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Abstract 

 
Low-lying collective excitations of nuclei are described in the SD-pair 

shell approach. To facilitate the computational difficulties the Hilbert space cutoff 
is performed up to SD-pair, in which a microscopic justification of the model of 
interacting bosons is given. The diagonalization of the fermionic Hamiltonian in 
the cutoff space is applied to the study of the spectra structure and reduced 
probabilities of the electromagnetic transitions B (E2) in the spherical isotopes of 
Ruthenium with the atomic weight A = 100,102,104. These values are compared 
with their experimental data. 

 
 

I. Introduction 
 
The description of low-lying collective modes of nuclei excitations of medium 

and heavy atomic weights by means of fermionic degrees of freedom is an 
interesting and important problem of nuclear theory. However, the calculations of 
the collective properties of systems in the exact shell-model spaces remain very  
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difficult problem because of their huge size. In recent years, therefore, the 
methods of cutoff of the Hilbert space have been used to obtain a collective paired 
subspace with a small number of degrees of freedom [1,2,3,4], which provided a 
fruitful explanation of the considered phenomena. 

In this paper, we again give a microscopic justification of the interacting 
boson model (IBM) [5, 6] for the description of low-energy collective excitations 
of the nucleon systems, and it is provided quite well by taking into account the S 
and D-paired shell states in them. In addition, this allows to avoid the well-known 
computational difficulties in the microscopic examination of the s and d-bosons of 
IBM as the mappings of the S and D pairs of valence nucleons in nuclei. As the 
mapping method of the fermion pair states in the boson the Otsuki-Arima-Yakello 
(OAY) method is taken. In this SD-fermion pair model space the Hamiltonian of 
the system is easily diagonalized and it satisfactorily reproduces the spectra and 
electromagnetic transition probabilities of vibrational, rotational, and γ  unstable 
nuclei [3,4,5]. Thus the microscopic phenomenological IBM is constructed for the 
nuclear systems, the free parameters of the model are calculated as the fermionic 
matrix elements of the pair forces of nucleon interaction. On the other hand using 
the generalized quasispin formalism [7, 8] with the pairing interaction of nucleon 
pairs some many-body effects are analyzed. 

The theory is applied to studying the properties of even spherical isotopes of 
Ru104.102.100 . Their energy states are calculated in the main, β  and γ - bands as 

well as the relative values of the reduced probabilities of electromagnetic 
transitions and they are compared with experimental data.  

 
 
II. Formulation of the model 

 
In order to study the structure of spherical nuclear states we consider the simplest 

Hamiltonian, which is exactly diagonalized in the SD-pair space: 
υπ HHH +=  ,                                                   (2.1) 
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In these equations,  
+
σC  and σC  are the creation and annihilation operators of nucleons 

in the single-particle states of σ , which are defined by a set of quantum numbers 
( σσσσ mjln ,,, ). The nucleon-pair operators are written as: 
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where jα  and

21 jjβ  are the normalization amplitude of paired operators. Such a 
correlation amplitude of paired operators are determined by solving the equation of the 
BCS and the Tamm-Dancov type: 

 
( )[ ] ( ) >>= 0|0|,

2121
JMEDJMDH jjjj .                                        (2.5)  

In the mapping method of OAY the fermionic pairs in the boson cutoff 
subspace is constructed by coherent pairs (2.2) and (2.3) of the valence nucleons 
(or holes) with angular moments += 0πJ  (S pairs) and 2=πJ  (D pairs) as a 
function of: 

( ) ( )[ ] >++ 0|
J

M
NN DS DS  ,                                              (2.6) 

Where | 0> means closed shells of nucleons, NNN DS =+ , DS NN ,  are the 
numbers of the S and D pairs, J is the total angular momentum of the states. The 
SD nucleon-pair states then are mapped in the sd bosonic. The general principle of 
mapping is the equality of the matrix elements of the nucleon operators by the SD 
- states of the matrix elements of the corresponding bosonic operators by the sd - 
bosonic states. In this case, the corresponding IBM-Hamiltonian to such a 
mapping  should be written in the form: 

Bd
NB VNEH ++= ε)(

0                                                   (2.7) 
where, 
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In this expression 2022 ,,, υυε LC  are the free parameters of the phenomenological 
Hamiltonian, which are selected by comparing the calculated values of the states 
energies with their experimental values. One of the main objectives of the 
microscopic foundation of IBM is that these values must be calculated as the 
matrix elements of the pair interaction operators of nucleons by states of the type 
(2.6). 

The quantity NE0  in (2.7) is the collective energy of the ground state 
>= 0;| JS N  and is the constant for a given nucleus 

,0,||0,0 >===< JSHJSE NNN                                               (2.9) 
from which the excitation energy must be measured. But keep in mind that in the 
calculation of the binding energies, this value must be considered precisely. The 
excitation energy of a D - pairs (one d - boson): 

.2;||2; )(
0

11 NNN EJDSHJDS −>===< −−ε                            (2.10) 
In these calculations, H is the nucleon Hamiltonian. The interaction constants of 
the D-pairs are equal between themselves: 

,2;||; 0
2222 NNN

L ELJDSHLJDSC −−>===< −− ε                           (2.11) 
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the constants 2220 ,υυ  of the interaction of the S and D pairs are expressed in the form: 

,2;||2;
1

1 1122
22 >==<

−
= −− JDSHJDS

N
NNυ                           (2.12) 

( )
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1 2222
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NN
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Completely analogously the one-particle nucleon operators are mapped in boson. 
For example, the boson image of the quadrupole operator ( )ϕθ ,)2(2YrQ =  must take 
the form: 

( ) ( )ddqdssdqQQ B +++ ++=→ 21 ,                                        (2.14) 
in which the coefficients 1q  and 2q  are calculated in the nucleon SD- pair space: 

,0;||||2;
5
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1 >==<= − JSQJDS
N

q NN       

.2;||||2;
5

1 111
2 >==<= −− JDSQJDSq NN                                 (2.15) 

All these quantities are computed numerically, if there are given single-particle 
energies of states of nuclei, the depth and radius of pair interactions of nucleons. 
On the other hand some of the multiparticle effects can be found analytically 
using generalized quasispin formalism, in the case when the valence shell contains 
degenerate j-orbit [6, 7]. In this case, three quasispin operators are introduced that 
satisfy the commutation relations of the Lie algebra group )2(SU : 

[ ] ;2, 0SSS =−+             [ ] ±± = SSS m0,                                        (2.16) 
In this approximation, for the system of single j-orbit it is easy to find expression  
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As seen such multipartice matrix elements will become identical to the matrix 
elements for a pair of particles >< SQD ||||  and >< DQD ||||  in the limit when 

∞→Ω j . This means that for a system of many particles the Pauli effect becomes 
negligible. 
 Such an elementary theory can be generalized to the systems with a large 
number of orbits. 
 In general, when a large number of j-orbit is considered the mathematical 
beauty and simplicity quasi-spin formalism for systems of degenerate orbits is 
lost. However the concept of seniority formalism largely helps in classifying and  
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lets you introduce the SD states as the ortogonal basis of the cutoff Hilbert space 
and helps to understand the microscopic formulation of IBM. 
 Before applying the above method to real nuclei, it is useful to find an 
analytical expression of paired matrix elements in the fermionic space and analyze 
the overall states of the particles system. To this end, we consider pairing 
interaction of pairs of identical nucleons, which leaves the system in a spherical 
form: 

SSGVP
+Ω−= ,                                                         (2.17) 

and produces a pair like ∑ −
++ >−<= mjjmCCmjjmS 00|, , where G is the depth of 

the pairing interaction of nucleons pairs. 
It should be noted that the pairing interaction forms a type of Cooper pairs 

in the system keeping seniority. Therefore the matrix elements 2220 ,υυ , in (2.12) 
and (2.13) nonconserving seniority become zero. There remain only the following 
values: 

( )1)(
0 +−Ω−= NGNE N        

( )( ) Ω=−−Ω−−= GENNG N )(
01ε       

( )( ) GENNGC N
L 2212 )(

0 −=−−−−Ω−−= ε                                (2.18) 
These expressions show that the pairing interaction between nucleons leads to the 
energy independence ε  of each pair of nucleons D and matrix elements of the D 
pair interaction between itself LC  from the pairs number of N. Moreover,

 0→ε
LC  

when ∞→Ω  it shows the total energy proportionality to the product of DNε . 
Such behavior of the energy of the system means that the contribution of the 
pairing interaction of the D-bosons in it decreases with the increase of their 
number, that is, the increase of the distance between the levels decreases with the 
increasing angular momentum of the pairs. 
 
 

III. Application of the theory to the structure of spherical 
nuclei 

 
3.1. Interaction parameters. The offered approach we apply to the spherical 

isotopes of ruthenium: Ru104.102.100 . The potential of the nucleon-nucleon 
interaction is chosen in the simplest form: 

                                ( ) ( ) CTSSw UrrfSUUUV +++= 012 ,π . 

Here, wU , SU  и TU  are the parameters of the Wigner, singlet and tensor forces, 

Sπ and 12S  are the operators of singlet and tensor projection,  ( )rf  is the radial 
dependence of the nuclear forces is selected as the potential of Gauss, CU is the 

Coulomb potential. Instead of the radius 0r  the quantity 
ρ

λ 0r=
 
is introduced,  
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where ρ  is the "oscillatory" radius. In general, the effective nucleon interaction 
can be written as follows: 
 

pnppnn VVVV ++=  
 
As the studies have shown [8], the nuclei in the range of atomic weights A 

are a good target for the use of the generalized senorita model. To study the 
structure of the nuclei in this range as a doubly magic nucleus the isotope of Sr88

 
is selected. Its neutron shell contains 50 particles, and proton shell completes 
filling 

2
31P  level with 38=Z . The distance between the last filled subshell and 

the beginning of the filling 
2

11P  is of order  3 MeV. Therefore, the proton shell 

can also be considered semi-magic. As a single-particle proton states the lower 
state of the nucleus Y89  is taken, the binding energies of which are equal to 

MeVP 07,71
2

1 −=⎟
⎠
⎞⎜

⎝
⎛ε , ( ) .16,60 29 MeVg −=ε  The interaction parameters ppV  were 

determined from the properties of Zr90  nucleus, the best fit of the spectrum in 
these nuclei are obtained with the following values of the parameters: 7,0=λ , 

25−=WU MeV,  30−=SU  MeV,  7=TU  MeV. These values are close to the 
values of the corresponding parameters of the potential for heavy nuclei.  

The Strontium isotopes Sr91,90,89  are convenient objects, from which you 
can extract the neutron properties of nuclei in this region. As a single-particle 
neutron levels the lower states of the nucleus Sr91,89  are taken (in MeV): ( ) ( ) ( ) ( ) ( ) .31,10;02,10;72,02;38,02;01 21127232125 ===== hgdSd εεεεε  
From the spectra of states of the nucleus the parameters of interaction of neutrons 
were found: 7,0=λ , 18−=WU  MeV,  12−=SU  MeV,  3=TU  MeV.  

The interaction parameters pnV  are found from the description of the 

structure of Y90  nucleus: 7,0=λ МeVUW 32−= ,  28−=SU  MeV,  4=TU  
MeV. 

 
3.2. The spectra of the Ru104.102.100  nuclei.  With the help of selected 

parameters of nucleon interaction the values of lower energy states of spherical 
isotopes of Ru  are calculated and their comparison with experimental dates are 
given in table 1. 
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Table1. Spectrum of the spherical isotopes of ( )МэвRu  Ru100 Ru102   Ru104  
 
πI  

Ru100  Ru102  Ru104  
Exper. Calcul. Exper. Calcul. Exper. Calcul. 

+
g0  0 0 0 0 0 0 
+
g2  0,54 0,55 0,48 0,50 0,36 0,37 
+
g4  1,23 1,25 1,11 1,13 0,89 0,91 
+
g6  2,08 2,11 1,87 1,93 1,56 1,61 
+
g8  3,06 3,09 2,70 2,78 2,32 2,37 
+
g10  4,09 4,31 3,43 3,92 3,11 3,38 
+
g12  - 5,52 4,05 4,89 - 4,53 

+
β0  1,13 1,16 0,94 1,01 0,99 0,94 
+
β2  1,87 1,91 1,58 1,63 1,52 1,42 
+
β4  - 2,78 - 2,38 2,08 1,93 
+
γ2  1,36 1,34 1,10 1,08 0,89 0,85 
+
γ3  1,88 1,82 1,52 1,48 1,24 1,19 
+
γ4  - 2,51 1,80 1,93 1,50 1,66 
+
γ5  - 3,36 2,22 2,38 1,87 1,93 
+
γ6  - 4,29 2,58 2,79 2,20 2,41 

 
In it the icons of the spin states mean: g-yrast band, γβ ,  are β  and γ - 

bands, respectively. 
Analysis of the nuclei spectrum shows that the lower states up to the +

g8  
yrast band, also up to the +

γ5  levels of −γ bands are described by the theory very 

well, and the energies of the states above the +
g10  level are different from their 

experimental values by 15-20% or more. This is, apparently, due to the deviation 
of the nucleus in these states from the sphericity, as well as the presence of 
contributions of other pair states except SD-pairs. 

3.3. Relative probabilities of γ -transition В(Е2). The obtained wave 
functions of the states of nuclei allowed us to calculate the reduced probabilities 
of the electromagnetic E2 transitions B (E2). 

Table 2 shows their relative values compared with the experimental 
values. The experimental values as the energy states and the probabilities of the 
electromagnetic transitions are taken from the collections of tables [9]. 
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Table2. Relative values )2(EB of the isotopes Ru .   
 

Relative 
quantities 

πI  

Ru100  Ru102  Ru104  
Exper. Calcul. Exper. Calcul. Exper. Calcul. 

gg

gg

02
24

→

→ ++

 
 

21,050,1 ±  
 
46,1  

 
2,043,1 ±  

 
38,1  

 
2,043,1 ±  

 
36,1  

gg

g

02
20

→

→β  
 

2,099,0 ±  
 
04,1  

 
15,076,0 ±

 
87,0  

 
6,046,0 ±  

 
54,0  

g

g

02
22

→

→

γ

γ  
 

9,04,15 ±  
 

22  
 

326 ±  
 

24  
 

421±  
 

25  

gg

g

02
22

→

→γ  
 

15,090,0 ±  
 
03,1  

 
15,090,0 ±

 
01,1  

 
2,00,1 ±  

 
93,0  

g23
23

→
→

γ

γγ  
 

511±  
 

16  
 

327 ±  
 

22  
 

326 ±  
 

24  

 
 
 
As can be seen from Table 2 the relative values of the B(E) transition for 

the lower states of all the bands are described by the theory quite well. It should 
be noted that all the transitions with a change of the pairs number per unit of 
approximately the same order, and the transitions with a change in the two pairs 
of particles are one order of magnitude smaller than the transitions with the state 
changes in a pair of particles. The values of the transition probabilities on the 
order are reduced when the transition takes place from the band to the other band. 

 
 
 

IV.  Conclusion  
 
The SD-pair shell model describes very well the structure and the 

probability of γ  transitions between low-lying states of the spherical nuclei. The 
spectra of the B (E2) quantities as well as the wave functions of all the isotopes of 
Ru between themselves are fully correlated. The calculations show that the 
estimated values, the closer to the experimental data, the more S-pairs of nucleons 
system are included in the calculation. But with the D-pair number increase the 
difference of these values grows. This is probably due to the need to add to the 
theory of pairs with high momentum. 
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