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Abstract

In this paper, we give identities of symmetry for the generalized higher-order g-
Bernoulli polynomials attached to xy which are derived from the symmetric properties

of multivariate p-adic invariant integrals on Z,,.

1. INTRODUCTION

As is well known, the higher order Bernoulli polynomials are defined by the

generating function to be

t " x o -, tn
(et _ 1) e = ZBé)(x)m, (n € N), (see [1,4,11]).
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When z = 0, BY) = B{”(0) is called the n-th Bernoulli number of order
r. Let x be a primitive Dirichlet character with conductor d € N. Then the
generalized Bernoulli polynomials attached to x are defined by the generating
function to be

(edtt_ 1 Zx(a)e“t> et = Z Bmx(x)i—?:, (see [5,6]). (2)

For r € N, in view of (1), we may also consider the generalized higher-order
Bernoulli polynomials attached to x as follows:

£59 1 v (a)et | - "
n=0

When z = 0, BY) = B{)(0) is called the n-th generalized Bernoulli numbers
attached to y with order r. Let p be a fixed prime number. Throughout
this paper Z,,Q,, and C, will, respectively, denote the ring of p-adic rational
integers, the field of p-adic rational numbers and the completion of algebraic
closure of Q,. Let v, be the normalized exponential valuation of C, with [p|, =
prP) = 113. When one talks about g-extensions, ¢ is variously considered as an
indeterminate, a complex number ¢ € C, or a p-adic number ¢ € C,. If ¢ € C,

one usually assumes |¢| < 1 ;if ¢ € C,, one usually assumes |1 —¢|, < p_ﬁ SO
that ¢* = exp(xlogq) for |z|, < 1. The ¢g-number of z is defined by [z], = 11%‘1;.
Note that lim,_;[z], = x. Let UD(Z,) be the space of uniformly differentiable
functions on Z,. For f € UD(Z,), the p-adic invariant integral on Z, is defined

by

N = [ J@du() = i 237 @), e 1), @
From (4), we note that
() = () + £(0), where fi(r) = f(z + 1) )

Thus, by (5), we get

Io(f) = 1)+ 3 70), (6)

=0

where n € N and f,,(z) = f(x +n).
Let d be a fixed positive integer and let p be a fixed prime number. For N € N,
we set
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N 0<a<dp
(a,p)=1
a+dp"Z,={r € X|r=a (mod dp™)},
where a € Z lies in 0 < a < dp".

It is not difficult to show that

/X F@dpo(@) = [ f@ydu(o) (7)

where f(z) € UD(Z,), (see [5,6,7]).
Let us take f(z) = e™x(x). Then, by (6), we get

| x@e ) = = S e = 3B (®)

By (8), we see that

d—1
/X(y) erytduO ( X )eat> ext
¥ -1

o t”
S SrMEL

n=0

From (9), we can derive the following equation (10):
/ / = () e dpg () - dpao(y)

tZa 0 X( ) xt (r) "

-(EEN) s moty

n=0

(10)

In the next section, we consider g-extensions of (10). The purpose of this pa-
per is to give identities of symmetry for the generalized ¢-Bernoulli polynomials
of order r which are derived from the symmetric properties of multivariate p-
adic invariant integrals on Z,.

2. SYMMETRIC IDENTITIES OF THE GENERALIZED HIGHER-ORDER
q-BERNOULLI POLYNOMIALS

Now, we consider the generalized higher-order ¢g-Bernoulli polynomials at-
tached to x with the viewpoint of (10) as follows:



288 Dae San Kim, Taekyun Kim and Sang-Hun Lee

/ / (TT_y x () et Fvrlatdyg (o) . dpo(y)
X X

%0 " (11)
I NELE
n=0

Thus, by (11), we get

B @) = [ [ ) e v+ () - dio)

:% > ()

ay,,ar=0
T+ a + “t Ay '
/ / l 1 _}_y1+...—}-yrj| d“o(yl)dﬂ/o(yr)
Zyp Lyp «
e &L n (T+a+---+ar
== 2 (Mox(@) B, d ’ "

a1, ,ar=0

where Bg()l (x) are higher-order ¢g-Bernoulli polynomials which are defined by

B®(x / / r+yr+ -+ ylgdpo(yr) - - dpo(yr).
Zp Zop

From (12), we note that

r . n n— x T
B0 =3 () el B 1)
=0

where B)’ (r ) Bz( ) ,(0) is the [-th generalized higher-order ¢-Bernoulli number
attached to X-
Let wy, wy be natural numbers. Then, by (11), we get

1 ™ . T
— / . / (HLIX(M)) plwiwaz+ws 32 jitwi 3, yl]qtduo(yl) . 'duo(yr)
wy Jx X

T d’U/Q*l
1
= i S I v (e
Nl—I>Ic1>o (dwlwsz) ; -Z;zo( =X (@) (14)
pN -1

% E e[w1w2$+w2 i1 Jitwi 30 (i +dway;)]gt
Y1, ,Yr=0

Thus, by (14), we get
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1 dwi—1
o> ) [ [ )
L gy gr=0 X X
x elvnwartwe Szt i nlatdpg (yy) . dpo(y,) 15
1 r P —1 dw1 1 d’wg 1 ( )
= lim (W) Z > Z (I x(@)x (i)
1 Yr= 0]1 JT‘*O 1, Zr 0
e[wlng+w2 Doi—1 Jitwr 30 (iHdway;)]gt
By the same method as (15), we get
1 dwo—1
o> ) [ [ )
2 =0 X b's
X e['UJ1U]2£U+w1 E;‘:l jl+’U]2 E;‘:l yl]{th/“LO(yl) . duo(yr) 16
1 r pN—-1 dwo—1 dwi—1 ( )
= lim (W) Z > Z (IG_ix (i) x (i)
=01, ,jr=041,,ir=0
e[w1w2$+w1 Y= Jitw2 30 (iHdway;)]gt
Therefore, by (15) and (16), we obtain the following theorem.
Theorem 2.1. For wi,wsy,d € N, we have
1 dwi—1
o> ) [ [ )
wy 1,00 ir=0 X X
Xe[w1w2x+w2 Sl ditwi >, yl}qtdﬂo(yﬁ o d,uo(yr>
1 dwo—1
- > G [ [ )
2 1 =0 X b's
w elwrwaztwi 3y jitwe 3oy y”qtduo(yﬁ - dpo(y,)
Note that
w r . r
wlng+w22ﬂ+w12yz] [wi]q wzx+—22jz+2yz] ;
R =1 1qu
(17)

and
w r ' r
w1w2x+w1231+w22yz] [ws], w1x+w—12]z+2yz] - (18)
2= =1 1que

Therefore, by Theorem 2.1, (17) and (18), we obtain the following Corollary.
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Corollary 2.2. Forn > 0, we have

n dwi—1

S SN UARE Y [y )

jl?l'. 7j7‘:0

n

Wy o~ . -
Wk + w—j Z]l + Z yz] dpo(yr) - - dpio(yr)
=1 =1

q*1

X

n dwa—1

_ [I:;q 3 (H}"lx(jl))/X-“/X(m1X(yl))

Jiyjr=0

n

Wy o~ . -
w1 T + w—; Z]l + Z yz] dpo(yr) - - dpio(yr)
=1 =1

qv2

X

Therefore, by (12) and Corollary 2.2, we obtain the following theorem.

Theorem 2.3. Forn >0, wy,ws € N, we have

n dwi—1

[wl] r . r wso , . )
- Z (L= x () 37273(qu1 Wok + w—j(jl 44 )

T
[
Iy dr=

[UJQ]Z ! r . (r) wy , . .
wg Z (Hl:1X(]l)) Bn7X7qw2 wll‘ _|'_ w—2(]1 —|— “ e + .]7’) X

Jiy e =0

From (12), we can derive the following equation (19):

Wao - . )
e IT_ Wok + — +
| [ ) e + 22 >itdou|
= = q
n [w2]q []1 4ot jr]iwg qwg(nfi) >ie1 i
— \s [wilg !

X cee Wak + Ul
/ZP /ZP 121

(I x () dpo(yy) - - - dpo(yr)
“n ([ fwalg\' . i () S g ()
_ g G e g X g _

i=0 <Z) ([wl]q) [jl / ]q 4 e (wﬂ:)

n

dpto(yr) - - - dpo(yr)

qu)l

Thus, by (19), we get
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dwi—1

> G [ - [ (o)

1, ,Jr=0

[w:]]
Ly

wr

Wl + — Z]l + Z yz] dpto(yr) - - - dpo(yr)

q®1

I
I S
[en}
VR
<. 3
~
5
=3|s s

n—i dwi—1
" Wz]i,( STl e (H;lx(jl))qw(nz)zlm)
J

1, ,Jr=0
BT(:),L qer (Wa)

dwi—1

-3 (1) “f;g;[wﬂz”< S Gt ot Gl T <H71x<jz>>>

'17". 7j7‘:0

X BZ(X) g1 (Wa)

w2 T (dw, "2 X) B o (w2),

I
3
o
VRN
@.3
N——
A8
Hlﬁ‘

: i,X,q
: (20)
where
w—1
T (w,qlx) = D [+ + 3l g =0 (oxG)) . (21)
jlv"'vj’r:O
By the same method as (20), we get
[w2]3 dwa—1 ; ' .
S ) [ [ )
Wa Ji,e5gr=0 X X
w r . r n
wy + w—12yz+2yl] dpio(y1) - - dpo(yy) (22)
2= =1 ] qw

-2 ()%

Therefore, by (20) and (22), we obtain the following theorem.

"= zT (dw L q" | x) quwQ(wlx).

Theorem 2.4. Forn >0, wy,ws € N, we have

i (”)“fv—][ o T (dwn, 42 X) B, s (w5)

- 2
=0

: (n) 37, 7 ) B s 107),
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where

[1]
2]

[6]

w—1

T (wal) = Y [+ 30 S (T x ().
jlv"' 7j'r:0
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