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Abstract
The six Abelian twist-deformations of l-conformal Galilei Hopf alge-

bra are considered. The corresponding twisted space-times are derived
as well.

1 Introduction

The idea to use noncommutative coordinates is quite old - it goes back to
Heisenberg and was firstly formalized by Snyder in [1]. Recently, however,
there were found new formal arguments based mainly on Quantum Gravity
[2], [3] and String Theory models [4], [5], indicating that space-time at Planck
scale should be noncommutative, i.e. it should have a quantum nature.

Presently, it is well known, that in accordance with the Hopf-algebraic
classification of all deformations of relativistic and nonrelativistic symmetries,
one can distinguish three types of quantum spaces [6], [7] (for details see also
[8]):

i) Canonical (θμν-deformed) type of quantum space [9]-[11]

[ x̂μ, x̂ν ] = iθμν , (1)

ii) Lie-algebraic modification of classical space-time [11]-[14]

[ x̂μ, x̂ν ] = iθρ
μν x̂ρ , (2)
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and

iii) Quadratic deformation of Minkowski and Galilei spaces [11], [14]-[16]

[ x̂μ, x̂ν ] = iθρτ
μν x̂ρx̂τ , (3)

with coefficients θμν , θρ
μν and θρτ

μν being constants.

Besides, it has been demonstrated in [8], that in the case of so-called N-enlarged

Newton-Hooke Hopf algebras U (N)
0 (NH±) the twist deformation provides the

new space-time noncommutativity of the form1,2

4) [ t, xi ] = 0 , [ xi, xj ] = if±

(
t

τ

)
θij(x) , (4)

with time-dependent functions

f+

(
t

τ

)
= f

(
sinh

(
t

τ

)
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(
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τ

))
, f−

(
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τ

)
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(
sin

(
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τ

)
, cos

(
t

τ

))
,

θij(x) ∼ θij = const or θij(x) ∼ θk
ijxk and τ denoting the time scale parame-

ter - the cosmological constant. Moreover, the different relations between all
mentioned above quantum spaces (1), 2), 3) and 4)) have been summarized
in paper [8].

It should be noted that the described above classification can be supple-
mented by the proper deformations of so-called l-conformal Galilei Hopf struc-
ture U (l)

0 (G) provided in [17]. In general, a conformal extension of the Galilei
Hopf algebra is parametrized by a positive half integer l, which justifies the
term l-conformal Galilei Hopf structure. Particularly, the instance of l = 1

2

(well-known in the literature as the Schroedinger algebra) has been the focus
of most studies (for a review see e.g. [18]). Besides, motivated by current
investigation of the nonrelativistic version of the AdS/CFT correspondence,
the interest in conformal Galilei Hopf algebras with l > 1

2
is growing rapidly

in the last time [19]-[24].

In this article we investigate the Abelian twist deformations of U (l)
0 (G) Hopf

structure which provide (as we shall see for a moment) six types of space-time
noncommutativity (see formulas (28)-(34)). The motivations for such a kind
of studies are manyfold. First of all, we construct explicitly the deformation
of quite general (known) Hopf algebra at nonrelativistic level. Secondly, we
get the completely new quantum (twist-deformed) space-times associated with

1x0 = ct.
2The discussed space-times have been defined as the quantum representation spaces,

so-called Hopf modules (see e.g. [9], [10]), for quantum N-enlarged Newton-Hooke Hopf
algebras.
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U (l)
α (G) Hopf structure. Such a result seems to be quite interesting due to the

fact, that it extends in natural way the mentioned above classification of the
quantum spaces. Finally, it should be noted that the obtained results permit
to consider the classical as well as quantum particle models defined on new
noncommutative nonrelativistic space-times (28)-(34).

The paper is organized as follows. In first section we recall the basic facts
concerning l-conformal Galilei Hopf algebra U (l)

0 (G). The second section is de-
voted to its twist deformations and to the derivation of corresponding quantum
space-times. The final remarks are provided in the last section.

2 l-conformal Galilei Hopf algebra U (l)
0 (G)

In this section we recall basic facts associated with the l-conformal Galilei Hopf
algebra U (l)

0 (G) provided in article [17]. Hence, the l-conformal Galilei Hopf
algebra includes the generators of time translations, dilatations, special con-
formal transformations, spatial rotations, spatial translations, Galilei boosts
and accelerations. Denoting the mentioned generators by H , D, K, Mij and

G
(n)
i , respectively, where i = 1, . . . , d is a spatial index and n = 0, 1, . . . , 2l,

one can write the following algebraic

[ Mij , Mkl ] = −i(δikMjl + δjlMik − δilMjk − δjkMil) , (5)

[
Mij , G

(n)
k

]
= −i(δikG

(n)
j − δjkG

(n)
i ) , (6)

[
K, G

(n)
i

]
= i(n − 2l)G

(n+1)
i , [D, G

(n)
i ] = i(n − l)G

(n)
i , (7)

[ H, K ] = 2iD , [ D, K ] = iK , (8)

[ H, D ] = iH ,
[

H, G
(n)
i

]
= inG

(n−1)
i , (9)

as well as coalgebraic

Δ0(a) = a ⊗ 1 + 1 ⊗ a , S0(a) = −a , (10)

sectors. It should be also observed that operators H , D and K form so(2, 1)
subalgebra, which is the conformal algebra in one dimension. Besides, one can
notice that the instances of n = 0 and n = 1 in G

(n)
i correspond to the spatial

translations and Galilei boosts respectively, while the higher values of index
n are linked to the accelerations. Finally, it is easy to check that all above
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generators are represented on the classical space of functions as follows [25]

Mij � f(t, x) = i (xi∂j − xj∂i) f(t, x) , (11)

H � f(t, x) = i∂tf(t, x) , (12)

G
(n)
i � f(t, x) = itn∂if(t, x) , (13)

D � f(t, x) = i
(
t∂t + lxi∂i

)
f(t, x) , (14)

K � f(t, x) = i
(
t2∂t + 2ltxi∂i

)
f(t, x) . (15)

Of course, for D = K = 0 and n = 0, 1 we reproduce well-known (ordinary)
Galilei Hopf structure U0(G).

3 Twist deformations of l-conformal Galilei Hopf

algebra and the corresponding quantum space-

times

Let us now turn to the twist deformations of the Hopf structure described in
pervious section. First of all, in accordance with Drinfeld twist procedure [26]-

[28], the algebraic sector of twisted l-conformal Galilei Hopf algebra U (l)
α (G)

remains undeformed (see (5)-(9)), while the coproducts and antipodes trans-
form as follows (see formula (10))

Δ0(a) → Δα(a) = Fα ◦ Δ0(a) ◦ F−1
α , Sα(a) = uα S0(a) u−1

α , (16)

with uα =
∑

f(1)S0(f(2)) (we use Sweedler’s notation Fα =
∑

f(1) ⊗ f(2)).

Besides, it should be noted, that the twist factor Fα ∈ U (l)
α (G)⊗U (l)

α (G) satisfies
the classical cocycle condition

Fα12 · (Δ0 ⊗ 1) Fα = Fα23 · (1 ⊗ Δ0) Fα , (17)

and the normalization condition

(ε ⊗ 1) Fα = (1 ⊗ ε) Fα = 1 , (18)

with Fα12 = Fα ⊗ 1 and Fα23 = 1 ⊗ Fα.
It is well known, that the twisted algebra U (l)

α (G) can be described in terms

of so-called classical r-matrix r ∈ U (l)
α (G)⊗U (l)

α (G), which satisfies the classical
Yang-Baxter equation (CYBE)

[[ rα, rα ]] = [ rα12, rα13 + rα23 ] + [ rα13, rα23 ] = 0 , (19)

where symbol [[ ·, · ]] denotes the Schouten bracket and for r =
∑

i ai ⊗ bi

r12 =
∑

i

ai ⊗ bi ⊗ 1 , r13 =
∑

i

ai ⊗ 1 ⊗ bi , r23 =
∑

i

1 ⊗ ai ⊗ bi .
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In this article we consider six types of Abelian twist deformation of l-
conformal Galilei Hopf algebra, described by the following r-matrices3

r1 =
1

2
αij

1 G
(n)
i ∧ G

(m)
i [ αij = −αji ] , (20)

r2 = α2G
(n)
i ∧ Mkl [ i, k, l − fixed, i 	= k, l ] , (21)

r3 = α3H ∧ Mkl , (22)

r4 = α4K ∧ Mkl , (23)

r5 = α5K ∧ G
(n)
i [ n = 2l ] , (24)

r6 = α6D ∧ Mkl , (25)

where αij
1 , α2, α3, ... α6 denote the deformation parameters. Due to the

Abelian character of the above carriers (all of them contain the mutually com-
muting elements of the algebra), the corresponding twist factors can be ob-
tained in a standard way [26]-[28], i.e. they take the form

Fa = exp (ira) ; a = 1, 2, . . . , 6 . (26)

The corresponding quantum space-times are defined as the representation
spaces (Hopf modules) for l-conformal Galilei Hopf algebra U (l)

α (G), with ac-

tion of the generators Mij , H , G
(n)
i , K and D given by (11)-(15) (see e.g. [9],

[10]). Besides, the �-multiplication of arbitrary two functions covariant under

U (l)
α (G) is defined as follows

f(t, x) �a g(t, x) := ω ◦ (
(Fa)

−1 � f(t, x) ⊗ g(t, x)
)

, (27)

where symbol Fa denotes the twist factors (see (26)) and ω ◦ (a ⊗ b) = a · b.
Consequently, we get

1. [ t, xa ]�1 = 0 , [ xa, xb ]�1 = iαijtn+m(δaiδbj − δajδbi) , (28)

2. [ t, xa ]�2 = 0 (29)

[ xa, xb ]�2 = 2iα2t
n [ δia(xkδbl − xlδbk) − δib(xkδal − xlδak) ] ,

3. [ t, xa ]�3 = 2iα3(xkδla − xlδka) , [ xa, xb ]�3 = 0 , (30)

4. [ t, xa ]�4 = 2iα4t
2(xkδla − xlδka) , (31)

[ xa, xb ]�4 = 4iα4lt [ xa(xkδbl − xlδbk) − xb(xkδal − xlδak) ] ,

3a ∧ b = a ⊗ b − b ⊗ a.
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5. [ t, xa ]�5 = 2iα5t
2(1+l)δia , (32)

[ xa, xb ]�5 = 4iα5lt
2l+1(xaδbi − xbδai) , (33)

and

6. [ t, xa ]�6 = 2iα6t(xkδla − xlδka) , (34)

[ xa, xb ]�6
= 2iα6l [ xa(xkδbl − xlδbk) − xb(xkδal − xlδak) ] ,

respectively. It should be noted that three first spaces are the same as in the
case of so-called twisted N -enlarged Galilei algebra [8], while the remaining
ones correspond to the conformal sector of considered in present article Hopf
structure. Obviously, for deformation parameters αij

1 and α2, . . . , α6 approach-
ing zero the above quantum space-times become classical.

4 Final remarks

In this article we consider six Abelian twist-deformations of l-conformal Galilei
Hopf algebra U (l)

α (G). The corresponding twisted space-times are derived as
well. It should be noted, however, that present studies can be extended in var-
ious ways. First of all, one can find the dual Hopf structures D(l)

α (G) with the
use of FRT procedure [29] or by canonical quantization of the corresponding
Poisson-Lie structures [30]. Besides, as it was already mentioned in Introduc-
tion, one should ask about the basic dynamical models corresponding to the
l-conformal space-times (28)-(34). Finally, one can also consider more compli-
cated (non-Abelian) twist deformations of l-conformal Hopf algebras, i.e. one
can find the twisted coproducts, corresponding noncommutative space-times
and dual Hopf structures. Such problems are now under consideration.
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able discussions. This paper has been financially supported by Polish NCN
grant No 2011/01/B/ST2/03354.

References

[1] H.S. Snyder, Phys. Rev. 72, 68 (1947)

[2] S. Doplicher, K. Fredenhagen, J.E. Roberts, Phys. Lett. B 331, 39 (1994)

[3] A. Kempf and G. Mangano, Phys. Rev. D 55, 7909 (1997); hep-th/9612084



Twist deformation of l-conformal Galilei Hopf algebra 477

[4] A. Connes, M.R. Douglas, A. Schwarz, JHEP 9802, 003 (1998); hep-
th/9711162

[5] N. Seiberg and E. Witten, JHEP 9909, 032 (1999); hep-th/9908142

[6] S. Zakrzewski, ”Poisson Structures on the Poincare group”; q-alg/9602001

[7] Y. Brihaye, E. Kowalczyk, P. Maslanka, ”Poisson-Lie structure on Galilei
group”; math/0006167

[8] M. Daszkiewicz, Mod. Phys. Lett. A27 (2012) 1250083; arXiv: 1205.0319
[hep-th]

[9] R. Oeckl, J. Math. Phys. 40, 3588 (1999)

[10] M. Chaichian, P.P. Kulish, K. Nashijima, A. Tureanu, Phys. Lett. B 604,
98 (2004); hep-th/0408069

[11] M. Daszkiewicz, Mod. Phys. Lett. A 23, 505 (2008); arXiv: 0801.1206
[hep-th]

[12] J. Lukierski, A. Nowicki, H. Ruegg and V.N. Tolstoy, Phys. Lett. B 264,
331 (1991)

[13] S. Giller, P. Kosinski, M. Majewski, P. Maslanka and J. Kunz, Phys. Lett.
B 286, 57 (1992)

[14] J. Lukierski and M. Woronowicz, Phys. Lett. B 633, 116 (2006); hep-
th/0508083

[15] O. Ogievetsky, W.B. Schmidke, J. Wess, B. Zumino, Comm. Math. Phys.
150, 495 (1992)

[16] P. Aschieri, L. Castellani, A.M. Scarfone, Eur. Phys. J. C 7, 159 (1999);
q-alg/9709032

[17] J. Negro, M.A. del Olmo, A. Rodriguez-Marco, J. Math. Phys. 38, 3786
(1997)

[18] P.A. Horvathy, Int. J. Mod. Phys. A 3, 339 (1993); arXiv:0807.0513

[19] J. Lukierski, P.C. Stichel, W.J. Zakrzewski, Phys. Lett. A 357, 1 (2006);
hep-th/0511259

[20] J. Lukierski, P.C. Stichel, W.J. Zakrzewski, Phys. Lett. B 650, 203 (2007);
hep-th/0702179.



478 Marcin Daszkiewicz

[21] A. Bagchi, R. Gopakumar, JHEP 0907, 037 (2009); arXiv: 0902.1385
[hep-th]

[22] S. Fedoruk, E. Ivanov, J. Lukierski, Phys. Rev. D 83, 055013 (2011);
arXiv: 1101.1658 [hep-th]

[23] A. Galajinsky, I. Masterov, Phys. Lett. B 702, 265 (2011); arXiv:
1104.5115 [hep-th]

[24] J. Gomis, K. Kamimura, Phys. Rev. D 85, 045023 (2012); arXiv:
1109.3773 [hep-th]

[25] A. Galajinsky and I. Masterov, Phys. Lett. B 702, 265 (2011); arXiv:
1104.5115 [hep-th]

[26] V.G. Drinfeld, Soviet Math. Dokl. 32, 254 (1985); Algebra i Analiz (in
Russian) 1, Fasc. 6, p. 114 (1989)

[27] V. Chari, A. Pressley, ”A Guide to Quantum Groups”, Cambridge Uni-
versity Press, Cambridge, 1994

[28] S. Majid, ”Foundations of quantum group theory”, Cambridge University
Press, 2000

[29] L.D. Faddeev, N.Yu. Reshetikhin, L.A. Takhtadzhyan, Leningrad Math.
J. 1, 178 (1990)

[30] L.A. Takhtajan, ”Introduction to Quantum Groups”; in Clausthal Pro-
ceedings, Quantum groups 3-28 (see High Energy Physics Index 29 (1991)
No. 12256)

Received: February 21, 2013


