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Abstract

We study the evaluation of bending of light ray passing near a mas-
sive elliptical galaxy or star. To obtain this solution we used two differ-
ent, Einsteinian and Lagrangian method. In doing this, we consider and
compare the difference deflection angle between spherical and elliptical
shape objects which led to appear a small but not negligible coefficient
as oblateness independent of mass but depend on shape and geometry
of object.
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1 Introduction

Newtonian gravity predicted deflection of light passing around a massive object
[1]. In 1911, Einstein calculated the value of bending of light for a spherically
symmetric a massive object [2]. In 1916, when Schwarzschild calculated the
gravitational field around a spherical object such as galaxy, star or a planet [3],
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then the first measurement was made by Eddington, Dayson and Davidson [4],
during the solar eclipse in 1919. In 1924, Chwolson mentioned fictitious double
star and the mirror-reversed nature of the secondary image. He also mentioned
the symmetric case of a star exactly behind star, resulting in a circular image
[5]. In 1936, Einstein reported about the appearance of a luminous circle which
today is called as Einstein-ring. Einstein and Fritz Zwicky pointed out that
galaxies are much more likely to be gravitationally lensed than stars and that
one can use the gravitational lens effect as a natural telescope [5]. In 1988,
Grossman and Narayan [6] studied simulation of lensing total of 101 randomly
generated cluster and Bodenner and Will [7] calculated the deflection of light
in a spherically symmetric body to the second order. They used three different
types of, Schwarzschild, Isotropic and Harmonic coordinates systems[8]. The
gravitational field, and thus the deflection angle, depend neither on the nature
of the matter nor on its physical state [9] but is depend to shape and geometry
of object. The rigorous form of the bending angle plays an important role in
understanding properly a strong gravitational field. Thus, the main purpose of
this brief letter is to solve the line element of an elliptical object with using two
different, Einsteinian and Lagrangian approach. The, next step is to calculate
the bending of light ray passing through the gravitational field of an ellipsoidal
massive object such as a star or a galaxy.

2 Gravitational field of elliptical object

The calculation show that in special case, the bending of light in Schwarzschild
metric for spherical object, is one of the results. For this reason it is neces-
sary to determine first, what an ellipsoid in curved space is. Therefore using
following transformation x = (r2 +a2)1/2 sin θ cosϕ, y = (r2 +a2)1/2 sin θ sinϕ,
z = r cos θ and t = t [10] in general line element and in the presence of mass,
we have [11]

ds2 = eνc2dt2−eλ
(
r2 + a2 cos2 θ

r2 + a2

)
dr2−

(
r2 + a2 cos2 θ

)
dθ2−

(
r2 + a2

)
sin2 θdϕ2.

(1)
Here, r is the radial coordinate and a is a small changes in radius assumed
located in the xy-plane or equatorial (θ = π/2) only. The solutions for this
line element is like the standard Schwarzschild coordinate system. The non-
vanishing Christoffel 3-index symbols of second kind for an elliptical object are
determined as,

Γ1
11 =

λ
′

2
+

r

(r2 + a2 cos2 θ)
− r

(r2 + a2)
.
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Γ1
12 = Γ1

21 = − a2 sin 2θ

2(r2 + a2 cos2 θ)
.

Γ1
22 =

−r(r2 + a2)

eλ(r2 + a2 cos2 θ)
.

Γ1
33 =

−r(r2 + a2) sin2 θ

eλ(r2 + a2 cos2 θ)
.

Γ1
44 =

ν
′
eν(r2 + a2)

2eλ(r2 + a2 cos2 θ)
.

Γ2
11 =

−eλ

2(r2 + a2)
+

eλa2 sin 2θ

2(r2 + a2)(r2 + a2 cos2 θ)
.

Γ2
12 = Γ2

21 =
r

(r2 + a2 cos2 θ)
.

Γ2
22 =

−a2 sin 2θ

2(r2 + a2 cos2 θ)
.

Γ2
33 =

−(r2 + a2) sin 2θ

2(r2 + a2 cos2 θ)
.

Γ2
44 =

eν

2(r2 + a2 cos2 θ)
.

Γ3
13 = Γ3

31 =
r

(r2 + a2)
.

Γ3
23 = Γ3

32 = cot θ

Γ4
14 = Γ4

41 =
ν

′

2
(2)

Using these in non-zero Ricci tensors in Einstein’s field equations and solv-
ing them the line element for elliptical object with geometric units (c = G = 1)
is

ds2 =
(

1− 2M

r

)
c2dt2 −

(
1− 2M

r

)−1
(
r2 + a2 cos2 θ

r2 + a2

)
dr2 −(

r2 + a2 cos2 θ
)
dθ2 −

(
r2 + a2

)
sin2 θdϕ2 (3)

3 Bending of light rays

This metric equation of Eq.[3]is corresponds to the external gravitational field
of an uncharged elliptically symmetric body of mass M , with small perturba-
tion and a sufficiently slow rotation which we call Schwarzschild-like metric for
elliptical object. This metric depends on two constant parameter, M and a
where M is the mass of the body, while the parameter a is related to angular
momentum per unit mass and critical rotational velocity [10, 12, 13]. The line
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element Eq.[3] for a > 0, is valid for elliptical objects such as galaxy, star and
or planet and for a = 0, it becomes same as the standard Schwarzschild metric
for spherical object. Either from Einsteinian or directly from Lagrangian so-
lution we have same orbit equation for light in a gravitational field of elliptical
object. As the first method with using Christoffel symbols and four-velocity
identity uµuµ = 0, we suppose the motion of light ray (photon) is in the equa-
torial plane of elliptical object. Therefore we consider only trajectory of light
path for (θ = π/2), and consequently θ̇ = 0 and we have,(

1− 2M

r

)−1
(

r2

r2 + a2

)(
dr

dq

)2

+
(
r2 + a2

)(dϕ
dq

)2

−
(

1− 2M

r

)(
dt

dq

)2

= 0

(4)
From this metric and using non-zero Christoffel symbols (Eq.[2]) and substi-
tuted into the geodesic equations and some mathematical way we have

d2u

dϕ2
+

(
1− 3a2k2

h2

)
u = 3Mu2 (5)

where here h and k are constants of motion. This is the equation of path
of a light (photon) ray in the neighbourhood of an elliptical mass M . The
same orbit equation for light (photon) Eq.[5] can be derived by Lagrangian
method [14] too. In this way, the Lagrangian for equatorial plane (θ = π/2)
and therefore (θ̇ = 0), is

L =
1

2

[(
1− 2GM

r

)
ṫ2 −

(
1− 2GM

r

)−1
(

r2

r2 + a2

)
ṙ2 −

(
r2 + a2

)
ϕ̇2

]
(6)

and the values of Pt, Pr, Pθ and Pϕ respectively are

Pt =
∂L

∂ṫ
=
(

1− 2M

r

)
ṫ = k (7)

Pr = −∂L
∂ṙ

=
(

1− 2M

r

)−1
(

r2

r2 + a2

)
ṙ (8)

Pθ = −∂L
∂θ̇

= a2 (sin 2θ) θ̇ = 0 (9)

Pϕ =
∂L

∂ϕ̇
=
(
r2 + a2

)
ϕ̇ = h (10)

By substituting the above equations in Eq.[6], the Lagrangian for light-like
(L = 0) we have, the result interestingly as

d2u

dϕ2
+

(
1− 3a2k2

h2

)
u = 3Mu2 (11)
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These equations for (a = 0), is same as solution of Schwarzschild metric, in its
general form as

d2u

dϕ2
+ u = 3Mu2 (12)

The general solution of Eq.[5] or Eq.[11], is u(ϕ) = A cosϕ + B sinϕ, where
A and B are constants. Using boundary conditions ϕ = 0, u = 1/R and
(du/dϕ) = 0, we get A = 1/R and B = 0. After substituting these values in
the u(ϕ) have,

u = (
1

R
)cosϕ (13)

the complete solution is,

u =
1

R
(cosϕ) +

M

R2
(cos2ϕ+ 2sin2ϕ) (14)

and finally by substituting r = 1/u we have,

R = (rcosϕ) +
M

R
(rcos2ϕ+ 2rsin2ϕ) (15)

or in Cartesian coordinate system, which may be taken as approximately valid
in the nearly Euclidean space surrounding the object is

R = β

x+
(
M

R

)
(x2 + 2y2)√

(x2 + y2)

 (16)

where

β =

√
1− a2

x2 + y2
(17)

Here, R is the impact parameter, M is the mass of object located in the
centre of coordinate system and β is an additional coefficient factor, which is
independent of mass, but is depend on geometry of object only. Since, a is
small and a2 is much smaller and (x2+y2) is large and also a2/(x2+y2) is small
and therefore β is a small value and less than one but it is not a negligible term
especially for non-spherical and large mass objects, such as elliptical galaxies
and or stars. In equatorial plane of object (θ = π/2), with x = y > z and
therefore 0 < a < (x2 + y2)1/2, consequently β < 1, and in this case the object
is in its more general form as elliptical shape. In special case, when x = y = z,
then a = 0 and therefore β = 1, and it is simply describes the bending of light,
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near a spherical object for Schwarzschild line element and therefore the impact
parameter is

R =

x+
(
M

R

)
(x2 + 2y2)√

(x2 + y2)

 (18)

Interestingly enough, this work sets a limit on the ellipticity of an ellipsoidal
gravitating body for 0 < a < 1.4x.

4 Application

As example, here we consider the deflection angle, near Sun and Sirius-A
galaxy for different oblateness values which has shown in Table[1].

Table 1: Comparison of the deflection angle (δφ) near the Sun and Sirius-A
galaxy, for different oblateness values of a = (n/10)x in radians.(θ = π/2 and
ϕ = 0), (n = 0, 1, 2, ...14).
a δφ(×10−6)Sun δφ(×10−6)Sirius−A βSun βSirius−A

0 8.50620 9.61576 1 1
(0.1)x 8.52760 9.63989 0.997496867 0.997496867
(0.2)x 8.59262 9.71339 0.989949494 0.989949494
(0.3)x 8.70436 9.83971 0.977241014 0.977241014
(0.4)x 8.86839 10.0251 0.959166305 0.959166305
(0.5)x 9.09357 10.2797 0.935414347 0.935414347
(0.6)x 9.39359 10.6188 0.905538514 0.905538514
(0.7)x 9.78960 11.0665 0.86890736 0.868907360
(0.8)x 10.3153 11.6608 0.824621125 0.824621125
(0.9)x 11.0276 12.4659 0.771362431 0.771362431
(1.0)x 12.0296 13.5987 0.707106781 0.707106781
(1.1)x 13.5344 15.2997 0.628490254 0.628490254
(1.2)x 16.0753 18.1720 0.529150262 0.529150262
(1.3)x 21.6058 24.4239 0.393700394 0.393700394
(1.4)x 60.1467 67.9916 0.141421356 0.141421356
(1.5)x 60.1467 67.9916 - -

For a = 0, or spherical object, the deflection angle for Sun and Sirius-
A galaxy is about δφSun = 8.50620 × 10−6 and δφSirius−A = 9.61576 × 10−6

in radians, respectively which is exactly for Schwarzschild line element. But
for higher values of oblateness or (a > 0), and in terms of x, or y axis, in
the xy−plane (θ = π/2), the deflection angle increase with small but not
negligible values. Continually, increasing value of oblateness up to 1.4 times
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of equatorial radius of x or y, the maximum oblateness will be produce. The
relation between oblateness of a = (n/10)x, for (n = 1, 2, 3, ...14) in terms of
x, (or y), and β is shown in the Fig(1). Moreover, the relation between light

Figure 1: Relationship between β and a for θ = π/2, ϕ = 0

Figure 2: Light deflection angle (δφ) relation with shape of object.

deflection angle (δφ) with shape of object has been shown in Fig (2).
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5 Conclusion

In summary, the bending of a light ray near spherical massive objects has
already been calculated with help of Schwarzschild solution of as one of the
three tests of general theory of relativity. But for an ellipsoidal shape object,
such as an elliptical galaxy or a star, we have to use a line element describing
the gravitational field around such a body Eq.[3]. By solution of this line ele-
ment, we calculated the bending of a light ray near an elliptical object by two
different methods, Einsteinian and Lagrangian approach. The parameter a in
Eq.[3] is connected with rotation parameter and in turn is related with angular
momentum and critical rotational velocity. The additional term appeared in
Eq.[16], in terms of a, takes into account oblateness of the ellipsoidal object.
For (0 < a <

√
x2 + y2), and consequently (β < 1), Eq.[16], describe small

value bending of light ray angles, only for elliptical objects. For a = 0, and
therefore β = 1, the object is spherical and the bending of light is as well
as Schwarzschild metric. The result for elliptical object show more deflection
angle size in compare with well known value for a spherically symmetric lens
(4GM/c2r). In addition, the result shows that this extra-term plays an im-
portant role for deflection angle near equatorial plane of an elliptical massive
object. However, this additional term is very small, but is not negligible for
very elliptical massive objects, such as galaxies, stars or planets.
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