
Adv. Studies Theor. Phys., Vol. 8, 2014, no. 11, 517 - 521
HIKARI Ltd, www.m-hikari.com

http://dx.doi.org/10.12988/astp.2014.4328

Mathematical Forward Problem of EM Response

from a Right Skewed Curve in Overburden

P. Haarsa1 and S. Pothat2

1Department of Mathematics, Srinakharinwirot
Bangkok 10110, Thailand

2Wad Ban-Koh School, Bandara, Amphoe Pichai
Uttaradit 53220, Thailand

Copyright c© 2014 P. Haarsa and S. Pothat. This is an open access article distributed
under the Creative Commons Attribution License, which permits unrestricted use, distribu-
tion, and reproduction in any medium, provided the original work is properly cited.

Abstract

We explore the structure of a two layered earth by acquainting with a
mathematical model of electromagnetic response from a right skewed
curve conductive profile in overburden.
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1 Introduction

Electromagnetic methods have been now and then employed in geophysical
exploration many year ago because it responses best to a good conductors at a
shadow depth to as deep as many kilometers from the earth surface. Ketchan-
wit [2] modelled the transient electromagnetic response of a two-layered earth.
Yooyuanyong and Siew [4] gave the electromagnetic response of a disk be-
neath an exponentially varying conductive overburden. Haarsa and Pothat [5]
researched the response of electromagnetic field on a two layered earth model
with a conductive overburden. For this paper, we mean the ground containing
two layers which are the overburden and host medium. The conductivity of
overburden counted by σ1(z) = (σ0 +z)e−bz2

, 0 ≤ z ≤ d, where σ0 is a positive
constant, b is constant, d is the thickness of overburden. The conductivity of
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host medium, z ≥ d, is a constant signified by σ2(z) = σ0. The conductivity
ground profile in this paper is dissimilar from the models used by Yooyuanyong
and Siew [4], Ketchanwit [2] and Haarsa and Pothat [5].

2 Problem Formulation

We initiate by considering a cylindrical polar coordinates (r, θ, z) which is
established with z > 0 and is taken vertically positive downwards, and the ori-
gin under the center of the horizontal circular loop is used. The azimuthally
symmetry gives merely electric field Eθ, and magnetic fields Hr ,and Hz com-
ponents. In 1969, Morrison et al.,[3] originated the electric field equation as

iωμJs = − ∂2

∂z2
E − ∂2

∂r2
E − 1

r

∂

∂r
E +

1

r2
E − (iωμσ(z) + ω2με)E. (1)

By taking Hankel transforms to above equation, it becomes

iωμaI(ω)δ(z + h)J1(λa) = − ∂2

∂z2
Ẽ + (λ2 − (iωμσ(z) + ω2με))Ẽ. (2)

We reconsider a primary alternating source current carried by a coil of radius
a, at z = −h above the surface of the earth, z = 0. The electric field in air can
be constituted of the primary electric field Ẽp(λ, z, ω) and the secondary elec-

tric field Ẽs(λ, z, ω). That is, Ẽp
air(λ, z, ω) = Ω1 exp(λz) − �a

2λ

0∫
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exp(−λ|z −
x|)δ(x + h)dx where 	a = −iωμ0aI(ω)J1(λa) and Ẽs

air(λ, z, ω) = Ω2 exp(λz)
in which Ω1 and Ω2 are constants. Consequently, in air, σair(z) ∼= 0 and the
electric field is given by

Ẽair(λ, z, ω) = Ẽp
air(λ, z, ω) + Ẽs

air(λ, z, ω) (3)

We obtain the partial differential equation for the electric field in overburden,
by taking Hankel transforms to equation (1), as
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where Eove(r, z, ω) is the electric field in an overburden, k2
o = iωμoσ(z)+ω2μoεo,

μo is the magnetic permeability of overburden, εo is the electric permittivity
of overburden and σ1(z) = (σ0 + z)e−bz2

is the conductivity of overburden. By
taking Hankel transforms to equation (4), we have the solution for the electric
field in overburden as

Ẽove(λ, z, ω) = γ1e
−(λ4−i2(b−ωμgσ0)λ2+b2)z + γ2e

(λ4−i2(b−ωμgσ0)λ2+b2)z, (5)
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where γ1 and γ2 are arbitrary constants to be determined from the boundary
conditions. We obtain the solution for electric field in host medium as

Ẽhost(λ, z, ω) = γ3e
−mh(z−d) + γ4e

mh(z−d), (6)

where γ3, γ4 are arbitrary constants to be determined from the boundary
conditions. Under the condition that z → ∞, then Ẽhost → 0, we require
that γ4 = 0. The constants Ω1, Ω2, γ1, γ2, and γ3 can be solved by imposing

the continuity of Ẽ and ∂ �E
∂z

at the interface z = 0. As a result, we gain the
electric fields on the ground surface from either using electric fields in air or in
overburden by considering z = 0 as

Eove(r, z, ω)

=
iωμ0aI(ω)√

2
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(λ4−ϕλ2+b2)d−λ|h|
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]
× J1(λa)J1(λr)dλ. (7)

where ϕ = i2(b − ωμgσ0). Chave’s algorithm [1] is used for numerical calcu-
lating the inverse Hankel transforms of the electric field solutions.

3 Summing-up

In this paper, we show the mode to study the structure of the earth’s surface
layers. The integral expressions are used to create the forward modelling. We
began by formulating the problem to gain the electric fields which could be
used to locate the electric fields on the ground surface. We study a two layered
earth models having a right skewed curve conductivity profile on the first layer
which is denoted by σ1(z) = (σ0 + z)e−bz2

, 0 ≤ z ≤ d, where σ0 is a positive
constant, b is constant, d is the thickness of overburden. The conductivity of
host medium, z ≥ d, is a constant given by σ2(z) = σ0 on the second layers.
In our first experiments, we fix the value of σ0, the electric current of coil
I = 1 amp, the radius of coil a = 1 m and d = 3 m through the process. The
values of b are varied. We initially put up the frequency = 300 Hz, d = 3 m,
σ0 = 0.02 Sm−1 and b = 0.1 m−1. Next, we set up σ0 = 0.02 Sm−1, d = 3 m,
frequency = 300 Hz and increase b up to b = 1 m−1. In addition, We set up
the frequency = 300 Hz, d = 3 m, b = 0.1 m−1 and σ0 = 1 Sm−1. The graphs
are displayed the conduct of the electric field against source-receiver spacing r
at different depths where we located r at r = 10, 20, ..., 100 m. The curves of
modulus of electric fields are oscillated and decreasing to zero and are related
to the outline of a right skewed curve conductivity ground profile as shown in
Figures 1 - 3. These indicated that the curves of electric fields are dominated
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by the ground conductivity profile. For the further information, the inversion
method will be studied in the near future work to discover the optimal values
for all the parameters.

Figure 1: Graph of modulus of electric field E versus r for a two layered earth
model with a right skewed curve conductivity profile, σ0 = 0.02 S m−1, b =
0.1 m−1, d = 3 m, I = 1 amp, r = 10, 20, ..., 100 m, and frequency = 300 Hz.

Figure 2: Graph of modulus of electric field E versus r for a two layered earth
model with a right skewed curve conductivity profile, σ0 = 0.02 S m−1, b =
1 m−1, d = 3 m, I = 1 amp, r = 10, 20, ..., 100 m, and frequency = 300 Hz.
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Figure 3: Graph of modulus of electric field E versus r for a two layered
earth model with a right skewed curve conductivity profile, b = 0.1 m−1, σ0 =
1 S m−1, d = 3 m, I = 1 amp, r = 10, 20, ..., 100 m, and frequency = 300 Hz.
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