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Abstract

It is proposed that an entropy be associated with an arbitrary hori-
zon such as the one that accompanies an accelerated system. Einstein’s
equations result as a type of consistency condition on space-time trans-
formations considered as deformations of space-time. The entropy of a
bulk region of space-time resides in its boundary when Einstein’s equa-
tions are satisfied.
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A conceptually simple way in which particles can appear to an observer to
be produced out of the vacuum is for an observer to undergo an acceleration
[1-3]. Unlike an inertial observer in Minkowski space-time, an accelerating
observer is out of causal contact with a portion of the entire space-time due to
the presence of a horizon. As a result, the inertial pure Minkowski quantum
vacuum state will appear to the observer to be in a mixed thermal state.
It should be pointed out that at some level, macroscopic space-time must
match up with the underlying vacuum state of Dirac which is fundamental to
quantum field theory. Thus another way of generating particles and radiation
is by means of elementary particle interactions. This vacuum is the same
arena which experiences pair production and other events under the conditions
present in the particle physics experiments that are carried out all the time. In
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general relativity, the gravitational field is a geometric effect which is described
by the curvature of space-time under the influence of matter-energy and the
strength of the field is characterized by a length scale, the curvature radius
Rcurv. This can be compared to the natural length scale made out of the
fundamantal constants c, � and G, the planck length lp = (�G/c3)1/2 ≈ 10−33

cm. The wavelengths of particles studied in the lab are also much larger
than lp. It is generally held that whenever Rcurv, λ >> lp, the semiclassical
approximation holds, and we can ignore the quantization of gravity. The
gravitational field is thought of as a classical curved space-time over which
quantum mechanics is done.

An observer for example who undergoes a constant acceleration in Minkowski
space-time observes thermal radiation at a temperature which is proportional
to the acceleration. This is usually referred to as the Unruh effect for a quan-
tum field theory which is defined on a nontrivial geometry [4,5]. The direct
observation of this effect may be hard to achieve due to the tiny size of the
Unruh temperature unless the acceleration is large. None the less, the state
of motion of a measuring device can influence whether or not particles are
observed to be present or not. A connection between this phenomena and
gravity can be made by means of the equivalence principle. By removing the
effects of the gravitational redshift, the Hawking effect can be thought of as a
kind of Unruh effect for an accelerating observer near the horizon of the black
hole. The purpose here is to try and expand this connection by attempting to
generalize the idea of horizon entropy to the case of an accelerating observer.
The hope is that by pushing the equivalence principle in this way, more can
be learned about gravity itself.

It has been apparent for a while that there exist deep connections between
the subjects of gravity and thermodynamics [1,6]. In fact, thermodynamics
has been considered recently from the point of view of extremal hypersurfaces
[7]. One reason for this is that the equivalence principle has led to the idea that
gravity is a result of the curvature of space-time in the presence of mass-energy.
In Einstein’s theory, as noted, gravity is a consequence of the surrounding
geometry, so distortions of space-time can be thought of theoretically as a
surface or membrane and as such is susceptible to deformations under the
influence of mass-energy. It is frequently the case that information in one region
of space-time is inaccessible to a different region of space-time. Such regions
of space-time are usually separated by surfaces which are called horizons. It is
well known that a horizon can be found just outside a black hole. It has been
seen that the presence of horizons which appear so naturally in the case of black
holes leads to a connection between entropy and the Einstein-Hilbert action
[8]. An event horizon contains all field theoretic information of a black hole. A
horizon can also result as a consequence of the acceleration of an observer. In
the former case, it is usually a compact object, whereas in the case of Unruh
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radiation it certainly need not be. Consider then pushing the equivalence
principle to such an extent that thermodynamic quantities such as entropy
generalize to these horizons as well. In the case of the accelerated observer,
such considerations might hopefully initiate further experimental work which
might provide new knowledge with regard to the nature of gravity [9].

One way in which this correspondence with the Dirac vacuum may be
realized is to think of gravity as a type of vacuum amplification or back-
reaction effect between the vacuum state and physical matter located outside
the vacuum state. For some reason, matter-energy in this position is capable
of resulting in the generation of space-time curvature. Once curvature appears
in the picture, we are led to noninertial reference systems which usually have
horizons. Quasiclassically, in both effects, observers run into event horizons
which prevent them from observing the entirety of space-time and measuring
the complete quantum state of the system. This loss of information with
regard to the actual quantum state of the system could be thought of as being
responsible for the thermal radiation that is observed on one side of the horizon.
Regarding space-time as a type of membrane has the implication that it may
act as a one-way interface for the transfer of information, and it has been clear
for some time that a deep relationship between entropy and information exists.
Thus the interfaces which appear in both of these effects may be attributed
an entropy, and this is what is studied here. Let us propose the idea that a
horizon which is the result of an acceleration can be assigned an entropy, or
entropy per unit transverse area, in much the same way as the horizon about
a black hole is assigned an entropy, as well as various other thermodynamic
functions.

The analogue of elastic deformations in the case of a space-time manifold
is a transformation of the type xα → x̄α = xα + vα(x), in keeping with the
idea that space-time is a semi-classical ‘Dirac’ membrane. Consequently, a
thermodynamic functional can be assigned to a specific space-time deforma-
tion, which can be taken to represent an entropy function. This is expressed
mathematically as a quadratic functional of the quantity Cαβ = ∇αvβ in the
absence of matter. The presence of matter will break translational invariance.
In such a case, there is a contribution to this functional which is quadratic in
vα as well. If V represents a region about the horizon, an entropy functional
for the spacetime itself can be defined as

S =
1

8π

∫
V

d4x
√−g [Aαβγδ∇αvβ∇γvδ + Bαβvαvβ], (1)

where the tensors A and B remain to be specified. It will be seen that these
tensors depend on other macroscopic variables such as the matter stress-energy
tensor Tαβ, the metric tensor gαβ, and possibly other geometrical tensors. Un-
like the case of a black hole, many horizons are not compact objects in the
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mathematical sense. This would usually be the case with an accelerated ob-
server. In this instance, the argument can be restricted to a subset H ⊂ V , or
(1) could be normalized per unit area using the integral of the volume element
over H .

Extremize S with respect to the deformation variable vα leads directly to
the result

∇α(Aαβγδ ∇γ)vδ = Bβδvδ. (2)

It is required that any deformation vα(x) is to be admissible in the space-
time provided that the background space-time satisfies Einstein’s equations.
It should then be possible to choose Aαβγδ and Bαβ in such a way that (2)
produces Einstein’s equations when (2) holds for arbitrary deformation vα(x).

It is remarkable that this requirement is sufficient to uniquely determine
the form of both tensors in (1),

Aαβγδ = gαδgβγ − gαβgγδ, Bαβ = 8π(Tαβ − 1

2
gαβT ). (3)

In (3), Tαβ is the stress-energy tensor. Let us prove that (2) implies Einstein’s
equations under (3). Substituting (3) into (2), it is found that

∇γ(∇βvγ) −∇β(∇γvγ) = 8π(T βδ − 1

2
gβδT )vδ.

Therefore

(∇γ∇β −∇β∇γ)vγ = 8π(T βδ − 1

2
gβδT )vδ. (4)

On account of the identity for commuting the covariant derivatives, the left-
hand side is exactly Rγβvγ , so (4) is equivalent to

Rγβvγ = 8π(T βγ − 1

2
gβγT )vγ. (5)

Since vγ is common to both sides of (5), the coefficients on both sides can be
equated resulting in,

Rγβ = 8π (T βγ − 1

2
gβγT ). (6)

The equations (6) are just Einstein’s equations. Under the assignment (3), the
entropy functional takes the following form,

S =
1

8π

∫
V

d4x
√−g[∇αvβ∇βvα − (∇αvα)2 + 8π(Tαβ − 1

2
gαβT )vαvβ]. (7)
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In order to obtain Einstein’s equations, the metric tensor was not varied during
the development. The quantities gαβ and Tαβ are derived, macroscopic quan-
tities and do not necessarily represent fundamental variables, so Einstein’s
equations come out as a kind of consistency relation. At this point, general
covariance arises as a macroscopic symmetry of the Dirac vacuum in the long
wavelength limit. Thus, the space-time satisfies Einstein’s equations in this
limit, and the deformation should not alter the thermodynamical functionals
that are defined there. It can be shown that the entropy expression (1) reduces
to a four-divergence when Einstein’s equations are satisfied. This allows the
expression for S to be expressed as a surface term as follows,

S =
1

8π

∫
V

d4x
√−g [∇αvβ∇βvα + ∇α∇βvαvβ −∇βvβ∇αvα −∇β∇αvαvβ]

=
1

8π

∫
V

d4x
√−g ∇α[vβ∇βvα − vα∇βvβ]

=
1

8π

∫
∂V

d3x
√

hnσ[vγ∇γv
σ − vσ∇γv

γ] (8)

In this case, the entropy of a bulk space-time region V has been shown to
reside on the boundary ∂V when Einstein’s equations are satisfied. In fact,
varying (1) to obtain (2), this surface term can be regarded as having been
held constant. The conclusion is that in the semiclassical limit when Einstein’s
equations hold to lowest order, the entropy is composed of only the boundary
term. In this sense, the system can be thought of as being holographic in
nature.
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