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Abstract

The fundamentals of the quantum statistics of ideal gases of identical
parafermions are developed. The wave function, the partition function,
the quantum distribution, the grand potential, the state equation as
well as the generalized sommerfeld development of the parafermi gas
are given.
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1 Introduction

In this paper, we study another type of parafermionic systems. Our system is
an ideal gas of a large number N of identical particles of spin 1

k
, where k can

take the values k = 2, 3, 4..., then we propose to develop the fundamenatls of
quantum distribution of this gas [1], [2]. Of immediate interest are the wave
function of the gas, its quantum distribution at the equilibrium or again its
state equation. Our references in performing this study are the known cases
k = 2 and k =∞ describing respectively the Fermi and Bose gases [3], [4].

2 The wave function of identical particles

We start by considering a gas of N identical two dimensional particles enclosed
within a container of volume V . Let ξi denote collectively all the coordinates
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of the i − th particle namely its two position coordinates (τ, σ) and its spin
coordinates s. Let ki be an index labeling the possible quantum states Ψki(ξi)
of this single particle ki, 1 ≤ i ≤ N [5]

Ψ ≡ Ψk1.....kN (ξ1, ....., ξN). (1)

To write down explicitely Eq.(1) in term of individual quantum states Ψki(ξi)

Ψ(ξ1, ..., ξi, ..., ξj, ..., ξN) = w(i, j)Ψ(ξ1, ..., ξj, ..., ξi, ..., ξN). (2)

w(i, j): is an unphysical global phase of module unity, in the term of the spin
s of the particles of the gas, the phase w(i, j) is solved as:

w(i, j) = exp(2πisν(i, j)) = qν(i,j) (3)

where q = exp(2πis) and ν(i, j) is an integer characterizing the interchange of
the i− th and j − th particles.

2.1 The wave function of Bose and Fermi gases

Since the spin of bosons is integer. The phases w(i, j) reduce to the unity
and then the wave function of the Bose gas is completly symmetric under the
interchange of particles of the gas. Introducing the permutation group SN and
the operator S [1]

S = (N !)−1
∑
P∈SN

P, (4)

the Bose gas wave function reads as:

Ψ+(ξ1, ....., ξN) =
√
N !S[Ψ(ξ1)Ψ(ξ2)...Ψ(ξN)]. (5)

The wave function of the Fermi gas Ψ is completly antisymmetric under the
permutations P of any odd number n ≤ N of fermions since we have

w(p) = (−1)p (6)

Here also, we can express Ψ(ξ1, ....., ξi) in terms of the one particle wave func-
tions Ψ(ξi), i = 1, 2...N by help of the completely antisymmetric operator A
defined by

A = (N !)−1
∑
P∈SN

(−1)ν(p)P (7)

thus we have

Ψ−(ξ1, ....., ξN) =
√
N !A[Ψ(ξ1)Ψ(ξ2)...Ψ(ξN)] (8)
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2.2 The wave function of the parafermi gas

This the situation we are interested in here. The spin s of the parafermions is
no langer or integer non a half odd integer, fact which unobvious the building
of the parafermi wave function Ψq in terms of the single wave functions Ψki(ξi).
An intuitive way of constructing Ψq is to postulate the following expression:
[6]

Ψk1....kN (ξ1, ....., ξN) =
√
N !J(q)[Ψ(ξ1)Ψ(ξ2)...Ψ(ξN)] (9)

where
J(q) =

∑
P∈SN

(q)ν(p)P (10)

which reduces to Eqs.(5-8), and q is a paramter equal to one or minus one
respictively

J(1) = S,J(-1) = A (11)

2.2.1 The wave function of a system of N=3 identical parafermions
of spin s = 1

3

The wave function Ψ(ξ1, ξ2, ξ3) of this system as:

Ψk1,k2,k3(ξ1, ξ2, ξ3) =
√

3!J(q)[Ψ(ξ1)Ψ(ξ2)Ψ(ξ3)] (12)

where the operator J(q) is given by:

J(q) = 1 + qP12 + qP23 + q2P123 + q2P321 + q3P13 (13)

where P12, P23 and P13 are respectively the S3 transposition operators of the
first and the second, the second and the third and the first and the third
particles. P123 and P321 are two non trivial cyclic S3 permutations. Note that
the exponent ν(p) appearing in Eq.(7) are obtained by help of the neighbour
particles transpositions P12 and P23 along with identities:

P123 = P23P12, P321 = P12P23, P13 = P12P23P12 = P23P12P23 (14)

3 The fractional statistics

3.1 The function partition Z(β, µ, λ)

The partition function and the quantum distribution < n > of system Σ,
of identical particles of fractional spin s = 1

k
[6,7]. k ≥ 2 generalizing the

well-known Bose and Fermi ones are derived. The generalized Sommerfeld
development of the distribution < n > around T = 0K is given. We start
by considering a quantum gas Σ(λ) of identical (FS) particles of spin s = 1

k
,
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enclosed within of volume V . This gas is assumed to be in equilibrium at a
temperature T with a reservoir of (FS) particles of the same nature as those
of Σ(λ). The quantum gas Σ(λ) is supposed to be a perfect gas. Denote by
H and N respectively the Hamiltonian and the occupation operator number
associated with the gas Σ(λ) of (FS) particles. We use the grand canonical
formalism, H and N can be expressed by:

N̂ =
∑
m

N̂m

and
H =

∑
m

εmN̂m (15)

where the index m labels the possible quantum states of a single particle and
εm denotes the energy of a (FS) particle in the quantum state |m〉. Nm is the
occupation operator number counting the number of (FS) particles of the gas
Σ(λ) in the quantum state. At equilibrium, the partition function Z(β, µ, λ)
of the quantum gas is defined as:

Z(β, µ, λ) = Tr[exp(−β(H − µN))] (16)

where the trace is taken on the Fock space of Σ(λ). Using the equations

N̂m|m〉 = nm|m〉 (17)

Hm|m〉 = εmnm|m〉 (18)

Together with the generalized Pauli exclusion principle (GPEP) according to
which the allowed eigenvalues nm are only those given by: [8]

nm = 0, 1, ......k − 1 (19)

Z(β, µ, k) =
∏
m

Zm(β, µ, k) (20)

where Zm(β, µ, k) is given by:

Zm(β, µ, k) =
∑
nm

xnm
m (21)

and xm = e−β(εm−µ)

Zm(β, µ, k) = 1 + ........+ xk−1m (22)

Eq.(22) is the quotient of the euclidean division of 1−xkm
1−xm

Zm(β, µ, k) =
1− xkm
1− xm

(23)
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or equivalently

Zm(β, µ, k) =
1− e−βk(εm−µ)

1− e−β(εm−µ)
(24)

Having determined the partition function Z(β, µ, k) of the quantum gas Σ(λ)
extending the well-known Fermi and Bose ones respectively given by:

Z(β, µ, k = 2) =
∏
m≥0

(1 + e−β(εm−µ)) (25)

Z(β, µ, k =∞) =
∏
m≥0

(1− e−β(εm−µ))−1 (26)

3.2 The (FS) quantum distribution

The distribution of the perfect gas Σ(λ) of (FS) particles is effectively described
by the mean values of the basic operator of the grand canonical formalism,
namely the occupation operator number of the individual quantum state |m〉
[5,9].

< Nm >=< n(β, µ, k) > (27)

< Nm >= −∂LogZm(β, µ, λ)/β∂µ (28)

and consequently

< n(β, µ, k) >= (eβ(εm−µ) − 1)−1 − k(eβk(εm−µ) − 1)−1 (29)

This distibution of the quantum gas Σ(λ) of identical (FS) particles of spin
1
k

. Taking k = 2 and k = ∞, one obtains respectively the Fermi and Bose
distributions given by:

< nm(2) >=
1

eβ(εm−µ) + 1
(30)

< nm(∞) >=
1

eβ(εm−µ) − 1
(31)

3.3 The grand-potential Ω(β, µ, k)

The grand-potential Ω(β, µ, k) of the quantum distribution gas Σ(λ) of (FS)
particles reads as :

Ω(β, µ, k) =
∑
m≥0

Ωm(β, µ, k) (32)

where Ωm(β, µ, k) is given by:

Ωm(β, µ, k) = −β−1Log(Zm(β, µ, k)) (33)
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and consequently

Ωm(β, µ, k) = −β−1Log(1− e−βk(εm−µ)) + β−1Log(1− e−β(εm−µ)) (34)

Taking k = 2 and k =∞, one obtains respectively the Fermi and Bose grand-
potentials given by:

Ωm(β, µ, k = 2) = −β−1Log(1 + e−β(εm−µ)) (35)

Ωm(β, µ, k =∞) = −β−1Log(1− e−β(εm−µ)) (36)

and consequently

Ω(β, µ, k) = Ω(β, µ,∞)− Ω(βk, µ,∞) (37)

4 The state equation

The starting point is the grand-potential Ω which may be written in terms of
the thermodynamic potentials F (β, k) and G(β, k) the helmotz and Gibss free
energies as:

Ω = F −G = −PV (38)

where P and V are respectively the pressure and the volume of the gas Σ(k).
Using Eq.(24)

Ω(β, µ, k) = −β−1
∫ ∞
0

D(ε)g(Log(1− e(−βk(εm−µ)))− Log(1− e(−β(εm−µ))))dε
(39)

where

D(ε) =
V

4π2
(
2m

h̄2
)
3
2 ε

1
2 (40)

β = (kBT )−1

kB and g are the Boltzmann constant and the degree of degeneracy respec-
tively.
Using

βε = x, ϕ = eβµ, βkε = X,ψ = eβkµ (41)

H(ϕ) =
∞∑
m=1

ϕm

m
5
2

(42)

H(ψ) =
∞∑
m=1

ψm

m
5
2

(43)

Γ(n+ 1) =
∫ ∞
0

tne−tdt (44)
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we obtain

Ω(β, µ, k) = −2

3
(
A

β
5
2

H(ϕ)Γ(
5

2
)− A

β
5
2k

3
2

H(ψ)Γ(
5

2
)) (45)

where

A = g
V

4π2
(
2m

h̄2
)
3
2 (46)

Ω(β, µ, k) = −2

3
E (47)

and consequently

PV =
2

3
E (48)

where

E = (
A

β
5
2

H(ϕ)Γ(
5

2
)− A

β
5
2k

3
2

H(ψ)Γ(
5

2
)) (49)

5 The generalized Sommerfeld development

In the model of quantum perfect gases, one of the basic formula playing a
central role in the analysis of the low temperature behaviour of the perfect gas
is given by Sommerfeld formula namely:

< n(β, µ, 2) >= H(µ− ε)− π
2

6
β−1δ1(µ− ε)− 7π4

360
β−1δ3(µ− ε) +O(β−6) (50)

where H is a Heaviside function. Start from the integral

J(γ, µ) =
∫ ∞
0

f(ε)

eγ(ε−µ) − 1
dε (51)

where
f(ε) = ε

n
2 , n = 1, 3. (52)

The parameter γ will be chosen either as γ = β or γ = kβ. Second, make the
change variables y = γ(ε− µ) or ε = µ+ αy with, α = γ−1

J(γ, µ) = α
∫ γµ

0

f(u− αy)

e−y − 1
dy + α

∫ ∞
0

f(u+ αy)

ey − 1
dy (53)

Suppose for the moment that µ is larger than zero.
and

1

e−y − 1
= −1− 1

ey − 1
(54)

J(γ, µ > 0) = −
∫ µ

0
f(ε)dε− α

∫ γµ

0

f(u− αy)

ey − 1
dy + α

∫ ∞
0

f(u+ αy)

ey − 1
dy (55)
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using the identity ∫ ∞
0

y2n−1

ey − 1
dy =

(2π)2n

4n
Bn (56)

and consequently

J(γ, µ > 0) = −
∫ µ

0
f(ε)dε+

∑
n>0

(2πα)2n

(2n− 1)!2n
Bnf

2n−1(µ) (57)

where the B′ns are the Bernouilli numbers whose first are given by:

B1 =
1

6
, B2 =

1

30
(58)

The generalized Sommerfeld development may be read after solving the fol-
lowing equation:

J(β, µ > 0)− kJ(βk, µ > 0) =
∫ ∞
0

< n(β, µ, k) > f(ε)dε (59)

and consequently

< n(β, µ, k) >= (k − 1)H(µ− ε)−
∑
n>0

(2π
β

)2n

(2n− 1)!2n
Bn

k2n−1 − 1

k2n−1
δ2n−1(µ− ε)

(60)
Note that the above generalized Sommerfeld development is invariant under
the change β into −β.

6 Conclusion

In this paper, we have studied the quantum statistics of an ideal parafermi gas.
We have found that for a gas of free particles of spin 1

k
, the wave function

obey a generalized Pauli exclusion principle according to which no more than
k−1 particles can live together on the same quantum state. We have found the
quantum distribution < n(β, µ, k) >, the grand-potential Ω(β, µ, k), and the
state equation of the parafermi gas.The generalized Sommerfeld development
is also given.
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