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Abstract

In this paper we’ll focus on the phenomena of crystallization of sea
water in the cracks of ancient ice. Rapidly occurring processes of ice for-
mation in a divorce can have a significant impact on the pattern of heat
transfer in a local area isothermal between the ocean and atmosphere.
In this paper we consider a model of a mushy layer.

Keywords: Crystallization sea water, model of the mushy layer

1 Introduction

Graphic scheme a process model crystallization at the boundaries between
the ice and the sea water is shown in Fig. 1: the crystallization front h(t)
moves deeper into the ocean due to atmospheric cooling boundary z = 0.
Atmospheric temperature changes with time - a feature Ta(t), defined by z = 0,
assumed to be known from work [1].
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Fig. 1. Scheme crystallization process seawater. Plane front model (left) and
a mushy layer model (right).

2 Math model of the mushy layer

Also from [1] temperature profile in ice at each time point will assume a linear
function spatial coordinates:

Ti(z, t) = T0(t) + C1(t)z, 0 < z < a(t), (1)

where C1(t) - some function of time. Guided by similar considerations, we
also assume linearity of the temperature profile along the coordinate z in the
two-phase area, i.e. We assume

Tm(z, t) = T1(t) + zT2(t), a(t) < z < b(t), (2)

where a(t) and b(t) - border zones: ice – mushy layer and the mushy layer
– water, respectively. Expressions for the T1(t) and T2(t) are solutions of
problem (note that the slopes of the distributions (1) and (2) different). The
linear temperature Tm(z, t) is the significance of the length of the time period
of increasing mushy layer relative thermal relaxation time field, and also shows
that the change in the proportion of solid phase region (consistent with the
recently obtained solution).

We consider that the diffusion coefficient is much less than the coefficient
thermal diffusivity. The equation of mass balance mushy layer [2]:

∂

∂t
[(1− ϕ)Sm] + kSm

∂ϕ

∂t
= 0, a (t) < z < b (t) , (3)

where Sm (z, t) - impurity concentration (fraction of the solid phase in the
mushy zone), and k - coefficient impurity distribution, representing the ratio of
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the concentrations solution into solid and liquid phases at the boundary of the
phase transition. Equation (3) implies that all the salt is displaced in liquid
matrix system or a solid phase absorbed with coefficient of k (neglected its
diffusion on tap comparison with these processes). We will use the expression
(3) as the simplest approximation, responsible for contributing the cumulative
effect of impurities on the moving boundary of the phase transition (a key
feature of continuous sub-cooled two-phase zone). From a mathematical point
of view, this expression implies differential equation describing the impurity
conservation at Dw = 0.

We will consider the mushy layer in the state of thermodynamic equilibrium.
The temperature and concentration then related by the equation liquidus:

Tm (z, t) = Tp −mSm (z, t) , a (t) < z < b (t) , (4)

where m represents the slope of the liquidus line, determined from phase dia-
gram, and Tp is the temperature of crystallization at Sm = 0. We shall now
consider the situation where the temperature field in the liquid phase is a
constant Tb at z > b (t) - this assumption, in particular, gives us possible to
determine the concentration of impurities on the moving boundary z = b (t)
of the equation (4).

We write on the boundary conditions for the problem: the equations of heat
and mass balance and continuity of temperature (see also [3], [?]) from the
mushy layer – ice:

ϕ = ϕa, Ti = Tm, z = a (t) , (5)

LV (1− ϕa)
da

dt
= ki

∂Ti
∂z
− F (ϕa)

∂Tm
∂z

, z = a (t) , (6)

(1− k)Sm
da

dt
+Dw

∂Sm
∂z

= 0, z = a (t) , (7)

where LV - parameter, responsible for the latent heat, ki and kw - coefficients
of thermal conductivity in the solid and liquid phases, Dw - the diffusion
coefficient of the salt in water.

On the border of the mushy layer – the ocean, the following conditions
continuity temperature and balance:

ϕ = ϕb, Tm = Tb, z = b (t) , (8)

ϕb
db

dt
=
F (ϕb)

LV

∂Tm
∂z

=
Dw(1− ϕb)
(Sb − S∞)

∂Sm
∂z

, z = b (t) . (9)
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The lower indexes a and b hereafter denote the corresponding values at the
boundaries of a(t) and b(t), Tb is a constant temperature of the sea water at
z ≥ b (t).

Thermal properties of the mushy layer, we assume weighted average com-
pared to similar indicators ”‘ clean ’” phase values, so that

F (ϕ) = kw (1− ϕ) + kiϕ. (10)

Equation (10) gives the exact result for the band medium, when the normal
component of the heat flux to the plane of the layers is absent (when ice crystals
are an elongated structure). Correctness (10) repeatedly discussed previously
(see, for example [4]).

Integrating the expression (3) and taking into account the expression (2)
(4), (8), we arrive at an expression for the particle distribution solids in the
mushy layer:

ϕ (z, t) = 1− (1− ϕb)
[

Tp − Tb
Tp − T1 (t)− zT2 (t)

]α
, a (t) < z < b (t) , (11)

where α = (1− k)−1. Substituting expressions (1), (2) and (4) into the bound-
ary conditions (5) - (9) gives

C1 (t) =
LV
ki

(1− ϕa)
da

dt
+
F (ϕa)

ki
T2 (t) , (12)

{T2 (t) [b (t)− a (t)] + Tp − Tb} (1− k)
da

dt
= DwT2 (t) , (13)

T0 (t) + C1 (t) a (t) = Tb + T2 (t) [a (t)− b (t)] , (14)

T2 (t) =
LV ϕb
F (ϕb)

db

dt
, ϕb =

1− Pbkw
1 + Pb(ki − kw)

, (15)

T1 (t) = Tb − b (t)T2 (t) , Pb = −(Sb − S∞)m

LVDw

, (16)

ϕa (t) = 1− (1− ϕb)
(Tp − Tb)α{

Tp − Tb + [b (t)− a (t)] LV ϕb

F (ϕb)
db
dt

}α . (17)

Substituting (15) into (13) and combining (12), (14) and (15) arrive at two
non-linear equations to determine the moving borders:

{
LV ϕb
F (ϕb)

db

dt
[b (t)− a (t)] + Tp − Tb

}
(1− k)

da

dt
= Dw

LV ϕb
F (ϕb)

db

dt
, (18)
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LV
ki

(1− ϕb) (Tp − Tb)α a (t)

[
da

dt
+

kiϕb
F (ϕb)

(K − 1)
db

dt

]
×

×
{
Tp − Tb + [b (t)− a (t)]

LV ϕb
F (ϕb)

db

dt

}−α
= (19)

= Tb − T0 (t)− LV ϕb
F (ϕb)

b (t)
db

dt
,

where K = kwk
−1
i .

3 Results

Now consider the case when

Tp − Tb <<
LV ϕb
F (ϕb)

[b (t)− a (t)]
db

dt
, a (t) << b (t)

and the left side of the equation (19) is negligible compared with its right-hand
side (this situation is very common in many natural physical systems, such as
binary alloys and solutions). Given these strong inequalities, we obtain from
(18) and (9) Exact analytical expressions for moving boundaries

a (t) =
Dw

1− k

∫ t

0

dt

b (t)
+ a (0) , (20)

b (t) =

{
2F (ϕb)

LV ϕb

∫ t

0
[Tb − T0 (t)] dt+ b2 (0)

}1/2

, (21)

where a (0) and b (0) - corresponding original coordinates borders. Equations
(20) and (21) indicate exposure temporal dispersion of the dynamics of the
process. As expected, the law movement of both the zone boundaries is self-
similar (coordinates a (t) and b (t) is proportional to the square root of time) at
a constant temperature of T0 [5]. If we assume that the external temperature
T0 (t) subject to various changes over time, our moving the boundaries between
the two are self-similar regimes corresponding to the maximum T0max and a
minimum T0min surface temperatures obtained during the experiment. In this,
for mushy layer - the liquid phase, we have:

[
2F (ϕb)

LV ϕb
(Tb − Tamax) t+ b2 (0)

]1/2
≤ b (t) ≤

≤
[

2F (ϕb)

LV ϕb
(Tb − Tamin) t+ b2 (0)

]1/2
.
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It should be noted that similar modeling approaches are used in research
and in other areas of science (see for example [6, 7, 8])

4 Conclusion

In conclusion, we note that in this paper is defined model the solidification
of binary solution mushy layer in the isothermal ocean (crystallization in con-
stant fluid temperature).
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