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Abstract
The Lemâitre-Tolman-Bondi cosmology is extended to include the

back reaction to particle creation by means of a cosmological term pro-
portional to the same ”number” of created particles. Consistency of
the cosmological equation implies the factorization of the physical ra-
dius y(r, t) = T (t)F (r). The solution of the model is then reduced to
the solution of separated equations for F (r) and T (t) with separation
constant H. F (r) is then arbitrary being connected to the integration
function of the cosmological model. T (t) satisfies a non linear equation.
In case H vanishes T (t) is determined and shows satisfactory behavior
in limiting time cases. If H �= 0 approximated situations are solved.

Keywords: LTB cosmology; Quantum particle creation; Cosmological
term; Solution of the equation

1 Introduction

Particle production in expanding universe is a well known quantum effect [2, 3].
Recently an alternative way to determine the ”number” of created particles
has been proposed [7, 8, 9] for spin 0, 1/2, 1 (and supposedly for every spin
value) in the Robertson-Walker space-time. That ”number” results propor-
tional to Ṙ/R ≡ (dR(t)/dt)/R(t), R(t) being the cosmic scale factor, and
it is independent of the spin value. Similar results have been discussed in
Lemâitre-Tolman-Bondi (LTB) model. Under the assumption of a suitable
relation between the two integration function of the cosmological LTB model,
the spin 0, 1/2, 1, 3/2 field equations result separable by variable separation.
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Under the same assumption the cosmological physical radius itself has the
form y(r, t) = T (t)F (r) [5, 6, 10, 12]. In case of spin 1 field, the number
of created particles by universe expansion comes out to be proportional to
∂ty/y ≡ Ṫ (t)/T (t). The result is expected to hold for the other spin values [10].

The created particles modify the gravitational dynamics and therefore a
cosmological model must take into account that fact. In [11] an answer to
the problem has been given by considering the conventional LTB cosmological
model in which the energy density of the Universe ρ was re-defined by ρ +
ρ0∂ty/y4 in analogy to what done for the standard cosmological model [13].
The exact solution of such model is difficult and only special cases where
studied that show some positive aspects [11].

In the present note an alternative formulation is proposed. The back reac-
tion to the particle creation is here expressed by a cosmological term that is
assumed to be proportional to the same ”number” of created particles. Such
formulation is the counterpart of what discussed in the Robertson-Walker met-
ric (see, e. g., [15]). An immediate consequence of that assumption is that
the r, t component of the Einstein cosmological equation can be integrated, as
usual [1]. The solution depends on an arbitrary integration function E(r).
Another strong consequence is that the physical radius y(r, t) has to have the
factorized form y(r, t) = T (t)F (r) as consequence of the consistency condition
of the Einstein cosmological equation. There follows that the ”number” of
particle produced is ∝ ẏ/y = Ṫ (t)/T (t) and depends only on the time. This is
coherent with the previous considerations in LTB model concerning the con-
ditions under which the expression of the ”number” of particle creation was
obtained. The study of the cosmological model is then reduced to the study
of a generalized Kepler-like equation. Such equation results separable by vari-
able separation. The function F (r) is easily determined and results to be a
function of E(r). The very problem results in the solution of the non linear
second order ordinary differential equation relative to T (t). The equation can
be integrated for vanishing separation constant and has satisfactory behavior
for limiting time cases. The integration of the general case is difficult. The
solutions are obtained for different approximations.

2 Assumptions and preliminary results

The cosmological model assumed is that of a Universe filled with freely falling
dust matter of density ρ, without pressure and described in the context of a
spherically symmetric comoving coordinate system of line element [4]

ds2 = gμνdxμdxν = dt2 − eγ(r,t)dr2 − y2(r, t)(dθ2 + sin2 θ dϕ2) (1)
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The Einstein equation of the model considered here is:

Rμν − 1

2
Rβ

β gμν = k Tμν + kλ
ẏ

y
gμν, |k| = 8πG (2)

T μν = ρUμUν , U0 = 1, U j = 0, j = r, θ, ϕ. (3)

or equivalently

Rμν = k ρ UμUν − k gμν (
ρ

2
+ λ

ẏ

y
) (4)

According to the discussion of the Introduction the term kλ(ẏ/y) gμν is pro-
portional to the number of created particles at time t and represents the back
reaction to the process of particle creation. By making explicit (4) in the met-
ric (1) one obtains the component equations of the scheme that are reported
for reader’s convenience:
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ÿ
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ẏ
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ẏ
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(6)

−1 +
e−γ
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[2yy′′ + 2y′2 − yy′γ′] − yÿ − ẏ2 − yẏγ̇

2
= k

(y2ρ

2
+ λẏy

)
(7)

The right hand term of (4) is diagonal so that Rtr = 0. Such equation, that is
the only off diagonal non trivial equation, can be integrated as usual [1]:

eγ(r,t) =
y′2

1 + 2E(r)
(8)

E(r) an arbitrary integration function. Note that, from (5), ρ depends, a priori,
on r and t. The divergence less of the Einstein tensor implies the consistency
condition ∇μ(T μ

ν + λ(ẏ/y)gμ
ν ) = 0, that is

∂t(ρy2y′) = −λy2y′∂t(ẏ/y) (ν = t) (9)

∂r(−λẏ/y) = 0 (ν = r) (10)

The equations for ν = θ, ϕ result automatically satisfied. Condition (10) is a
strong one. It implies for real functions that y is of the form y = T (t)F (r) with
both T, F > 0. In turn, from (8), γ̇ = 2Ṫ /T and γ̈ depends only on t. From
(5), then ρ = ρ(t). Therefore the consistency condition of (1) greatly reduces
the difficulty of solving the cosmological equation that, however, remains non
linear. The factorized solutions are indeed possible.
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3 Reduction to separate equations

By using (8), the equation (5) can be reduced to (y′ = ∂y/∂r)

(y2ÿ)′ = k y2y′(
ρ

2
− λ

ẏ

y
) (11)

Similarly both in (6) and (7) the function γ(r, t) can be expressed in terms of
y′, E. By combining the resulting equations one is finally left with

ẏ2

2
+ k

m(r, t)

y
+

k λ

2
y ẏ = E (12)

m(r, t) =
∫ r

dr y2y′(ρ

2
− λ

ẏ

y

)
(13)

Equation (12) is a generalized Kepler-like equation with time dependent mass
and ”velocity dependent” term. By making use of the fact that ρ = ρ(t) and
y = T (t)F (r) the integral in (13) can be performed and the spatial dependence
in (9) factored out. Therefore the scheme can be reduced to the equations

E(r) = F 2(r) H (14)

Ṫ 2

2
+

k

6
ρ T 2 +

kλ

6
T Ṫ = H (15)

ρ̇ + 3ρ
Ṫ

T
= −λ

d

dt

( Ṫ

T

)
(16)

H the separation constant of (12). The problem is then to solve the coupled
time dependent equations (15) (16). To that end by solving (15) with respect
to ρ and inserting the result in (16) one obtains the closed equation for T:

2 T T̈ + k λ T Ṫ + Ṫ 2 = 2H (17)

The solution of (17) is not immediate. In case H = 0 (and hence E = 0) the
integration is possible obtaining

T (t) =
(
D − A

kλ
e−kλt/2

)2/3
, A > 0 (18)

By choosing kλ < 0, D|kλ| = −A, the solution T (t) is such that

T (t) = D2/3
[
1 − exp(|kλ|t/2)

]2/3
(19)

T (t)
t→0−→ 0, T (t)

t→∞−→ (A/|kλ|)2/3 exp(|kλ|t/3) → +∞ (20)

Ṫ /T = −|kλ|
3

exp(|kλ|t/2)

1 − exp(|kλ|t/2)
(21)

Ṫ /T
t→0+−→ +∞, Ṫ /T

t→∞−→ |kλ|
3

(22)
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By solving (15) with respect to ρ and using (20) one also obtains (λ > 0)

ρ = λ|λk| exp(|kλ|t/2)

(1 − exp(|kλ|t/2))2
(23)

ρ
t→0+−→ +∞, ρ

t→∞−→ λ|λk| exp(−|kλ|t/2) → 0 (24)

(20), (21) hold under λ > 0 so that, since by assumption, kλ < 0 it must also
be k < 0. With the above choices of the parameters there is a big bang at time
t = 0 and an accelerating Universe expansion for large t by (20). Since ẏ/y is
proportional to the ”number” of created particles, there is also a great amount
of particle production at t = 0 and a constant amount of particle production
at t = ∞ by (22). The time behavior of the energy density resultscoherent
with the expansion law of the Universe.

4 Comments and open problem

In the previous Sections the LTB cosmological model with back reaction to
particle creation has been studied. The consistency condition of the Einstein
cosmological equation implies the very strong condition for the physical radius
to have a factorized form y(r, t) = T (t)F (r). Consequently the solution of the
scheme can be reduced to the solution of separated equations for F and T . The
equation for F is in fact trivial and gives F 2(r) = E(r)/H, E the arbitrary
integration function of the cosmological model, H the separation constant.
One is then left with the separated non linear second order equation for T .
For H = 0 the equation has been integrated. The solution shows positive
aspects such as the existence of a big bang and of an accelerated expansion for
large t. For H �= 0 the solution of (17) is difficult. It may be useful to consider
some approximations.

i) One can neglect Ṫ 2. Equation (17) and its solution are then

2
d

dt
(T Ṫ ) + aT Ṫ = 2H, a = kλ (25)

T = 2
√

[Ht − A exp ( − at/2) + B]/a (26)

A, B integration constants. If one chooses A = B then T (0) = 0, Ṫ → ∞ and
Ṫ /T → ∞ for t → 0. For large t one has Ṫ ∼ t−1/2, (H, a > 0). The assumed
approximation is therefore satisfied for large t.

ii) If one neglects ṪT in (17), one has

2T T̈ + Ṫ 2 = 2H ⇒ T =
(
α + β t

)2/3
(27)

α, β integration constants. If α = 0, ṪT is negligible for t → 0, the dominant
term being now Ṫ 2.
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iii) Similarly one could integrate (17) when the term containing T̈ is neg-
ligible. One then obtains:

t+A =
aT 2

8H
± a

8H

{
T

√
T 2 + (

√
8H/a)2+

8H

a
log

√
T 2 + (

√
8H/a)2+T

}
(28)

a = kλ, A an integration constant. For A = 0 one has t ∼ aT 2/(4H) for
t → ∞ so that T̈T ∼ 1/t is indeed negligible.

An integration of the equation (17) can in any case be obtained numerically.
It would be however of interest to have the complete analytical solution of (17).
In the present scheme the time evolution results indeed uniquely determined
(modulo the numerical value of λ), the arbitrariness of the cosmological model
being confined in the choice of the spatial function F (r).
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