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Abstract

The all-sky maps of the observed variation of the Hubble constant
can be reproduced from a theoretical point of view by introducing an
intergalactic plasma with a variable number density of electrons. The
observed averaged value and variance of the Hubble constant are re-
produced by adopting a rim model, an auto-gravitating model, and
a Voronoi diagrams model as the backbone for an auto-gravitating
medium. We also analyze an astronomer’s model based on the 3D spa-
tial distribution of galaxies as given by the 2MASS Redshift Survey and
an auto-gravitating Lane–Emden (n = 5) profile of the electrons. The
simulation which involves the Voronoi diagrams is done in a cubic box
with sides of 100 Mpc. The simulation which involves the 2MASS covers
the range of redshift smaller than 0.05.

Keywords: Galaxies; Clusters of galaxies; Distances, redshifts, radial ve-
locities; Observational cosmology

1 Introduction

Hubble’s constant [1] is characterized at the moment of writing by a large
uncertainty. A recent evaluation, see [2], quotes

H0 = (74.3± 2.1)km s−1 Mpc−1 , (1)
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which means a relative standard uncertainty of 28264 parts per million (in the
following ppm). As a comparison, the value of the Newtonian gravitational
constant, denoted by G, is

G = (6.67384 10−11 ± 0.0008)m3kg−1s−2 , (2)

which means an uncertainty of 120 ppm, see [3]. Hubble’s constant is actually
much used in the series of models starting with [4, 5] as well as in the modern
theories on the accelerating universe, see [6, 7]. In this standard cosmology
the Hubble parameter is defined as

H =
ȧ

a
, (3)

where a(t) is the scale factor. The currently observable value of the Hubble
constant is H0 and in the standard cosmology is independent of the chosen
line of sight of the observer situated on the Earth. A different explanation for
Hubble’s constant lies in the momentum lost by the light during the travel in
the intergalactic medium (IGM). The first formula for the change of frequency
of the light in a gravitational framework was due to [8]:

∆ν

ν
=

1.4πGρDL

c2
. (4)

Here, ν is the considered frequency, G is the Newtonian gravitational constant,
ρ is the density in g/cm3, D is the distance after which the perturbing effect
begins to fade out, L is the considered distance, and c is the speed of light.
The study of the physical mechanisms which produce the redshift of light was
dormant for 70 years but currently is explained by different physical models.
We list some of the processes which produce the observed redshift of galaxies:

• a plasma physics effect, see [9, 10],

• a photo-absorption process, see [11],

• an interaction of photons with curved space time, see [12, 13],

• an interaction of photons with intergalactic free electrons, see [14],

• an interaction between single photons traveling across the micro-quanta
flux, see [15].

The detailed analysis of these and other physical mechanisms which produce
the observed redshift can be found in [16].

The explanation of the anisotropies in Hubble’s constant started with [17]
analyzing the Markarian galaxies. The deviations from the Hubble flow for the
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brightest galaxies were analyzed in [18]. A self similar cosmology was applied
to explain the anisotropies in Hubble’s constant, see [19]. The radial and
angular variance in the Hubble flow are derived on scales in which the flow is
in the nonlinear regime, see [20]. In this paper, Section 4 reviews the existing
data on the anisotropy of the Hubble constant and two plasma effects within
the IGM which produce the observed redshift. Section 2 reports the standard
approach to the accelerating universe. Section 3 reviews the current status of
the astronomical observations which point towards a non-homogeneous local
universe. Section 5 introduces two simple models based on the average value of
the cosmic voids which produce an anisotropy in the Hubble constant. Section
6 introduces a Voronoi diagrams network for the 3D spatial distribution of
galaxies and a logistic distribution for the number density of electrons, which
leads to an anisotropy in the Hubble constant. Section 7 inserts the 3D spatial
distribution of galaxies as given by a recent catalog a number density profile
of electrons of the Emden type: as a consequence, contour maps of the Hubble
constant are generated.

2 Standard Cosmology

The field equations in general relativity (GR), after [21], are

Rµν −
gµνR

2
= −κTµν (5)

with

κ =
8πG

c4
, (6)

where Rµν is the Ricci tensor of the first kind, gµν is the metric tensor, Tµν
is the energy–momentum tensor, R is the Ricci scalar, G is the gravitational
constant, and c is the speed of light. The introduction of the cosmological
constant Λ, see [22, 23], transforms the previous equations into

Rµν −
gµνR

2
− Λgµν = −κTµν . (7)

On inserting the Friedmann–Robertson–Walker (FRW) metric and the perfect
fluid tensor into the Einstein equations, we obtain the Friedmann equation(

ȧ(t)

a(t)

)2

=
8πG

3
ρ+

Λc2

3
− κc2

a(t)2
, (8)

where ρ is the density, κ takes the values -1,0,1 for negative, zero, or positive
spatial curvature, and a(t) is the scale factor, see [4, 5]. The previous equation
has been deduced calculating the volume, V , of the 3D hypersphere

V = 2π2 a(t)3 (9)



602 L. Zaninetti

and the total mass, M,
M = ρ V . (10)

This means that the local universe is assumed to be homogeneous, ρ is con-
stant, and isotropic, the integration for the volume over the three angles is
standard. The study of 42 supernovae of type Ia in [7] suggested an expanding
universe with acceleration. The acceleration can be explained by introducing
the dark matter parameter ΩΛ, where the index Λ indicates its similarity with
the cosmological constant. The Friedmann equation now is

ȧ2

a2
+
H2

0 (Ω0 − 1)

a2
= H2

0 (
Ωm

a3
+

Ωr

a4
+ ΩΛ) , (11)

where the actual energy density parameter, Ω0, is given by the sum of matter,
radiation, and dark components

Ω0 = Ωm + Ωr + ΩΛ (12)

and H0 is the current value of the Hubble constant, see [24] for more details.
A recent evaluation gives a dark energy density ΩΛ =0.7185, a matter density
Ωm =0.235, H0 = 69.7, km s−1 Mpc−1, and age of the universe t0 = 13.76 Gyr.
With these parameters, Figure 1 shows the temporal behavior of the scale
factor as given by the solution of (11).

3 The non-homogeneous universe

The standard cosmology is based on the concept of a homogeneous and isotropic
universe. Recent observations point instead towards a cellular structure of the
local universe. As an example, we report the 2dF Galaxy Redshift Survey
(2dFGRS) catalog when a slice of 75◦ × 3◦ is considered, see Figure 2. The
observational fact that the spatial position is digitized allows us to map the
Newtonian gravitational field. We firstly express the Newtonian gravitational
constant in the following astrophysical units: length in Mpc, mass in Mgal
which is 1011M� and yr8 which are 108 yr:

G = 4.49975 10−6 Mpc3

Mgalyr2
8

. (13)

To each galaxy we associate a mass of 1012M� = 10Mgal and we evaluate

the gravitational force, expressed in
MpcMgal

yr2
8

, on a unitarian mass, 1Mgal.

For practical purposes in each point of a 2D grid made by 500×500 points we
compute the gravitational force,

−→
F by

−→
F = −

N∑
i=1

G
Mi

r3
i

−→r , (14)
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Figure 1: Evolution of the scale factor from the singularity at t = −1, to t = 2.
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Figure 2: Slice of 75◦×3◦ in the 2dFGRS. This plot contains 30000 galaxies and
belongs to the 2dFGRS available at http://msowww.anu.edu.au/2dFGRS/ .
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Figure 3: Map of the decimal logarithm of the modulus of the gravitational
force for 2dFGRS.

Figure 4: Cut along the center for the decimal logarithm of the modulus of
the gravitational force for 2dFGRS.

where the index i runs from 1 to the number of considered galaxies, N , Mi

is the mass of the considered galaxy, 10Mgal,
−→r is the distance between the

grid’s point and the considered galaxy, and G is the Newtonian constant of

gravitation expressed in Mpc3

Mgalyr2
8
. Figure 3 reports a 2D map of the modulus

of such force and Figure 4, a cut in the middle of such a map.

A visual inspection of the previous two figures reveals great variations in
the gravitational forces and a minimum value at the center of the voids.

4 Preliminaries for the Hubble constant

This section reviews the anisotropy in the Hubble constant and two physical
mechanisms that model the Hubble constant.
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4.1 All sky data

The HST Key Project has explored the value of H0 in all directions of the
sky and the data are reported in Tables 1 and 2 of [25]. Table 1 reports the
average, the standard deviation, the weighted mean, the error of the weighted
mean, the minimum, H0,min and the maximum H0,max computed as in [26, 27].

Table 1: The Hubble constant of the HST Key Project

entity definition value
n No. of samples 76
x̄ average 76.7 km s−1 Mpc−1

σ standard deviation 10.57 km s−1 Mpc−1

H0,max maximum 124.4 km s−1 Mpc−1

H0,min minimum 54.79 km s−1 Mpc−1

µ weighted mean 72.09 km s−1 Mpc−1

σ(µ) error of the weighted mean 0.41 km s−1 Mpc−1

Our subsequent simulations will be calibrated based on this table.

4.2 Hubble’s law

Starting from [1], the suggested correlation between the expansion velocity and
distance in the framework of the Doppler effect is

V = H0D = c z , (15)

where H0 is the Hubble constant, H0 = 100h km s−1 Mpc−1, with h = 1 when
h is not specified, D is the distance in Mpc, c is the speed of light and z
the redshift. The Doppler effect produces a linear relation between distance
and redshift. The analysis of the physical mechanisms which predict a direct
relation between distance and redshift started with [28] and a current list of
the various mechanisms can be found in [16]. Here, we select two mechanisms.
The first mechanism works in the framework of a hot plasma with low density,
such as in the IGM, and produces a relation of the type

D =
3.0064 · 1024

< ne >
ln (1 + z) cm , (16)

where the averaged density of electrons, < ne > as expressed in CGS, is

< ne > =
H0

3.077 · 105

particles

cm3
, (17)
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Figure 5: HgI 435.83 nm line shifts versus the electron density, data as ex-
tracted by the author from Figure 7 in [35] (empty stars) and linear regime
(full line).

see equations (48) and (49) in [9] or equation (27) in [10]. The Hubble constant
in the plasma theory is therefore

H0 = 3.077 105 < ne > km s−1 Mpc−1. (18)

A second mechanism suggests a photo-absorption process between the photon
and the electron: in this case, the Hubble constant is

H0 =
2nehre
me

, (19)

where ne is the electron density, h is the Planck constant, re is the radius of
the electron, and me is the mass of the electron, see equation (2) in [11]. Once
the numerical values of the constants are inserted in MKS, the density of the
electrons is substituted with the averaged electron density in CGS, we obtain

H0 = 1.2649 108 < ne > km s−1 Mpc−1 . (20)

The investigation of the line shift in dense and hot plasmas can be found in
[29, 30, 31, 32, 33]. As an example, the experimental verification of the redshift
of the spectral line of mercury as due to the surrounding electrons can be found
in Figure 5, see also [34].
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5 Two analytical models

The two mechanisms for the redshift here considered require the evaluation of
the averaged density of electrons along the line of sight, which can be computed
by

< ne > =

∫D
0 ne(x)dx

D
, (21)

where D is the considered distance. This will be called the fundamental inte-
gral. We now present two models which are built in spherical symmetry.

5.1 The rim model

The radius of the cosmic voids as given by the Sloan Digital Sky Survey (SDSS)
R7, has been modeled by spheres which have averaged radius R̄ = 18.23

h
Mpc,

see [36]. This means that the galaxies are situated on the thick surface of
spheres having thickness t much smaller than the averaged radius. We now
suggest that the density of the free electrons follows the previous trend, and
therefore

ne(r) = n0 if 0 ≤ r < a

ne(r) = n1 if a ≤ r < b (22)

ne(r) = n0 if r ≥ b

where r is the distance from the origin of a Cartesian 3D reference system.
This means that the electron density rises from n0 at the center of the sphere
to n1 at r = a, remains constant up to r = b (the radius of the void), and then
falls again to n0 outside the sphere. The fundamental integral of the density
as represented by Equation (21) can be done in the x-direction over the length
D = 2b and is split into two parts,

part I, three pieces if 0 ≤ y < a

part II, two pieces if a ≤ y < b

corresponding to the lines of sight s1 and s2 in Figure 6. The result of the
integral of the averaged electron density, see (21), is

< ne > =
n0b− n0

√
b2 − y2 + n1

√
b2 − y2 − n1

√
a2 − y2 + n0

√
a2 − y2

b
if 0 ≤ y < a

(23)

< ne > =
n0b− n0

√
b2 − y2 + n1

√
b2 − y2

b
if a ≤ y < b .
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Figure 6: The two circles (sections of spheres) which include the region with
an enhancement in electron density are represented by full lines. The observer
is situated along the x direction, and two lines of sight are indicated.
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Figure 7: Value of H0 for the photo-absorption process as function of the
position; b = 18 Mpc, a = 17 Mpc, n0 = 5.1 10−7particles cm−3, and n1 =
1.63 10−6particles cm−3.

The Hubble constant can be obtained from the averaged electron density by
a multiplication with a numerical factor, see Equation (21) for the photo-
absorption process. Figure 7 reports the behavior of Hubble’s constant as a
function of the observer’s position and Table 2, the statistical parameters along
the line of sight.

Table 2: The Hubble constant for the photo-absorption process.

entity definition value
N No. of samples 200
x̄ average 76.27 km s−1 Mpc−1

σ standard deviation 7.16b km s−1 Mpc−1

H0,max maximum 109.6 km s−1 Mpc−1

H0,min minimum 64.51 km s−1 Mpc−1

5.2 The auto-gravitating model

We now present two solutions of two differential equations which can repre-
sent the physical basis of two different PDFs. On solving the fundamental
hydrostatic equation for the magneto-hydrostatic model in the direction per-
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pendicular to the galactic plane (the x-direction), the solution for the density
is

ρ̄(x) = ρ̄(0) exp−(
x

H
)2) , (24)

where ρ̄(x) is the mean gas density and H is the layer half-thickness, see
equation (6.142) in [37]. The density profile of a thin self-gravitating disk of
stars which is characterized by a Maxwellian distribution in velocity and a
distribution which varies only in the x-direction is

n(x) = n0sech
2(

x

2x0

) , (25)

where n0 is the star density at x = 0, x0 is a scaling parameter, and sech is the
hyperbolic secant, see formula (2.31) in ([38]). The physical solution repre-
sented by (24) becomes, when normalized, the Normal (Gaussian) distribution
which has PDF

N(x;σ) =
1

σ(2π)1/2
exp(− x2

2σ2
) −∞ < x <∞ . (26)

The mean is
E(x;σ) = 0 , (27)

and the variance is
V AR(x;σ) = σ2 . (28)

The physical law represented by Equation (25) can be converted to a proba-
bility density function (PDF), the probability of having a given physical quan-
tity at a distance between x and x+ dx,

p(x;x0) =
1

4

(
sech

(
1

2

|x|
x0

))2
1

x0

. (29)

The range of existence of this PDF is in the interval [−∞,∞]. The average
value is E(x;x0) = 0 and the variance is

V AR(x;x0) =
1

6
x0

2π2 . (30)

This PDF can be transformed in such a way that it can be compared with the
normal (Gaussian) as represented by Equation 26. The substitution x0 =

√
3σ
π

transforms the PDF (29) into

p(x;σ) =
1

12

(
sech

(
1

6

|x|π
√

3

σ

))2

π
√

3
1

σ
. (31)

The average value is E(x;σ) = 0 and the variance is

V AR(x;σ) = σ2 . (32)
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Figure 8: Normal PDF (full line) and logistic as represented by Eq. (31)
(dashed line) when σ = 2Mpc/h.

This PDF is referred to as the logistic function, see [39, 40, 41]. The similarity
with the normal distribution is straightforward and Figure 8 reports the two
PDFs when the value of σ is equal in both cases. We now assume that the radial
density of the free electrons follows the logistic law as given by Equation (8),
in which x is now the distance from the surface of the sphere. This assumption
can be made when σ � R̄. In order to deal with distances from the spherical
surfaces greater than σ, where the density is supposed to be constant, the
following three-part density function is suggested.

ne(r) = n0 if 0 ≤ r < a

ne(r) = n0

(
sech

(
1/6 (r−b)π

√
3

σ

))2

(sech (0.9068n))2 if a ≤ r < c (33)

ne(r) = n0 if r ≥ c.

Here, r is the distance from the origin of a Cartesian 3D reference system.
In order to avoid an increase in the number of parameters, a and c can be
parametrized with the distance nσ after which the density is constant,

a = b− nσ c = b+ nσ , (34)

where n is an integer. A simple evaluation says that the maximum density is
reached at r = b, where the density is

ne(r) =
n0

(sech (0.9068n))2 . (35)
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Figure 9: Profile of the three-part density function of free electrons as a func-
tion of the distance from the center of the void; n0 = 5 10−7particles cm−3 ,
n = 2, b = 18 Mpc/h, σ = 2 Mpc/h.

This profile density , see Equation (34), as a function of the distance from the
center of the void, is shown in Figure 9. We insert, into the three-part density
profile of the free electrons, r =

√
x2 + y2 and perform the integration of (21)

over x maintaining y constant. An analytical expression for the integral does
not exist, and the numerical integration, (using Boole’s rule, see [42], gives
the averaged density. Under the hypothesis of the photo-absorption process,
see Equation (21), Figure 10 presents the behavior of Hubble’s constant as
a function of the observer’s position and Table 3, the statistical parameters
along the line of sight.

Table 3: The Hubble constant for the photo-absorption process with a three-
part density of free electrons.

entity definition value
N No. of samples 200
x̄ average 76.25 km s−1 Mpc−1

σ standard deviation 5.48 km s−1 Mpc−1

H0,max maximum 91.56 km s−1 Mpc−1

H0,min minimum 64.51 km s−1 Mpc−1
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Figure 10: Value of H0 for the photo-absorption process as a function of the
position in the three-part density of the free electrons; b = 18 Mpc, s = 2 Mpc,
n = 1 Mpc, and n0 = 5.1 10−7particles cm−3.

6 A theoretical model

A possible model for the spatial distribution of galaxies is represented by the
Voronoi diagrams, but two requirements should be satisfied. The first is that
the average radius of the voids be < R >= 18.23h−1 Mpc, which is the effective
radius in SDSS DR7, see Table 6 in [43]. The second requirement is connected
to the fact that the effective radius of the cosmic voids as deduced from catalog
SDSS R7 is represented by a Kiang function with c ≈ 2. This means that we
are considering a non-Poissonian Voronoi Tessellation (NPVT). The density of
free electrons can be found: (i) computing the distance d of a 3D grid point
from the nearest face, (ii) inserting such a distance in the following two-part
density

ne(d) = n0

(
sech

(
1/6 dπ

√
3

σ

))2

(sech (0.9068n))2 if d < c

(36)

ne(d) = n0 if d ≥ c

with c = nσ. Given a cubic box of size 100 Mpc, Figure 11 shows the contour
plots of the Hubble constant when a plane crossing the center is considered,
and Table 4 gives the statistics. In this case, the fundamental integral of the
density as represented by Equation (21) is evaluated numerically along lines
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Figure 11: Contour plot of H0 for the photo-absorption process as a function
of the position in a 2D cut; σ = 1.9 Mpc, n0 = 5.1 10−7particles cm−3 and
n = 1.

belonging to the selected plane.

Table 4: The Hubble constant for the photo-absorption process in the 2D cut
of a Voronoi diagram.

entity definition value
N No. of samples 301
x̄ average 76.45 km s−1 Mpc−1

σ standard deviation 6.11 km s−1 Mpc−1

H0,max maximum 96.51 km s−1 Mpc−1

H0,min minimum 68.88 km s−1 Mpc−1

The fundamental integral (21) which gives the averaged density can be
done also along an arbitrary line characterized by a given galactic latitude and
longitude. Figure 12 shows the contours of the Hubble constant on the surface
of a sphere using the the subroutine GLOBE which belongs to the package
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Figure 12: Contour plot of H0 on the surface of a sphere, parameters as in
Figure 11.

PGXTAL.

7 The astronomer’s model

We analyze the 3D spatial distribution of galaxies given by the 2MASS Redshift
Survey (2MRS), see Figure 13. An updated real 3D distribution of galaxies as
given by the 2MRS catalog is the first ingredient of the astronomer’s model.
The self-gravitating sphere of polytropic gas is regulated by the Lane–Emden
differential equation of the second order,

d2

dx2
Y (x) + 2

d
dx
Y (x)

x
+ (Y (x))n = 0 , (37)

where n is an integer, see [44, 45, 46, 47, 48].
The solution Y (x)n produces the density profile

ρ = ρcY (x)nn , (38)
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Figure 13: Hammer–Aitoff projection in galactic coordinates of the 2MRS
galaxies when z ≤ 0.04.

where ρc is the density at x = 0.
Analytical solutions exist for n = 0, 1, and 5. The analytical solution for

n = 0 is

Y (x) =
sin(x)

x
, (39)

and has therefore an oscillatory behavior. The analytical solution for n = 5 is

Y (x) =
1

(1 + x2

3
)1/2

, (40)

and the density for n = 5 is

ρ(x) = ρc
1

(1 + x2

3
)5/2

. (41)

The asymptotic behavior for large values of x of the density when n = 5 is

ρ(x) = 9

√
3

x5
+O

(
1

x7

)
. (42)

On introducing the scale , b, and normalizing the function (41), we obtain the
Lane–Emden5 (i.e., n = 5) PDF, LE5,

LE5(x; b) =

√
3

2
(
1 + 1

3
y2

b2

)5/2
b

, (43)

which has average value

E(x; b) =
1

2

√
3b , (44)
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Figure 14: Profile of density of free electrons as a function of the distance from
the center of the void; n0 = 5.1 10−7particles cm−3 , b = 2.55 Mpc/h, f = 2.35
.

and variance

V AR(x; b) =
3

4
b2 . (45)

The density ρ can be written as ρ(x) = n(x)mH where mH is the mass of
hydrogen. On assuming the neutrality of the charges, the number density of
the electrons is

ne(x) = ncLE5(x; b) , (46)

where nc is the central number density of the electrons. We now assume that
the Lane–Emden profile can be applied from x = 0 to a given value of x after
which the number density is decreased by a given factor f . After this length,
the number density of electrons has a constant value n(x) = n0, where n0 is a
constant. The inequality which fixes the previous assumption isne(x) = fn0

(
1 + 1/3 x2

b2

)−5/2
when 0 < x <

√
−3 + 3 f 2/5b

ne(x ) = n0 when x >
√
−3 + 3 f 2/5.

(47)

A typical example with the parameters that will be used in the forthcoming
simulation is given in Figure 14. The radial distribution of electrons as given
by the Lane–Emden (n = 5) profile is the second ingredient of the astronomer’s
model. Figures 15, respectively, 16, give the contours of the Hubble constant
on the surface of the first, respectively, second, half-sky where the fundamental
integral (21) which gives the averaged density has been used. The contours of
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Figure 15: Contour plot of H0 as given by the astronomer’s model on the
surface of a sphere, parameters as in Figure 14. Galactic longitude between 0◦

and 180◦.

the Hubble constant can also be drawn in the Aitoff–Hammer projection, see
Figure 17, and Table 5 gives the statistics of the Hubble constant.

Table 5: The Hubble constant for the photo-absorption process in the as-
tronomer’s model.

entity definition value
n No. of samples 16471
x̄ average 76.1 km s−1 Mpc−1

σ standard deviation 5.5 km s−1 Mpc−1

H0,max maximum 105.91 km s−1 Mpc−1

H0,min minimum 65.69 km s−1 Mpc−1
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Figure 16: Contour plot of H0 as given by the astronomer’s model on the
surface of a sphere, parameters as in Figure 14. Galactic longitude between
180◦ and 360◦.
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Figure 17: False color contour plot of H0 as given by the astronomer’s model in
the Aitoff–Hammer equal-area map in galactic coordinates with the Galactic
center in the middle, parameters as in Figure 14.

8 Conclusions

The fact that the recent observations of galaxies reveal a cellular structure as
opposed to a homogeneous structure, see Section 3, allows exploring a defini-
tion of the Hubble constant outside of the standard cosmology. We therefore
explained the anisotropies in the Hubble constant by variations in the num-
ber of electrons on the line of sight in the framework of the photo-absorption
process. The observed average value and variance in the all sky measures
have been reproduced in the analytical, simulated, and astronomer’s models,
see Tables 2, 3, 4, and 5. The statistical deviations of the Hubble constant
are high and the standard uncertainty is 10.57 km s−1 Mpc−1, which means a
relative standard uncertainty of 0.13, see Table 1. We have reproduced this
high statistical fluctuation and the relative standard uncertainty is 0.0938 and
0.0718 for the two analytical models, see Tables 2 and 3, 0.079 for the sim-
ulated model, see Table 4, and 0.072 for the astronomer’s model, see Table
5.
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