0 and [Π̂j, Π̂l] = 0, where j = 1 and 2, and l = 1 and 2.
Lagrange mechanics was generalized to higher derivatives by Ostrogradski

[37], who defined the Hamiltonian Ĥ as

Ĥ = −L̂+ Π̂1φ̂2 + Π̂2
d2φ̂1

dt2
, (20)

which becomes

Ĥ = 2
2∑
r=1

[
ω2
r(k

2 + ω2
r)
(
ârb̂r + b̂râr

)]
. (21)

Introducing
1

Rr

= 4ωr(k
2 + ω2

r) , (22)

and using [âr, b̂s] = δrsRs, we obtain

Ĥ =
2∑
r=1

ωr

(
b̂râr
Rr

+
1

2

)
, (23)

with the following commutators being satisfied: [Ĥ, âr] = −ωrâr, [Ĥ, b̂r] = ωrb̂r
and [Ĥ, φ̂n] = −idφ̂n/dt, where n = 1 and 2.



New fundamental dynamical equation 223

Let us now assume that the field operators φ̂1 and φ̂2 are self-adjoint, then
we have b̂r = â†r with [âr, â

†
s] = δrsRs. Moreover, we consider only positive and

physically acceptable (real) ωr. Since ω1+ is the only frequency that satisfies
these conditions, we write the Hamiltonian as

Ĥ =
2∑
s=1

ωs

(
â†sâs
Rs

+
1

2

)
, (24)

where ωs ≡ ω1+, and â†s and âs are the creation and annihilation operators
corresponding to this frequency.

Following Weldon [23], we define the natural vacuum |vac > of the Fock
space as âs|vac >= 0 with the zero-point energy Ĥ|vac >= E0|vac >, where
E0 = ωs/2. For a one-particle state, we have

Ĥâ†s|vac >= (ωs + E0)â
†
s|vac > , (25)

with the norm being given by

< vac|âsâ†s|vac >= Rs . (26)

5.3 Discussion

Our quantization of the fourth-order Poincaré invariant dynamical equation

shows that this equation has four solutions corresponding to ω1± = ±
√
k2 + ω2

0

and ω2± = ±
√
k2 − ω2

0. The resulting solutions are consequences of the metric.
Moreover, the eigenvalue equations (see Eq. 1) require that ω1± and ω2±
are real. Assuming that ω2

0 > 0, the two solutions given by ω1± are real
and they describe spinless, massive particles of ordinary matter (see Sec. 4);
specifically, the solutions with ω1− and ω1+ represent particles (positive energy)
and antiparticles (negative energy), respectively.

Now, ω2± can only be real if k2 > ω2
0, however, for typical physical con-

ditions ω2
0 is larger than k2, which means that ω2± is complex. The problem

can be formally solved by postulating that ω0 is imaginary, namely, ω0 = iω̃0.

This gives ω2± = ±
√
k2 + ω̃2

0, which is real and consistent with the eigen-
value equations, however, as a result of our assumption ω1± becomes complex.
Since ω0 represents mass of an elementary particle, the imaginary ω0 cannot
describe any ordinary matter. Instead, the solutions with ω̃0 represent hy-
pothetical particles whose masses are imaginary and whose travel velocities
are superluminal. Such particles are known as tachyons [38] but so far there
is no experimental evidence for their existence. Nevertheless, tachyonic fields
become important in some versions of string theory [39-41] and they have also
been used in attempts to explain dark energy [42-45].
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The above results can also be related to the energy-momentum relationship
established by STR. With ω1 representing the energy E, the wave vector ~k
representing the momentum ~p, and ω2

0 > 0, the solutions ω1± do satisfy the
STR energy-momentum relationship, and they describe spinless and massive
elementary particles such as the pions, kaons and Higgs bosons [7]. However,
the solutions ω2± are not consistent with the energy-momentum relationship
of STR unless ω2

0 < 0 is assumed and tachyons are introduced [37]. Another
interesting alternative for the solutions ω2± is recently formulated Einstein’s
Special Relativity beyond the speed of light [46].

The results obtained in Sec. 5.2 can be easily generalized to any value of
m, and the general solutions correspond to

ωL± = ±
√
k2 + ω2

0e
i2lπ/L , (27)

where l = 0, 1, 2, ... L − 1. The solutions with ω1± and ω2± are obtained
for L = 1 or l = 0, and L = 2 or l = 1. However, for all other values of
L, the frequencies ωL± are complex conjugates, which means that they are
inconsistent with our requirement that ωL± must be real (see Sec. 2).

This is an interesting result as it clearly shows that every fundamental
dynamical equation of the set of infinite Poincaré invariant equations with
m > 2 (see Eq. 6) has the solutions corresponding to ω1± and ω2±, which are
the same solutions as those obtained for the fundamental dynamical equation
with m = 2. As already stated in Sec. 2, the requirement imposed by the
eigenvalue equations is that the values of all ω’s must be real, which means
that the complex conjugate solutions cannot be considered in the approach
presented here. Hence, we have reached an important conclusion that among
the infinite set of fundamental dynamical equations with the even values of m,
the invariant equation with m = 2 should be preferentially used in constructing
HD quantum field theories.

The explicit form of the fundamental dynamical equation with m = 2 is

(∂µ∂µ)2ψ − ω4
0ψ = 0 . (28)

The fact that the solutions with ω1± to this equation are the same as those
given by the original KG equation (see Sec. 4) should not be surprising because
our results presented in Sec. 5.1 established the relationship between both
equations. On the other hand, the order and form of the above equation
are different than the KG equation and, as a result, Eq. (28) also allows for
tachyonic solutions with ω2±. These solutions are relevant to the faster than
the speed of light Special Relativity [46] and they may also be of interests
in string theories, and in some recent attempts to explain the nature of dark
energy. Moreover, the solutions may play some role in accounting for non-
localities of quantum mechanics.
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6 Fundamental Higher Derivative Equations

with Odd Orders

6.1 Relationship to Klein-Gordon equation

The HD fundamental dynamical equations given by Eq. (7) look similar to
the original KG equation. Let us now demonstrate that each equation of the
infinite set of fundamental equations explicitly displays the KG equation. To
show this, we factorize Eq. (7) by using the following general formula[

(∂µ∂µ)m − ω2m
]
ψ =

[
(∂µ∂µ) + ω2

]

×
[
(∂µ∂µ)n−1 +

n−2∑
k=1

(−1)k ω2k
0 (∂µ∂µ)n−1−k + ω

2(n−1)
0

]
= 0 , (29)

which is valid for n being any odd integer greater than 1.
This well-known algebraic formula guarantees that each Poincaré invariant

HD dynamical equation derived with n > 1 contains the original KG equation,
which is obtained when n = 1.

6.2 Quantization of fundamental equation with n = 3

The method of quantizing the fourth-order fundamental equation presented in
Sec. 5.1 can be now easily extended to the six-order fundamental dynamical
equations obtained from Eq. (7) by taking n = 3. The result is[

(∂µ∂µ)3 + ω6
0

]
ψ(t, ~x) = 0 , (30)

with the corresponding Lagrangian

L =
1

2

[
(∂µ)3ψ (∂µ)3ψ − ω6

0ψ
2
]
. (31)

After making Fourier transforms in space (see Eq. 18), the six possi-

ble solutions must have the following frequencies: ω±1 = ±
√
k2 + ω2

0, ω±2 =

±
√
k2 + ω2

0e
2πi/3, and ω±3 = ±

√
k2 + ω2

0e
−2πi/3, which give

φ̂1(t) = φ̂(t) =
3∑
r=1

(
âre
−iωrt + b̂re

iωrt
)
, (32)

φ̂2(t) =
dφ̂

dt
=

3∑
r=1

[
âr(−iωr)e−iωrt + b̂r(iωr)e

iωrt
]
, (33)
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and

φ̂3(t) =
d2φ̂

dt2
=

3∑
r=1

[
âr(−ω2

r)e
−iωrt + b̂r(−ω2

r)e
iωrt

]
. (34)

The momenta Π̂1, Π̂2 and Π̂3 are given by

Π̂1 =
3∑
r=1

[
ωr(3k

4 − 3k2ω2
r + ω4

r)
(
iâre

−iωrt − ib̂reiωrt
)]

, (35)

Π̂2 =
3∑
r=1

[
ω2
r(ω

2
r − 3k2)

(
âre
−iωrt + b̂re

iωrt
)]

, (36)

and

Π̂3 =
3∑
r=1

[
(−iω2

r)
(
âre
−iωrt − b̂reiωrt

)]
. (37)

The commutation relationships obeyed by the function φ̂l and the momenta
Π̂j, where l = 1, 2 and 3, and j = 1, 2 and 3, are the same as those given
below Eq. (25). The method of evaluating the Hamiltonian is also the same
(see Eq. 26), and the resulting Hamiltonian is

Ĥ =
3∑
r=1

[
−3ωr(k

4 − 2k2ω2
r + ω4

r)
(
ârb̂r + b̂râr

)]
. (38)

We now define
1

Rr

= −6ωr(k
4 − 2k2ω2

r + ω4
r) , (39)

and obtain

Ĥ =
3∑
r=1

ωr

(
b̂râr
Rr

+
1

2

)
, (40)

with the same commutators being satisfied as those given below Eq. (23).
With the assumption that the field operators φ̂1, φ̂2 and φ̂3 are self-adjoint,

we get b̂r = â†r. By taking into account only real and positive frequency
ωs ≡ ω1+, we obtain the same results as those given by Eqs (24) through (26).

6.3 Discussion

The solutions of the sixth-order Poincaré invariant dynamical equation corre-

spond to ω1± = ±
√
k2 + ω2

0, ω2± = ±
√
k2 + ω2

0e
2πi/3, and ω3± = ±

√
k2 + ω2

0e
−2πi/3.

The obtained solutions are consequences of the metric. The requirement im-
posed by the eigenvalue equations (see Eq. 1) that the solutions must be real
is obeyed only by ω1± if ω2

0 > 0. However, ω2± and ω3± are complex conjugate.

We may introduce ω0 = i
√

2ω̃0 and write ω2± = ±
√
k2 + (1 + i

√
3)ω̃2

0 and
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ω3± = ±
√
k2 + (1− i

√
3)ω̃2

0, which show that ω2± and ω3± are also complex
conjugate with ω2

0 < 0. Since neither ω2± nor ω3± satisfies the requirement
imposed by the eigenvalue equations, we shall not consider these solutions.

It must also be pointed out that the solutions with ω±1 are consistent with
STR and that they describe spinless and massive elementary particles of ordi-
nary matter (see Sec. 4). However, the solutions with ω2± and ω3± are complex
conjugate and they are not consistent with STR.

The results obtained for the sixth-order fundamental equation can be easily
generalized to higher odd values of n, and it can be shown that the general
solutions are given by

ωL± = ±
√
k2 + ω2

0e
i2lπ/L , (41)

where l = 0, 1, 2, ... L− 1.
The solution with ω1± is obtained for L = 1 or l = 0, and this solution is

the same as that found for the original KG equation (see Sec. 4). The result is
actually consistent with that obtained in Sec. 6.1, where we demonstrated that
all Poincaré invariant dynamical equations with odd values n ≥ 3 are related
the original KG equation. Now, the fundamental equations with n > 3 have
other solutions but all of them are complex conjugates, which means that they
are inconsistent with the requirement imposed by the eigenvalue equations. As
a result, all complex conjugate solutions are not acceptable physical solutions
in our approach presented in this paper.

Hence, we have reached an interesting conclusion that all the HD equations
of the infinite set of fundamental dynamical equations with odd values of n ≥ 1
have the same physically acceptable solutions as the original KG equation.
This simply means that there are no new HD fundamental dynamical equations
in this set that could be used to construct HD quantum field theories.

7 Invariant frequencies for selected particles

According to Standard Model [3], there are no elementary particles with spin
zero; however, the most recent data collected by the LHC experiment at CERN
seem to indicate that spin-zero Higgs boson does exist [47]. In quantum field
theories (QFT), the pions π0 and π±, and the kaons K0, K± and K̄0, are
considered as spin zero particles, and described by scalar state functions despite
the fact that they are composites made out of quarks [3,4,9,27].

The derived Poincaré invariant dynamical equations have only one param-
eter, which is the invariant frequency ω0 [48]. Since this parameter represents
the physical property of elementary particles known as mass, it is important
to know its value for different particles [13]. The values of ω0 for the pions
and kaons are given in Table 1. The values of mass m in [MeV/c2] were
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Particle m (MeV/c2) ω0 (s−1)
Pion π0 134.9766(6) 2.050656(9) ×1023

Pion π± 139.57018(35) 2.1204445(55) ×1023

Kaon K0 497.614(24) 7.56009(36) ×1023

Kaon K± 493.677(16) 7.50027(55) ×1023

Table 1: The classical mass m and the invariant frequency ω0 for the pions
and kaons; the values of m were taken from [45].

obtained from [49] and we computed ω0 [1/s] by using the conversion factor
1eV = 1.602176487 × 10−10 J and h̄ = 1.054571628 × 10−34 J s after the
CODATA 2008 paper [50].

8 Conclusions

We considered space-time with the Minkowski metric and used the structure of
the proper orthochronous Poincaré group P ↑+ of this metric to obtain the eigen-
value equations, which guarantee that a scalar and analytical state function
transforms as the irreps of the invariant subgroup of space-time translations
T (3 + 1) of P ↑+. We used the eigenvalue equations to derive Poincaré invariant
(fundamental) dynamical equations for a scalar and analytical state function,
which represents free, spinless and massive elementary particles such as the pi-
ons, kaons and Higgs bosons. Since all Poincaré invariant dynamical equations
depend on only one physical parameter, which is the so-called invariant fre-
quency ω0 and represents the physical property of elementary particles known
as mass, we computed values of this frequency for the pions and kaons that
are considered here as elementary particles.

The main results obtained in this paper are: (i) the eigenvalue equations
allow deriving two infinite sets of the Poincaré invariant dynamical equations;
(ii) in one of these sets, there is an infinite number of even order fundamental
higher derivative (HD) dynamical equations; (iii) in the other set, there is
an infinite number of odd order fundamental HD dynamical equations, with
the lowest order equation being the original Klein-Gordon equation; (iv) the
original Klein-Gordon equation is the only fundamental dynamical equation
available to construct local quantum field theories; (v) all the fundamental
HD dynamical equations in both sets can be factored to explicitly display
the Klein-Gordon equation; (vi) all physically acceptable solutions to the odd
order fundamental HD dynamical equations are the same as the solutions of
the Klein-Gordon equation; (vii) all physically acceptable solutions to the even
order fundamental HD dynamical equations are the same as the solutions of
the lowest even order equation in this set; (viii) the lowest even order equation
is the only new fundamental HD equation that can be used to construct HD
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quantum field theories; (ix) possible applications of these HD theories may
range from string theories and modeling of dark energy to non-localities in
quantum mechanics.
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Reidel, Dordrecht, 1986.
http://dx.doi.org/10.1007/978-94-009-4558-6

[3] L. H. Ryder, Quantum Field Theory, Cambridge Uni. Press, New York,
1985.

[4] W. Greiner, Relativistic Quantum Mechanics, Springer-Verlag, Berlin,
Heidelberg, 1990.
http://dx.doi.org/10.1007/978-3-662-02634-2

[5] O. Klein, Z. Phys., 37 (1926), 895.
http://dx.doi.org/10.1007/bf01397481

[6] W. Gordon, Zeits. für Phys., 40 (1926) 117; 40 (1926), 121.
http://dx.doi.org/10.1007/bf01390840

[7] P. W. Higgs, Phys. Lett., 12, (1964) 132.
http://dx.doi.org/10.1016/0031-9163(64)91136-9; Phys. Rev. Lett., 13
(1964) 508.
http://dx.doi.org/10.1103/physrevlett.13.508; Phys. Rev., 145 (1966)
1156.
http://dx.doi.org/10.1103/physrev.145.1156

[8] W. I. Fushchich and A.G. Nikitin, Symmetries of Equations of Quantum
Mechanics (Allerton Press, Allerton, NY, 1994.

[9] N. A. Doughty, Lagrangian Interaction, Addison-Wesley, New York, 1990.

[10] Z. E. Musielak and J. L. Fry, Ann. Phys., 324 (2009), 296.
http://dx.doi.org/10.1016/j.aop.2008.06.006

[11] Z. E. Musielak and J. L. Fry, Int. J. Theor. Phys., 48 (2009), 1194.
http://dx.doi.org/10.1007/s10773-008-9893-9



230 Z.E. Musielak, J.L. Fry and G.W. Kanan

[12] J. L. Fry and Z. E. Musielak, Ann. Phys., 325 (2010), 2668.
http://dx.doi.org/10.1016/j.aop.2010.06.004

[13] J. L. Fry, Z. E. Musielak and Trei-wen Chang, Ann. Phys., 326 (2011),
1972.
http://dx.doi.org/10.1016/j.aop.2011.04.008

[14] E. Schrödinger, Ann. d. Physik, 79 (1926), 361; 79 (1926), 489; 79 (1926),
734.

[15] R. Huegele, Z. E. Musielak and J. L. Fry, J. Phys. A: Math. Theor., 45
(2012), 145205.
http://dx.doi.org/10.1088/1751-8113/45/14/145205

[16] R. Huegele, Z. E. Musielak and J. L. Fry, Adv. Studies Theor. Phys., 7
(2013), 825.
http://dx.doi.org/10.12988/astp.2013.3672

[17] R. Huegele, Z. E. Musielak and J. L. Fry, Adv. Studies Theor. Phys., 8
(2014), 109.
http://dx.doi.org/10.12988/astp.2014.310123

[18] B. Podolski, Phys. Rev., 62 (1942), 68.
http://dx.doi.org/10.1103/physrev.62.68

[19] A. E. S. Green, Phys. Rev., 73 (1948), 26.
http://dx.doi.org/10.1103/physrev.73.26

[20] L. M. C. Coelho De Souza and P. R. Rodrigues, J. Phys. A (Gen. Phys.),
2 (1969), 304.
http://dx.doi.org/10.1088/0305-4470/2/3/009

[21] J. J. Giambiagi, Nuovo Cimento, 104A (1991), 1841.
http://dx.doi.org/10.1007/bf02812498

[22] C. G. Bolibi and J. J. Giambiagi, J. Math. Phys., 34 (1993), 610.
http://dx.doi.org/10.1063/1.530263

[23] H. A. Weldon, Nucl. Phys. B, 534 (1998), 467; Ann. Phys., 305 (2003),
137.
http://dx.doi.org/10.1016/s0003-4916(03)00070-8

[24] I. Cho and O.-K. Kwon, Phys. Rev. D, 82 (2010), 025013.
http://dx.doi.org/10.1103/physrevd.82.025013

[25] J. F. Cornwell, Group Theory in Physics, Academic Press, London, 1984.



New fundamental dynamical equation 231

[26] V. Bargmann and E. Wigner, Proc. Nat. Acad. Sci. U.S., 34 (1948), 211.
http://dx.doi.org/10.1073/pnas.34.5.211

[27] A. Zee, Quantum Field Theory in a Nutshell, Princeton Uni. Press, Prince-
ton and Oxford, 2003.

[28] K.B. Wharton, Found Phys., 40 (2010), 313.
http://dx.doi.org/10.1007/s10701-009-9398-2

[29] M. Jamil and F. Darabi, Int. J. Theor. Phys., 51 (2012), 1007.
http://dx.doi.org/10.1007/s10773-011-0974-9

[30] S. L. Adler, Rev. Mod. Phys., 54 (1982), 729.
http://dx.doi.org/10.1103/revmodphys.54.729

[31] S. A. Fulling, Aspects of Quantum Field Theory in Curved Space-Time,
Cambridge Uni. Press, Cambridge, 1989.
http://dx.doi.org/10.1017/cbo9781139172073

[32] S. Nojiri and S.D. Odintsov, Phys. Rev. D, 77 (2008), 026007.

[33] C. P. Singh and V. Singh, Int. J. Theor. Phys., 51 (2012), 1889.
http://dx.doi.org/10.1007/s10773-011-1065-7

[34] Y. Huang and A. Wang, Phys. Rev. D, 85 (2011), 104012.

[35] T. Zhu, F.-W. Shu, Q. Wu and A. Wang, arXiv:1110.5106v1 [hep-th] 24
Oct 2011.

[36] V. G. Kupriyannov, Int. J. Theor. Phys., 45 (2006), 1129.

[37] F. J. de Urries and J. Julve, arXiv:hep-th/9802115v2 24 March 1998.

[38] G. Feinberg, Phys. Rev., 159 (1967), 1089.
http://dx.doi.org/10.1103/physrev.159.1089; P.C.W. Davies, Nuovo Ci-
mento, 25B (1975), 571.
http://dx.doi.org/10.1007/bf02724739; G. Gibbons, Class. Quantum
Grav., 20 (2003), 5231.

[39] A. Sen, arXiv:hep-th/9805170v3 28 May 1998.

[40] A. Das, S. Gupta, T. D. Saini and S. Kar, Phys. Rev. D, 72 (2005),
043528. http://dx.doi.org/10.1103/physrevd.72.043528

[41] S. Chakraborty and U. Debnath, Int. J. Theor. Phys., 51 (2012), 1224.
http://dx.doi.org/10.1007/s10773-011-0998-1



232 Z.E. Musielak, J.L. Fry and G.W. Kanan

[42] T. Padmanabhan, Phys. Rev. D, 66 (2002), 021301(R).
http://dx.doi.org/10.1103/physrevd.66.021301

[43] J. S. Bagla, Phys. Rev. D, 67 (2003), 063504.

[44] E. J. Copeland, M. R. Garousi, M. Sami and S. Tsujikawa, Phys. Rev. D,
71 (2005), 043003.
http://dx.doi.org/10.1103/physrevd.71.043003

[45] G. Calcagni and A. R. Liddle, Phys. Rev. D, 74 (2006), 043528.
http://dx.doi.org/10.1103/physrevd.74.043528

[46] J. M. Hill and B. J. Cox, Proc. Roy. Soc. A.
http://dx.doi.org/10.1098/rspa.2012.0340

[47] ATLAS Collaboration, Phys. Lett. B, 716 (2012), 1; CMS Collaboration,
Phys. Lett. B, 716 (2012), 30.

[48] J. L. Fry and Z. E. Musielak, Adv. Studies Theor. Phys., 7 (2013), 839.

[49] K. Nakamura et al. (Particle Data Group), J. Phys. G, 37 (2011), 075021.
http://dx.doi.org/10.1088/0954-3899/37/7a/075021

[50] P. J. Mohr, B. N. Taylor and D. B. Newell, Rev. Mod. Phys., 80 (2008),
633.
http://dx.doi.org/10.1103/revmodphys.80.633

Received: January 15, 2015; Published: March 7, 2015


