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Abstract

The coupling of scalar field with gravity in a general comoving spher-
ically symmetric system is reconsidered. Spherical symmetry implies the
independence of the field on the angular variables and the equivalence
of the consistency of Einstein equation condition to the vanishing of the
divergence of the energy momentum tensor of field. The explicit system
of equations is reduced by deriving a generalized cosmological equation.
The scheme is exemplified in the Robertson-Walker space-time. Some
comments on the possible solutions of the schemes are performed.
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1 Introduction

The study of the coupling of scalar and gravitational field is of interest in Gen-
eral Relativity under many aspects. They run from mathematics to physical
applications. Self gravitational interaction of matter fields has been widely
studied on mathematical ground in case of massless field in spherically sym-
metric space-time [2, 3]. The problem is also relevant for the formulation of a
cosmological model. It plays indeed a fundamental role to explain the dynam-
ics of inflation (e. g., [4]), the description of gravitational collapse and black
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hole and singularity formation (e. g., [6, 1]). In the present paper a study of
the interaction of gravity with a massive scalar field in spherically symmetric
comoving system is reconsidered.

Such context is of interest because it represents the framework for the
formulation of an inhomogeneous cosmological model [5]. The scalar field
equation is coupled the Einstein field equation whose source is the energy mo-
mentum tensor Tμν(φ) of the field. The scheme, made explicit in the Lemâitre-
Tolman-Bondi (TLB) space-time, gives rise to a set of coupled non linear par-
tial differential equations. On account of the spherical symmetry the field φ is
allowed to depend only on the radial and time coordinates. There results also
that the validity of the scalar field equation is equivalent to the consistency
condition of the Einstein equation, namely to the requirement that Tμν(φ) has
zero divergence. The study of the explicit equations was previously performed
in the static case [8] and in the special cases of dependence of the fields on
one only space-time coordinate [10]. It is possible however to go further in the
development of the general scheme and to introduce a generalized cosmological
equation that results coupled to the scalar field equation. The equations have
however an involved structure and the very problem is their decoupling.

The scheme greatly simplifies in the special case of the Robertson Walker
space-time. In this case, it can be reported to the solution of separated non
linear differential equations in the fields and in the ”radius” of the Universe
that are solved in a special case.

Some comments on special solutions of the general scheme are developed
that show the difficulty of determining an exact one.

2 Formulation of the scheme and basic results

The object is here to study, in the General Relativity context, the interac-
tion of a scalar field φ(xμ) with gravity. We denote by Tμν = ∂μφ∂νφ −
(1/2)gμν[∂

αφ∂αφ − m2
0φ

2] the energy momentum tensor of the field. A pos-
sible formulation of the interaction is of requiring the validity of the coupled
Einstein and the (minimally coupled) scalar field equation

Rμν − 1

2
Rgμν = kTμν (k = 8πG/c4) (1)

∇α∇αφ + m2φ = 0 (2)

(m0 the mass of the field). By contracting indexes in (1), the eq. (1) can be
put into the form

Rμν = k(∂μφ∂νφ − 1

2
m2

0φ
2gμν) (3)

Therefore one can equivalently formulate the problem by (2) plus (3). The
interaction scheme is now studied in the framework of the comoving spherically
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symmetric systems of metric tensor gμν such that

ds2 = gμνdxμdxν = dt2 − eγ(r,t)dr2 − y2(r, t)
(
dθ2 + sin θ2dϕ2

)
(4)

A first consequence of this assumption is that φ(xμ) cannot depend on the an-
gular variables. Indeed if Rμν is made explicit in the metric (4) (e. g., [9]) one
obtains 0 = Rθϕ = k∂θφ∂ϕφ. Since Rθθ(r, t) ≡ k[(∂θφ)2 + (1/2)y(r, t)2m2

0φ
2],

then ∂θφ = 0 implies φ = φ(r, t). Similarly ∂ϕφ = 0 implies ∂θφ = 0. Accord-
ingly, once eqs. (2), (3) are made explicit in (4), they become (φ̇ = ∂tφ, φ′ =
∂rφ):

Rtt ≡ 2γ̈ + γ̇2

4
+ 2

ÿ

y
= k(φ̇2 − 1

2
m2

0φ
2) (5)

Rrr ≡ 2yy′′ − y′γ′y
y2

− eγ(
γ̇2

4
+ γ̇

ẏ

y
+

γ̈

2
) = (φ′2 +

1

2
eγm2

0φ
2) (6)

Rθθ ≡ −1 +
e−γ

2
[2yy′′ + 2y′2 − yy′γ′] − yÿ − ẏ2 − yẏγ̇

2
=

k

2
m2

0φ
2 y2 (7)

Rtr ≡ 2
ẏ′

y
− γ̇

y′

y
= kφ′φ̇ (8)

φ̈ − e−γφ′′ + e−γ(
γ′

2
− 2

y′

y
)φ′ + (

γ̇

2
+ 2

ẏ

y
)φ̇ + m2

0φ = 0 (9)

The form (9) of the scalar field equation follows, e. g., by specializing to the
present case the results in [7]. A second consequence of spherically symmetry
assumption (4) is that the consistency condition of the Einstein field equation,
namely ∇μTμν(φ) = 0, is equivalent, for non trivial fields, to the requirement
that φ satisfies its own field equation. Indeed a direct computation gives [10]

∇μTμθ = ∇μTμϕ = 0, ∇μTμr = φ′ F (φ), ∇μTμt = φ̇ F (φ), (10)

where F (φ) denotes the left hand side of (9). The system (5-9) has already
been studied in the static case [8] and, systematically, when each function
y, φ, γ depends a priori on one only variable [10]. There are further general
aspects of the scheme that can be considered before discussing the solution.

3 Main developments.

Note first that eq. (8) can be integrated exactly to obtain

eγ =
y′2

1 + 2E
exp

[
−k

∫ t

0
dt

y(r, t)

y′(r, t)
φ̇(r, t)φ′(r, t)

]
(11)
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where the arbitrary radial integration function has been given the form 1 +
2E(r) in analogy to the LTB cosmological model. By using (11) in (5) one
gets

(ÿy2)′ = ky2y′(φ̇2 − m2
0

2
φ2

)
− k2

4

y4

y′ φ
′2φ̇2 +

k

2

y2

y′ ∂t(φ̇φ′yy′) (12)

By inserting the first left term of (5) into (6) and then the first left term of
the resulting (6) into (7) one obtains

ẏ2 + 2yÿ + 1 − y′2e−γ = ky2(φ̇2 + φ′2e−γ − m2
0φ

2) (13)

By taking into account (12) in (13) one finally is left with

ẏ2

2
+

M(r, t)

y
+

1

2
=

1

2
e−γy′2 +

k

4
y2(φ̇2 + φ′2e−γ − m2

0φ
2) (14)

M(r, t) =
∫ r

0
dr

[
ky2y′(φ̇2 − m2

0

2
φ2

)
− k2

4

y4

y′ φ
′2φ̇2 +

k

2

y2

y′ ∂t(φ̇φ′yy′)
]

(15)

The problem of the solution of the scheme is therefore shifted to find the
simultaneous solution of (14) and (9). The equation (14) is still a very involved
equation. Formally it can be interpreted as a generalized Kepler-like equation
for a particle of mass 1 subjected to the gravitational field of a mass M(r, t)
(the action of the scalar field included) and the scalar field itself. In the next
Section the scheme is specialized to the Robertson-Walker space-time metric.

4 Robertson Walker space-time

We apply the previous formulation to the case of the metric tensor

gμν = diag
{
1,− R2(t)

1 − ar2
,−r2R2(t),− sin2 θ r2R2(t)

}
(16)

a = 0,±1. One has therefore exp γ = R2(t)/(1 − ar2) and y(r, t) = rR(t). By
comparing with (11) one finds that it must be

φ̇φ′ = 0, 2E = −ar2 (17)

Hence φ = φ(r) or φ = φ(t). Meaningful solutions are possible only for φ =
φ(t). Indeed Suppose first φ = φ(r). Then (9) becomes

−(1 − ar2)φ′′/R2 + ((3ar2 − 2)/r)φ′ + m2
0R

2φ = 0 (18)

Hence R = const.. Suppose now φ = φ(t). The scalar field equation becomes

φ̈ + 3(Ṙ/R)φ̇ + m2
0φ = 0 (19)
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By calculating M(r, t) and equating the result to y2ÿ ≡ r3R2R̈ one has

R̈R2 = k
(
φ̇2 − m2

0φ
2/2

)
/3 (20)

The gravitational equation (14) gives, with M = (kr3R3/3)(φ̇2 − m0φ
2/2),

Ṙ2 + kR2
(
φ̇2 + m2

0φ
2
)
/6 = −a (a = 0,±1) (21)

while by using again M = r3R2R̈ gives

R̈

R
+

Ṙ2

2R2
+

a

2R2
=

k

4

(
φ̇2 − m2

0φ
2
)

(22)

or
R̈

R
+ 2

Ṙ2

R2
+

2a

R2
=

k

2
m2

0φ
2 (23)

The problem is reduced, e. g., to the solution of the coupled equations (19),
(21). For a = 0, one can obtain a closed equation for R and φ by inserting
into (21) the expression of Ṙ/R obtained from (19). The equation so obtained
are not of immediate solution. In the special case a = m0 = 0, k < 0 one has

φ = ±
(
3|k|/2

)− 1
2 log

[
± t

(
3|k|/2

)1
2 − b

]
+ c, R =

[
± t

(
3|k|/2

)1
2 − b

] 1
3 (24)

b, c integration constants.

5 Comments.

It does not seem easy to find a solution of the system (5)-(9) or (14), (9).
Complexity can be reduced if the field depends on one only variable φ = φ(r),
or φ = φ(t). In such situations, from (8) one gets

eγ = y′2/(1 + 2E) (25)

Suppose first φ = φ(r) and look for factorized y-solutions: y = x(r)T (t).
By making explicit the scalar field equation under the present assumptions
one easily concludes that T = constant, that is y � x(r). From (12) then
y2y′φ2 = 0, that is y = const. or φ = 0.

Suppose now φ = φ(t). With again y = x(r)T (t), (5)-(9) give

T̈ = kT (φ̇2 − m2
0φ

2/2)/3 (26)

2E ′ = αxx′ (27)

2x′E + xE′ = βx′x2 (28)

T̈T + 2Ṫ 2 + km2
0φ

2T 2/2 = α (29)

T̈T + 2Ṫ 2 + km2
0φ

2T 2/2 = β (30)

φ̈ + 3φ̇(Ṫ /T ) + m2
0φ = 0 (31)
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(In [10] the equations corresponding to (26), (27) have wrong coefficients).
Consistency implies α = β. Hence (27), (28) give x2 = cE. Combining (26),
(39) with α = 0, one has

(Ṫ /T )2 = −k(φ̇2 + m2
0φ

2)/6 (32)

∂t(Ṫ /T ) = kφ̇2/2 (33)

Ṫ /T = −(m2
0φ + φ̈)/(3φ̇) (34)

Note that (34) is indeed a function of (32) and (33) as it can be checked by
taking the time derivative of (32) and using (33) in the result. By deriving
Ṫ /T , obtained from (33), with respect to t and comparing with (33) one has

2φ̈2 + 4m2
0φφ̈ + 2m4

0φ
2 + 3m2

0φ
2φ̇2 + 3kφ̇2 = 0 (35)

while the time derivative of (34) compared with (33) gives

2φ̇∂tφ̈ + 2m2
0φ̇

2 − 2m2
0φφ̈ + 2φ̇4 − φ̈2 = 0 (36)

The last equations are not compatible unless φ = 0.
As a consequence of the above discussion, it does not seem that looking

for factorized solution represents the correct approach to the solution of the
problem, even under the over-simplification leading to (25).

It remains open the problem of finding an exact solution of the equations
(5)-(9). Even providing a consistent approximation method of solution of the
scheme could be very appreciable for physical applications.

References

[1] M. W. Choptuik, Universality and scaling in gravitational collapse of a
massless scalar field, Physical Review Letters, 70 (1993) 9.

[2] D. Christodoulou, The problem of a self-gravitating scalar field Commu-
nications in Mathematical Physics, 105 (1986) 337.

[3] D. Christodoulou, Global existence of generalized solutions of the spher-
ically symmetric Einstein-scalar equations in the large, Communications
in Mathematical Physics 106 (1986) 587

[4] E. W. Kolb, M, S. Turner, The Early Universe. Addison-Wesley Publish-
ing Company. New York, 1990.

[5] A. Krasinski, Inhomogeneous Cosmological Models, Cambridge University
Press, Cambridge, 1997.



Scalar field couple to gravity in LTB space-time 1107

[6] R. Penrose, Gravitational Collapse and Space-Time Singularity Physical
Review Letters, 14 (1965) 57.

[7] A. Zecca, Scalar field Equation in Lemâitre-Tolman-Bondi Cosmological
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