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Abstract 

 

The influence of quantum dot density and applied voltage on the performance of 

InGaAs quantum dot is studied and presented. The device characteristics of the 

quantum dot are examined based on the exact potential and energy profile 

obtained from the solution of 3D Poisson and Schrodinger equations using Haar 

wavelets. The dark current is estimated by considering the quantum dot 

parameters, applied voltage and temperature. The physics based model is used to 

study the effect on the dark current resulting from changing the QD density, 

length of QD layer, number of QD layers and temperature. The results are 

validated with the existing experimental results that exhibit the strength of the 

proposed model. The physics based model is developed in general and can be 

used as a device for the photo detector and photovoltaic applications. 

 

Keywords: Quantum Dots, Poisson equation, Schrodinger equation, Haar wavelet, 

Dark current 
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1 Introduction 
 

   Self-assembled semiconductor quantum dots have attracted much attention the 

nanotechnology research scientist groups because of their novel properties and 

possible practical applications including lasers, detectors and photovoltaics. The 

low-dimensional solid semiconductors are driven by technological challenges, 

new physical concepts and phenomena in the last three decades. The 3D 

confinement in quantum dots has opened the possibility of realizing high 

performance devices and has many advantages that give superior performance 

characteristics compared with III/V semiconductors and  permit normal 

incidence radiation, high responsivity, low dark current, and high operating 

temperature. 

Stephen P.Bremner et al modified the structural and optical properties of 

self-assembled InAs/GaAs quantum dots (QDs) for photovoltaic and 

optoelectronic devices. M. Kobayashi et al have reported the effect of electrostatic 

potential on transport characteristics and solved the Schrodinger and Poisson 

equations self-consistently for simulating the electron propagation. The 3D 

self-consistent solution of Schrodinger and Poisson equations for electro statically 

formed QD by considering two parts of the potential was presented by 

Machowska-Podsiadlo et al. Ramesh et al have developed a self-consistent 3D 

numerical modeling of uniformly doped nano scale FinFET. The 

Poisson-Schrodinger equation using multi resolution approach and interpolating 

wavelets was modeled and used for simulation.  

The electronic properties of QD devices were studied numerically and the 

charging diagram of vertically coupled quantum dot structure with up to four 

electrons was analyzed by Melnikov et al.  The numerical model using adaptive 

mesh method to calculate the potential and charge profile in silicon QDs was 

developed and reported by Udipi et al. Hines et al developed the electronic 

structure of noncircular QDs and analyzed various characteristic properties using 

various geometries. Thudsalingkarnsakul et al have obtained the self-consistent 

solution of Schrodinger–Poisson equations in one dimension for InGaAs QD 

molecules to explain the ground and excited-state emissions of the QD ensembles. 

Lisieri et al have discussed the electrical and magnetic properties of the quantum 

dot in a magnetic field based on current spin density functional theory.  

The modeling of Ge/Si QDs to determine the strain energy of the QDs using 

Finite element analysis (FEA) and atomistic simulations was developed by Lang 

et al. Thean and Leburton experienced a strong threshold voltage shift of 0.5 V as 

a function of number of electrons in the dot, when floating gate QD was charged 

from empty to ten electrons and developed the three dimensional self-consistent 

simulation of silicon QD floating gate flash memory device. Green et al have 

obtained the self-consistent solution of the potential and the carrier distribution 

through the coupled solution of the Poisson and continuity equations and found 

that the efficiency increases gradually and starts decreasing after reaching a 

critical length. 
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The several methods used in the literatures to model the quantum dot did not 

focus on real time solutions for numerical modeling and include quantum 

mechanical effects. The literatures did not look deep into the electron dynamics of 

semiconductor quantum dot structure. This lead to the realistic search and deep 

understanding of nano metre scale semiconductor physics in QD. The simple 

iteration methods and modeling methods did not converge the strong coupling 

between Schrodinger and Poisson equations and gave very poor outer iteration 

stability.  

Zhi Shi et al presented a computational method for solving 2D and 3D 

Poisson equations and biharmonic equations based on Haar wavelets. Hariharan 

and Kannan used Haar wavelet method to solve nonlinear partial differential 

equations of reaction diffusion type. The review was performed to analyze the 

utility of Haar wavelets in various fields of science and engineering.  

Keeping the above facts and consideration, the present research work is 

focused on numerical modeling of quantum dot in 3D using Haar wavelets. As 

QDs are considered as highly confined semiconductor devices, dominated by the 

quantum mechanical effects with material boundaries, the analytical solution of 

physical equations demonstrating the QDs becomes complicated involving several 

numerical issues. The continuum model with tuned material properties is provided 

by Schrodinger and Poisson equations. The efficient and self-consistent solutions 

of Schrodinger and Poisson equations are obtained through Haar wavelet 

transform show that the device can be well considered as nano device and the 

obtained device parameters of quantum dot using Haar wavelet method is found to 

provide efficient and self-consistent solutions and are fast, flexible and reliable 

with reduced computational costs and time. The accuracy is high compared with 

other wavelet methods which are short support, discontinuous and lack in explicit 

expressions and makes the differentiation and integration complicated. 

 

 

2 Physics based modeling 
 

The QD has a 3D structure consisting of series of InGaAs QD layers 

separated by a wide band-gap material GaAs. Figure 1 shows the schematic view 

of the QD layer structure and the electron transition from ground state to 

continuum state. Each layer has a uniformly distributed identical QDs and the 

number of electrons are approximately the same for all the QDs in a particular QD 

layer.  
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Figure 1 Schematic diagram of Quantum dot layer structure 

 

The distribution of the electric potential in the active region is governed by the 

Poisson equation (1), where space charge is averaged in the in-plane direction. 

(
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
)φ =

4πq

ε
[eQD〈N〉∑ δi,j,k (x − xi)δ(y − yj)δ(z − zk) − σD]

 (1) 

where 𝜀 is the dielectric constant,  𝑞 is the electron charge,  𝑖, 𝑗, 𝑘 are the in-plane 

coordinates, 𝑒𝑄𝐷  is the density of the QD, 𝑁 is the number of electrons in the QD 

layer,  δ  is the Dirac delta function, σ𝐷  is the donor concentration, 

δ(𝑥), δ(𝑦) 𝑎𝑛𝑑 δ(𝑧)  are the QD form factors in lateral and growth 

directions,  𝑥𝑖 ,𝑦𝑗, 𝑧𝑘 are the QD coordinates and 𝑧𝑘 corresponds to the growth 

direction. Averaging in the lateral direction, the eqn. (1) becomes  

(
∂2

∂z2
)φ =

4πq

ε
[eQD〈N〉∑ αk (z − zk) − σD]      

 (2) 

where 𝑧𝑘 = 𝑢𝐿 is the index of the 𝑘𝑡ℎ QD layer, u=1, 2, 3, 4…..U. where 𝑈 is 

the number of QD layer and  𝐿 is the length of the QD layer and the eqn.(2) 

becomes  

(
∂2

∂z2
)φ =

    4πq

ε
 [eQD〈N〉∑ 𝛼(𝑧 − 𝑢𝐿) − σ𝐷]

𝑢
𝑢=1       

 (3) 

The Poisson equation given in eqn. (1) is solved using Haar wavelets [17]. Haar 

transform is one of the earliest transform. The differential equations being 

discretized in the conventional way like finite difference approximation, the 

wavelets are used for algebraic manipulations. The Haar wavelet family for xϵ[0,1] 

is defined as follows  
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 ℎ𝑖(x) = {

     1 , for x ∈  [
k

M
,
k+0.5

M
]

−1, for x ∈   [
k+0.5

M
,
k+1

M
]

0 , elsewhere                

                     (4) 

In these formulae integer M=2j (j=0, 1, 2….J) indicates the level of the wavelet;  

k = 0, 1,…M-1 is the translation parameter. Maximal level of resolution is J. The 

index i is calculated from the formula i=M+k+1 in case of minimal values M=1, 

k=0 we have i=2. The maximal values of i is i=2M=2j+1. Applying wavelets and 

by considering the initial conditions along the boundaries as φ(x, y, z) = 0 , let 

the space charge be, 
∂6φ

∂x2 ∂y2 ∂z2
= φ( x)∑ ai,jhi

n
i,j,k=1 (y)ℎ𝑗(𝑧)           (5) 

where n = 2M. 

By multiple integration of eqn. (5) with respect to z and considering the boundary 

conditions  
∂2φ

∂z2
= φ( x)∑ ai,jP2,i

n
i,j=1 (y)ℎ𝑗(𝑧) + 𝑥

∂3φ

∂x∂z2
∣ (x = 0) − xy

∂4φ

∂x∂y∂z2
∣ (x = 0, y =

0) + y
∂3φ

∂y∂z2
∣ (y = 0)              (6) 

where ai,j  is the coefficient obtained by solving the terms of eqn. (6) and 

substituting the obtained values in eqn.(3), P2,i is the integral and in general for the 

nth order differential equation, it is given as  

𝑃𝑛,𝑖(𝑥) = ∫ ∫ … . . ∫ ℎ𝑖(t)d𝑡
𝑛𝑥

𝐴

𝑥

𝐴

𝑥

𝐴⏟              
𝑛 𝑡𝑖𝑚𝑒𝑠 

=
1

(𝑛−1)!
∫ (𝑥 − 𝑡)𝑛−1ℎ𝑖(𝑡) 𝑑𝑡
𝑥

𝐴
        (7) 

where i=1,2,…..2M. The case n=0 corresponds to function ℎ𝑖(𝑡). These integrals 

can be calculated analytically, by doing it we obtain  

𝑃𝑛,𝑖(x) =  

{
 
 

 
 

0, 𝑥 < 𝜉1 (𝑖)
1

𝑛!
[𝑥 − 𝜉1 (𝑖)]

𝑛, 𝑥𝜖[𝜉1 (𝑖), 𝜉2 (𝑖)]
1

𝑛!
{[𝑥−𝜉1 (𝑖)]

𝑛− 2[𝑥−𝜉2(1)]
𝑛},𝑥𝜖[𝜉2 (𝑖),𝜉3 (𝑖)]

1

𝑛!
{[𝑥−𝜉1(𝑖)]𝑛− 2[𝑥−𝜉2(1)]𝑛+ [𝑥−𝜉3(1)]𝑛},𝑥>𝜉3(𝑖)

          (8) 

These formulas hold for i > 1 and𝜉1 = 𝐴,𝜉2 = 𝜉3 = 𝐵and 𝑃𝑛,1(𝑥) =  
1

𝑛!
(𝑥 − 𝑎)𝑛 

The second integration of eqn. (6) with respect to z is given as 

 

φ = φ( x)∑ ai,jP2,i(𝑦)P2,j
n
i,j=1 (z) + 𝑥𝑦𝑧

∂3φ

∂x∂y∂z
∣ (x = 0, y = 0, z = 0) +

 x( 
∂φ

∂x 
|(x = 0) −  z

∂2φ

∂x∂z
∣ (x = 0, z = 0)) + y( 

∂φ

∂y 
|(y = 0) −  x

∂2φ

∂x∂y
∣ (x =

0, y = 0)) + z( 
∂φ

∂z 
|(z = 0) −  x

∂2φ

∂y∂z
∣ (y = 0, z = 0))         (9) 

 

The eqn. (9) is solved by considering various boundary conditions φ(𝑥, 𝑦, 𝑧) and 

𝑎𝑖,𝑗  is determined using eqn. (6). By using the above terms and 𝑎𝑖,𝑗  , the 

approximating solution of surface potential of the QD φ in z direction is obtained as 
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φ = φ(𝑥)∑ 𝑎𝑖,𝑗𝑃2,𝑖(𝑦)
𝑛
𝑖,𝑗=1 𝑃2,𝑗(𝑧) + 𝑥 ∑ 𝑎𝑖,𝑗𝑃2,𝑖(𝑦)

𝑛
𝑖,𝑗=1 𝑃2,𝑗(𝑧) +

𝑥𝑦∑ 𝑎𝑖,𝑗𝑃2,𝑖(1)
𝑛
𝑖,𝑗=1 𝑃2,𝑗(𝑧) +          𝑦 ∑ 𝑎𝑖,𝑗𝑃2,𝑖(1)

𝑛
𝑖,𝑗=1 𝑃2,𝑗(𝑧) +

𝑥𝑧 ∑ 𝑎𝑖,𝑗𝑃2,𝑖(1)
𝑛
𝑖,𝑗=1 𝑃2,𝑗(1) + 𝑧∑ 𝑎𝑖,𝑗𝑃2,𝑖(𝑦)

𝑛
𝑖,𝑗=1 𝑃2,𝑗(1) +

                𝑥𝑧 ∑ 𝑎𝑖,𝑗𝑃2,𝑖(𝑦)
𝑛
𝑖,𝑗=1 𝑃2,𝑗(1) + 𝑥𝑦𝑧 ∑ 𝑎𝑖,𝑗𝑃2,𝑖(1)

𝑛
𝑖,𝑗=1 𝑃2,𝑗(1)     (10)

 
The energy of the proposed QD model is given by the Schrodinger equation [10] 

−
ℎ2

2𝑚
𝑅𝑡∆

2𝜓 + 𝑞𝜑(𝑥, 𝑦, 𝑧)𝜓(𝑥, 𝑦, 𝑧) = 𝐸𝜓(𝑥, 𝑦, 𝑧)          (11) 

where  is the Planks constant, 𝑚 is the mass of the electron, 𝑞 is the electron 

charge, 𝐸 is the eigen energy, 𝑅𝑡  is the strain and 𝜓 is the wave function.  

The Schrodinger equation is solved using integro – derivative equations as done 

for obtaining the surface potential and the energy of QD is obtained as  

𝐸 = 𝐸(𝑥)∑ 𝑎𝑖,𝑗𝑃2,𝑖(𝑦)
𝑛
𝑖,𝑗=1 𝑃2,𝑗(𝑧) + 𝑥 ∑ 𝑎𝑖,𝑗𝑃2,𝑖(𝑦)

𝑛
𝑖,𝑗=1 𝑃2,𝑗(𝑧) +

𝑥𝑦∑ 𝑎𝑖,𝑗𝑃2,𝑖(1)
𝑛
𝑖,𝑗=1 𝑃2,𝑗(𝑧) + 𝑦∑ 𝑎𝑖,𝑗𝑃2,𝑖(1)

𝑛
𝑖,𝑗=1 𝑃2,𝑗(𝑧) +

𝑦𝑧 ∑ 𝑎𝑖,𝑗𝑃2,𝑖(1)
𝑛
𝑖,𝑗=1 𝑃2,𝑗(1) + 𝑧∑ 𝑎𝑖,𝑗𝑃2,𝑖(𝑦)

𝑛
𝑖,𝑗=1 𝑃2,𝑗(1) +

                𝑥𝑧 ∑ 𝑎𝑖,𝑗𝑃2,𝑖(𝑦)
𝑛
𝑖,𝑗=1 𝑃2,𝑗(1) + 𝑥𝑦𝑧 ∑ 𝑎𝑖,𝑗𝑃2,𝑖(1)

𝑛
𝑖,𝑗=1 𝑃2,𝑗(1)     (12) 

where 𝑎𝑖,𝑗 is calculated by summating the eqn.(13) 

𝐸(𝑥)∑ 𝑎𝑖,𝑗𝑃2,𝑖(𝑦)
𝑛
𝑖,𝑗=1 ℎ𝑗(𝑧) +    𝑥 ∑ 𝑎𝑖,𝑗𝑃2,𝑖(𝑦)

𝑛
𝑖,𝑗=1 ℎ𝑗(𝑧) +

𝑦∑ 𝑎𝑖,𝑗𝑃2,𝑖(1)
𝑛
𝑖,𝑗=1 ℎ𝑗(𝑧) + 𝑥𝑦∑ 𝑎𝑖,𝑗𝑃2,𝑖(1)

𝑛
𝑖,𝑗=1 ℎ𝑗(𝑧) =

ℎ2𝜋2

8𝑚𝐿2
𝑅𝑡 [𝑛𝑥

2 + 𝑛𝑦
2 +

𝑛𝑧
2

(𝑈+1)2
] + 𝑞 [

𝑉

𝑈+1
+
12𝜋𝑞

𝜀
𝐿2 [σ𝐷(𝑈 + 1) − 𝑒𝑄𝐷 〈𝑁〉

𝑈

𝐿
]]       (13) 

where 𝑛𝑥 , 𝑛𝑦 𝑎𝑛𝑑 𝑛𝑧 are the no. of electrons in the coordinates.  

The Schrodinger and Poisson equations form the coupled system of 

differential equations leading to self-consistent solution. The simple iteration 

methods and under relaxation method does not converge the strong coupling and 

gave very poor outer iteration stability. These observations can be avoided by 

partially decoupling the partial differential equations using predictor – corrector 

approach. The solution is obtained by the predictor-corrector method and the 

strong coupling between the two equations is established. The exact carrier 

densities can be replaced by E dependent predictors [1]  

𝑛E(x) = 2 ∑ |𝜓𝑛𝑒(𝑥)|
2

𝑛  𝐹 (
𝐸𝑛𝑒−𝐸𝐹+𝑒 [E(x)−E𝑝(x)]

𝐾𝐵 𝑇
)        (14) 

𝑝E(x) = 2 ∑ |𝜓𝑛ℎ(𝑥)|
2

𝑛  𝐹 (
𝐸𝐹−𝐸𝑛ℎ−𝑒 [E(x)−E𝑝(x)]

𝐾𝐵 𝑇
)        (15) 

where 𝐾𝐵 is the Boltzmann constant , T is the temperature and E𝑝(x) is the eigen 

energy calculated by the previous iteration step. In order to determine the new 

energy, these predictors of quantum densities 𝑛 and 𝑝 are used in the nonlinear 

Poisson equation and Schrodinger equations.  Based on this new energy values, 

the band edges are updated and new set of energies and wave functions are 

calculated using Schrodinger equation. The iteration process is continued until the 

energy is converged uniformly E (x) = 𝐸𝑝(x) and accurate charge density 𝑛 and 

𝑝 is obtained. The accuracy of the results are estimated by the error function 

which is of L2 norms is given by  
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𝑒𝑓 = max
1<𝑖,𝑗,𝑘<𝑛

|𝐸(𝑋𝑖, 𝑌𝑗 , 𝑍𝑘) − 𝐸𝑒(𝑋𝑖, 𝑌𝑗 , 𝑍𝑘)|             (16) 

The dark current flowing through the QD plays an important role in limiting the 

performance of the device. The dark current with respect to density 𝐽𝐷 can be 

written as  

𝐽𝐷 = 𝑗𝑜 [exp (
q

nKT𝐸
) −  1] + 

𝐸

Rsh
                 

(17)     

where 𝑗𝑜 is the dark saturation current density, 𝐸 is the eigen energy , n is the 

QD ideality factor and Rsh is the shunt resistance. Using eqn. (17), the dark 

current can be estimated for various applied voltage, QD density, length of QD 

layer, number of QD layer and temperature. 

 

 

3 Results and discussion 
 

The 3D Poisson’s equation (1) using the boundary conditions is solved 

numerically by using Haar wavelet to determine the surface potential and eigen 

energy for various applied voltage, length of QD layer, number of electrons in the 

QD and number of QD layer. The surface potential and Eigen energy are 

calculated numerically at consequent points and the device characteristics are 

estimated. The dark current is obtained based on the converged solutions of eigen 

energy for various QD parameters like density of the QD, number of QD layer 

and length of the QD layer. 

 

 

 

Figure 2 Comparison of surface potential with applied voltage for different 

QD layers, eQD=1.3× 1014m-2 , N=10 and L = 10 nm 
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Figure 2 shows the variation of surface potential of the quantum dots for 

the applied voltage including the quantum mechanical effects using Haar wavelets. 

The surface potential is calculated for different voltage values. It is found that the 

surface potential increases linearly with respect to applied voltage and conversely 

the potential decreases with the increasing QD layers. This is due to the fact that 

the reduced carrier density experiences the Fermi level to bend from the energy 

band where the majority carriers reside and this increases the surface potential. 

The change in surface potential indicates the capability of minority carriers to 

reach the surface.  

 

 

Figure 3  3D surface potential profile for different M values 2,4. 

Figure 3 show the comparison of surface potential values with applied 

voltage for QD layers U=5, eQD =1.3× 1014 m-2 , N=10 and L = 10 nm obtained 

using Haar wavelets for values of M = 2,4. It is found that the Haar wavelet 

method provides more accurate potential values for increasing M = 2, 4 values. It 

is also found that for higher values of M = 8, 16, 32 the potential values become 

accurate and get closer to the exact values.  

Figure 4 shows the variation of energy as a function of density of QDs for 

different length of QD layer, U=10, N=10 and V=1V. It is inferred that the energy 

drops down rapidly while increasing the QD length irrespective of QD density. 

The inter gap between the carriers increases as the length of the QDs increases 

and hence the energy falls. The possible sources of dark current such as 

thermionic emission from QDs and thermal generation of carriers may be 

considered. Generally, the dark current depends on eigen energy, density of the 

QD and the temperature. 

M=4 

M=2 
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Figure 4 Variation of energy with QD density for various lengths of QD. 

 

 

 

Figure 5 Error Plot of the Eigen energy for M=4 

 

The Table 1 shows the error values estimated for different M values and 

time taken for computation and the Figure 5 shows the error of the eigen energy 

obtained through the Schrodinger equation for M=4 . 
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Table 1 Error values for different M values 

 

M Error 𝑒𝑓 Time (s) Memory (M) 

2 6.027e-004 1.256 32.125 

4 7.521e-005 3.421 39.345 

8 2.456e-005 5.546 42.167 

16 4.123e-006 7.323 51.543 
 

 

Figure 6 Dark current variation with number of QD layer  

 

Figure 6 shows the variation of current in dark condition for different 

number of QD layers for various length at N=10, eQD =1.3× 1014 m-2, V=1V and 

T=25K. It seems that there is a strong dependence of dark current on the QD 

lengths and it decreases with the increased QD layer and hence, the large active 

area reduces the average number of carriers. For example, the dark current is 

reduced to 4598 nA from 1467 nA when the length is increased to 5 nm to 20 nm. 

This may be due to large intergap between the adjacent QDs.  

 

The dark current at M= 2 obtained shows a good agreement with the 

experimental values as given in [2] and gets closer for M = 4, 8. The dark current 

increases with the applied voltage for changes in temperature. It is inferred that 

even if the current extraction is limited to such a low level, the results are quite 

promising due to the nature of the QD.  It is also observed that the current is 

strongly dependent on the applied voltage and the increase in temperature. The 

series resistance and ideality factor decreases while the current density increases 

and hence leads to increase in the dark current. 
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Figure 7  V-I characteristics  for N=10, U=25 and eQD = 1.3× 1014m-2. 

 

4 Conclusion 
The physics based model solved using an efficient and powerful Haar wavelet 

transform is developed for QD under dark condition. The surface potential and 

eigen energy for different QD parameters were discussed and the obtained results 

show the existence of realistic solutions that converge rapidly in device 

applications. The dark current depends on the device parameters and the applied 

voltage and it is found that better results are obtained for M=2 and increases with 

the increasing values of M. The results of the physics based model are also 

compared with the experimental results for validations. It is concluded that the 3D 

numerical model of QD using Haar wavelet transform can be extended for photo 

detector and photovoltaic applications. 
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