
Adv. Studies Theor. Phys., Vol. 7, 2013, no. 17, 825 - 837
HIKARI Ltd, www.m-hikari.com

http://dx.doi.org/10.12988/astp.2013.3672
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Abstract

New fundamental (Galilean invariant) dynamical equations for four-
component spinor wavefunctions are derived by using a different phase
function than the Schrödinger phase function. The derived equations are
called the generalized Lévy-Leblond and generalized Schrödinger equa-
tions because these equations reduce to the standard Lévy-Leblond and
Schrödinger equations when the Schrödinger phase function is used. The
generalized and standard equations describe the same free elementary
particles with spin 1/2, however, masses of the particles described by
these equations are not the same as the generalized equations automati-
cally account for particles with larger masses. This has important phys-
ical implications as it shows that elementary particles with the same
physical properties but different masses can result from using phase
functions different than the Schrödinger phase function. Therefore, the
main conclusion of this paper is that the existence of the three currently
known families of elementary particles in the Standard Model of particle
physics can be theoretically accounted for by choosing different phase
functions.

Keywords: Galilean space-time, extended Galilei group, spinor wave func-
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1 Introduction

A physical theory of free elementary particles with spin 1/2 can be formu-
lated in Galilean space-time if a fundamental dynamical equation describing
time and space evolution of a four-component spinor wavefunction is known.
A dynamical equation is considered to be fundamental if it is invariant with
respect to all transformations that leave the Galilei metric invariant. An ad-
ditional requirement is that the spinor state function transforms like one of
the irreducible representations (irreps) of the group of the metric [1,2]. The
fact that such equation exists was first shown by Lévy-Leblond [3,4] and hence
the equation is now known as the Lévy-Leblond equation. A comprehensive
study of this equation is given by Fushchich and Nikitin [5], who derived the
equation by using a different method than the original Lévy-Leblond method
and discussed its local symmetries.

The problem of finding Galilean invariant equations has been recently con-
sidered by de Montigny et al. [6], who constructed finite-dimensional rep-
resentations of the homogeneous Galilei group and showed how to use them
to deduce wave equations describing interactions of elementary particles with
some external fields. Moreover, Galilean invariant dynamical equations for
massive fields with arbitrary spins were obtained and classified by Niederle
and Nikitin [7]. These papers are important as they establish general rules for
formulating fundamental theories in Galilean space-time.

Our work on formulating fundamental theories in both Galilean [8,9] and
Minkowski [10,11] space-time is based on the principle of relativity and the
priniciple of analyticity, which are used to obtain Galilean and Poincaré in-
variant dynamical equations. We also derived the Lévy-Leblond equation
and showed that this equation is the only first-order fundamental dynam-
ical equation for four-component spinor wave functions [12]. In the same
paper, we demonstrated that the Schrödinger equation is the only second-
order fundamental dynamical equation in Galilean space-time, investigated
two-component spinor wave functions, and discussed the origin of the Pauli-
Schrödinger equation.

All the results presented in our previous papers [8-12] were obtained by
using the so-called Schrödinger phase function, which allows inertial observers
moving with different velocities to obtain the same form of the Schrödinger
equation and relate wavefunctions in different inertial frames. The main ob-
jective of this paper is to conduct a search for new Galilean invariant dynamical
equations by removing the requirement of Schrödinger phase function. This
leads to new invariant equations that are called here the generalized Lévy-
Leblond and generalized Schrödinger equations because these equations reduce
to the standard Lévy-Leblond and Schrödinger equations when the Schrödinger
phase function is used.
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We demonstrate that both generalized and standard equations describe
elementary particles with spins 1/2, however, masses of the particles are dif-
ferent, namely, the generalized equations automatically account for particles
with larger masses. This has important physical implications as it shows that
elementary particles with the same physical properties but different masses re-
quire phase functions different than the Schrödinger phase function. In other
words, the existence of the three currently known families of elementary par-
ticles in the Standard Model of particle physics [13] can be theoretically ac-
counted for by choosing different phase functions. Clearly, this is a new result
and its physical consequences could be far reaching.

Actually, there is a large body of literature devoted to this problem. The
most relevant work was originally done by Barut and his coworkers [14,15],
who obtained a second-order dynamical equation describing elementary par-
ticles with two mass states and suggested that their approach gives a unified
description of electrons and muons. Kruglov [16-18] significantly extended
Barut’s work by obtaining a generalized Dirac equation for a 20-component
state function and showed that such function can represent fermions with two
mass states. Other explanations [19,20] involve extra dimensions, whose exis-
tence have not yet been confirmed by high energy experiments, and topological
effects in space-time [21]. Nevertheless, these previous suggestions significantly
differ from the one presented in this paper. We shall compare the previous work
to ours after our main results are presented and discussed.

The outline of the paper is as follows: new fundamental dynamical equa-
tions for four-component spinor wavefunctions are derived and discussed in
Sec. 2; comparison of our results to those previously obtained is described in
Sec. 3; and our conclusions are given in Sec. 4.

2 New fundamental dynamical equations

2.1 Conditions for invariance of the first-order equation

We consider the Galilei metric tensor gμν = diag{1, 1, 1, 1}, with μ = 0, 1,
2 and 3, which implies for all quantities Xμ that Xμ = Xμ = (X0, Xj) and
XμX

μ = X2
0 + X2

j . In order to search for Galilean invariant equations, we
begin with the most arbitrary first order differential equation [22]

[B0∂t +Bj∂j +Bc]ψ(x, t) = [Bμ∂μ +Bc]ψ(x, t) = 0 , (1)

where B0, Bj, and Bc are constant n× n matrices, ψ is an n-component state
function, and we use the notation Bμ = Bμ = (B0, Bj).

A space time point in the coordinates of one observer xν = (t, x, y, z) is
related to the same point in the coordinates of another observer x′ν = (t, x, y, z)
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by a linear transformation

x′ν = Λν
μx

μ + aν
t , (2)

where Λν
μ is the Galilean transformation matrix, and aν

t is the transformation
parameter of space-time translations; note that there is an implied sum over
repeated indices. Under this transformation a differential operator transforms
like ∂′μ = Λρ

μ∂ρ. Applying the linear transformations [22] to the first order
equation produces [

B′μ∂′μ +B′
c

]
eiφ(x,t)ψ(x, t) = 0 . (3)

We substitute the transformed differential operators to restore the equation
to its original variables and obtain[

B′μΛρ
μ∂ρ +B′

c

]
eiφ(x,t)ψ(x, t) = 0 , (4)

where φ(x, t) is a phase function to be determined. Since the phase factor can
be commuted through the differential operator, we get

Λρ
μ∂ρe

iφ(x,t) = eiφ(x,t)Λρ
μ (∂ρ + i∂ρφ) . (5)

Commuting the phase factor through to the left side of the transformed first
order equation and dividing it out produces[

B′μΛρ
μ (∂ρ + i∂ρφ) +B′

c

]
ψ(x, t) = 0 . (6)

For the first order equation to be invariant under the transformation, the
transformed first order equation must be equal to the original first order equa-
tion. Equating terms of like differential powers then generates a set of condi-
tions on the matrices B that must be met for the dynamical equation to be
invariant. The results are

Bμ = B′βΛμ
β , (7)

and
Bc = B′

c + iB′βΛμ
β∂μφ . (8)

It is easy to show that the equation is invariant for phase functions of the
following form

φ(x, t) = ζμx
μ + ζc , (9)

where ζμ, ζc are scalar functions of the space-time translation parameter aμ
t , the

velocity vi, and other parameters called θi, which will be established later. The
extended Galilei group [2,5] relies upon the introduction of one parameter in
ζc [22]. Using the replacement ∂μφ = ζμ, the condition for Galilean invariance
of Eq. (8) may be written as

Bc = B′
c + iB′βΛμ

βζμ , (10)

which can be further simplified by using Eq. (7). The result is

Bc = B′
c + iBμζμ . (11)
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2.2 Conditions for Galilean invariance

The linear transformation used here is the Galilean transformation given by

Λ̂ = [Λμ
ν ] =

(
I 0
Rv R

)
, (12)

and

Λ̂−1 =

(
I 0
−v R−1

)
. (13)

The matrices Bμ and Bc must satisfy the conditions given by Eqs (7) and (11)
in order to form a Galilean invariant first order equation.

Applying rotations only to the first condition constrains the matrices to
the following forms

Bt =

(
b1I b2I
b3I b4I

)
and Bj =

(
b5σj b6σj

b7σj b8σj

)
, (14)

where b1, b2, b3, b4, b5, b6, b7, and b8 are constants to be determined, and σj are
the Pauli spin matrices.

Applying boosts only to the first condition further constrains the matrices
to

Bt =

(
0 0
b3I 0

)
and Bj =

(
b3σj 0
b7σj −b3σj

)
. (15)

Note that no further constraints can be formed by combining boosts and ro-
tations.

The second condition contains the unknown function ζ(vi, θj) that must be
determined in addition to the matrix Bc. With the Galilean transformation
substituted in the second condition, we obtain

Bc = B′
c + iB′tζt + iB′iRj

i ζj , (16)

which can be written explicitly in the following matrix form

Bc −B′
c =

(
A1 A2

A3 A4

)
−
(

UR 0
−βUR UR

)(
A1 A2

A3 A4

)(
U−1

R 0
U−1

R β U−1
R

)

=

(
A1 − αA1 − αA2β A2 − αA2

A3 − αA3 + βαA1 + βαA2β + αA4β A4 − αA4 + βαA2

)

= iB′tζt + iB′iRj
i ζj

= iBtζt + iBjζj

= i

(
0 0
b3I 0

)
ζt + i

(
b3σj 0
b7σj −b3σj

)
ζj
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=

(
ib3σjζj 0

ib3Iζt + ib7σjζj −ib3σjζj

)
, (17)

where A1, A2, A3 and A4 are 2× 2 matrices to be determined, UR is a unitary
rotation transformation matrix, and β = σ · v/2. We define symbols for the
transformed matrices αA1 = UA1U

−1, αA2 = UA2U
−1, αA3 = UA3U

−1 and
αA4 = UA4U

−1 as a shorthand notation.
The second component of the matrix equation (see Eq. 17) requires the

following condition to be satisfied

A2 = bI , (18)

where b is a scalar constant and I is the 2 × 2 identity matrix.
The first and fourth components of Eq. (17) add together to produce a

relationship between A1 and A4

A1 + A4 = αA1 + αA4 = U(A1 + A4)U
−1 , (19)

which gives
A1 + A4 = qI , (20)

where q is a scalar constant to be determined.
The first component of Eq. (17) combined with Eq. (18) produces

A1 − αA1 −
b

2
σjvj = ib3σjζj . (21)

which can be used to solve for ζj. Modifying Eq. (21)

σjζj =
−i
b3

[A1 − αA1 −
b

2
σjvj] =

(
m1 m2

m3 m4

)
, (22)

and solving for ζj, we obtain

ζj(θi, vj) =

⎛
⎜⎝

1
2
(m2 +m3)

i
2
(m2 −m3)

m1

⎞
⎟⎠ (23)

and

ζj(θi, vj) =

⎛
⎜⎝

−i
2b3

(a2 − α2 + a3 − α3 − bvx)
1

2b3
(a2 − α2 − a3 + α3 + bvy)

−i
b3

(a1 − α1 − b
2
vz)

⎞
⎟⎠ , (24)

with the additional constraintm1 = −m4 where a1, a2, a3, and a4 are constants
to be determined and we defined

A1 =

(
a1 a2

a3 a4

)
, (25)
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A2 =

(
a5 a6

a7 a8

)
, (26)

A3 =

(
a9 a10

a11 a12

)
, (27)

and

αA1 =

(
α1 α2

α3 α4

)
. (28)

From the constraint m1 = −m4 and the fact that α1 and α4 can vary with the
degree of rotation, it follows that

a1 = −a4. (29)

The functional dependence of ζj on θi is seperate from its dependence on vi.
Furthermore there exists a choice of constant terms A1 = aI that will remove
the rotational dependence from ζj leaving it simply proportional to velocity.

The third component of Eq. (17) provides the last piece of information
that can be extracted from the matrix equation. By substituting (18) and Eq.
(23) into Eq. (17) we have

ib3Iζt = A3 − αA3 + βαA1 +
b

4
v2 + αA4β − ib7σjζj. (30)

We solve for ζt

ζt =
−i
b3

(
a9 − α9 + βα1 +

b

4
v2 + α13β − ib7ζz

)
(31)

and the first order equation is[(
0 0
b3I 0

)
∂0 +

(
b3σj 0
b7σj −b3σj

)
∂j +

(
A1 bI
A3 qI −A1

)]
ψ(x, t) = 0 . (32)

2.3 Generalized Lévy-Leblond equation

Requiring hermiticity of the Hamiltonian can result in further constraint on the
matrices. First hermiticity of the Bi matrix requires g = 0. Second, hermiticity
of the sum κBt + Bc, where κ is an arbitrary constant scalar, requires A3 =
(b−κb3)I and A1

† = A1. Applying these constraints to Eq. (21) and Eq. (23)
lead to more constrained conditions on the phase function. Redefining the
constants to absorb b3 (i.e. b/b3 → b, q/b3 → q, and A1/b3 → A), we obtain[(

0 0
I 0

)
∂0 +

(
σj 0
0 −σj

)
∂j +

(
A bI

(b− κ)I qI − A

)]
ψ(x, t) = 0 (33)

where A must be Hermitian A† = A and q, b, and κ must be real. Equation
(33) is the generalized Lévy-Leblond equation.
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2.4 Generalized Schrödinger equation

A second-order equation can be obtained by squaring the first-order operator
of Eq. (33). Since the state function ψ(x, t) must also obey this second-
order equation, we may use the equation to establish additional limits on the
constants of Eq. (33). Based on our assumptions stated in Paper I [12],
the second-order equation should not contain any mixed partial differentials.
Hence, the obtained second-order equation can be written as

[(
0 0
I 0

)
∂0 +

(
σj 0
0 −σj

)
∂j +

(
A bI

(b− κ)I qI − A

)]2

ψ(x, t)

=

[(
bI 0
qI bI

)
∂t +

(
I 0
0 I

)
∂2

j +

(
σjA+ Aσj 0

0 −2qσj + Aσj + σjA

)
∂j

+

(
A2 + b(b− κ)I bqI
q(b− κ)I b(b− κ)I + q2I − 2qA+ A2

)]
ψ(x, t) = 0 . (34)

For this second-order equation to be a dynamical equation describing the
space and time evolution of ψ(x, t), it is required that the equation is Hermi-
tian. We already established that A is Hermitian and that q and b are real.
Under these restrictions the second and third terms of Eq. (34) are Hermitian.
The sum of the first and fourth terms of Eq. (34) is also Hermitian. Thus, the
above second-order equation becomes here the generalized Schrödinger equa-
tion for four-component spinor wavefunctions.

2.5 Energy-momentum relationship

An energy-momentum relation can be derived by considering stationary states.
The first-order dynamical equation (see Eq. 33) can be transformed into a
time-independent equation assuming that the space and time parts of the
wavefunction are separable

ψ(x, t) = ψ(x)e−iεt . (35)

Using the bispinor notation, we break the four component spinor into a pair
of two component spinors φ and χ

ψ(x) =

(
ϕ
χ

)
. (36)

Now, states with a definite momentum pj are also seperable, so we can
write (

ϕ
χ

)
=

(
ϕ0

χ0

)
eipjxj . (37)
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Furthermore, we can substitute the constant 2×2 matrix A with a sum of the
linearly combination of the Pauli matrices and identity matrix. Substituting
these expressions into the generalized Lévy-Leblond equation (see Eq. 33)
and replacing the momentum operator p̂j with its eigenvalues pj leads to the
following pair of linked equations

(ε+ ε̃)ϕ0 + [σj(pj + p̃j) + qI]χ0 = 0 , (38)

and
σj(pj + p̃j)ϕ0 + 2m0χ0 = 0 . (39)

As a linear homogeneous system of equations for ϕ0 and χ0, non-trivial
solutions exist only when the determinant of the coefficients vanishes∣∣∣∣∣ ε+ ε̃ [σj(pj + p̃j) + qI]

σj(pj + p̃j) 2m0

∣∣∣∣∣ = 0 , (40)

so we have

2m0(ε+ ε̃) − σj(pj + p̃j)σk(pk + p̃k) + σj(pj + p̃j)q (41)

= 2m0(ε+ ε̃) − (pj + p̃j)
2 + σj(pj + p̃j)q (42)

= 0 , (43)

and the energy-momentum relation for the generalized Lévy-Leblond equation
is given by

ε+ ε̃ =
1

2m0
[(pj + p̃j)

2 + σj(pj + p̃j)q]. (44)

The main difference between this energy-momentum relationship and the clas-
sical non-relativistic energy-momentum relationship is the presence of addi-
tional terms ε̃ and p̃j in the former. Both relationships can be reconcilded by
noting that Eq. (44) describes the same elementary particle with spin 1/2 but
with different mass that is accounted for by the additional terms. Introducing
E = ε + ε̃ and Pj = pj + p̃j , we can write the energy-momentum relationship
in its standard non-relativistic form

E = P 2
j /2m . (45)

2.6 Discussion

The main result of this paper is a new Galilean invariant equation for four
component spinors that is called here the generalized Lévy-Leblond equation.
It must be pointed out that the wavefunctions of this equation do not obey the
standard Schrödinger equation, which can be seen by squaring the operators of
the generalized Lévy-Leblond equation to produce a new second order equation
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that becomes a generalized Schrödinger equation; the latter has more terms
and even more important it mixes the spinor components. This is an important
result as it shows that other fundamental equations do exist in Galilean space-
time. As expected, the generalized Lévy-Leblond equation reduces to the
standard Lévy-Leblond equation obtained in Paper I [12] for the special case
when the phase function is set to the Schrödinger phase function. Based on
Eqs (33) and (34), the Schrödinger phase function is obtained when A = 0.
The free parameter b remains an arbitrary constant but can be set to b = 2m.

Using the generalized Lévy-Leblond equation, we obtained the energy-
momentum relationship and demonstrated that the relationship describes an
elementary particle with spin 1/2 but larger mass when compared to the par-
ticle described by the standard Lévy-Leblond equation. Since the main dif-
ference between the generalized and standard Lévy-Leblond equations is the
phase function, which is a new one for the former and the Schrödinger phase
function for the latter, we may now conclude that that the existence of the
three currently known families of elementary particles in the Standard Model of
particle physics [13,23] may be theoretically accounted for by choosing different
phase factors. To the best of our knowledge this is a new idea, which requires
to be now compared to the previously suggested solutions of this problem.

3 Comparison to the previous work

One of the main longstanding problems in modern physics is the existence of
three families of elementary particles confirmed by high energy physics experi-
ments [13,22]. Despite some interesting theoretical suggestions made originally
by Barut and his coworkers [14,15], Kruglov [16-18], who extended and signif-
icantly improved Barut’s work, Aguilar and Singleton [19], Beasley et al. [20],
and recently by Kaplan and Su [21], the problem still remains unsolved. It
is also unknown whether there are only three families of elementary particles
or there are other families that remain unacessable to the current high energy
experiments because of particle’s large masses.

Barut and his coworkers [14,15] obtained a second-order dynamical equa-
tion describing elementary particles with two mass states and suggested that
this approach gives a unified description of electrons and muons. Similar equa-
tion was considered and analyzed by Kruglov [16]. However, in his more recent
work Kruglov extended Barut’s work by obtaining a generalized Dirac equa-
tion for a 20-component [17] and 16-component [18] wavefunctions and showed
that such functions can represent fermions with two mass states; it must be
pointed out that Kruglov’s work described in [18] is based on the assumption
that Lorentz invariance is violated. Clearly, the work just described is relativis-
tic, which means that it cannot be directly compared to our non-relativistic
results, unless the non-relativistic limit is considered.
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Now in theoretical models with extra dimensions, the Dirac equation is
considered and its three zero modes introduced by some background fields of
nontrivial topology are typically identified with the three generations of ele-
mentary particles [19,20]. A new mechanism for the origin of the three fermion
generations was recently proposed by Kaplan and Sun [21], who considered fifth
dimensional space-time as a topological insulator and suggested that the three
generations of leptons and quarks correspond to surface modes in their theory.
These are interesting theoretical suggestions, however, their main problem is
that so far there is no experimental evidence for the existence of any extra
dimensions.

Our novel results presented in this paper clearly show that there is another
way to account for the three families of elementary particles in the Standard
Model [13,23], namely, by considering phase functions that are different than
the original Schrödinger phase function. If this is indeed the case, then it
would be possible, at least in principle, to determine theoretically a number
of families of elementary particles by finding how many physically meaningful
phase functions are allowed. However, such investigation is out of the scope of
this paper.

4 Conclusion

A new fundamental (Galilean invariant) dynamical equation for four-component
spinor wavefunctions was found. Since in a special case this new equation re-
duces to the standard Lévy-Leblond equation derived by us in [12], we call
it the generalized Lévy-Leblond equation. The main difference between the
two equations is that they are obtained with different phase functions and
that they describe free elementary particle with spin 1/2, which have all other
physical properties the same except their mass. The fact that the generalized
Lévy-Leblond equation describes elementary particles with larger masses is
used here to suggest that phase functions different than the Schrödinger phase
function may account for the existence of three families of elementary parti-
cles in the Standard Model. This suggestion significantly differs from those
previously made to account for the three families of particle physics.

Another interesting result is that the wavefunctions of the generalized Lévy-
Leblond equation do not obey the standard Schrödinger equation. Instead
by squaring the operators of the generalized Lévy-Leblond equation a new
second-order equation that is called here a generalized Schrödinger equation
is obtained. The generalized Schrödinger equation has more terms than the
standard one and even more important it mixes the spinor components. This
is an important result as it shows that other fundamental equations do exist
in Galilean space-time.
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