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Abstract. In this article we try to give a simple Quantum Gravity La-

grangean that behaves quite well. Feynman calculus for unpolarized cross-

sections, and the diagrams involved, behave good. The action is renormaliz-

able by dimension counting. It implies standard Einstein gravity for a massless

graviton. Further investigations have to be done.

1. A More or Less Well Behaved Quantum Gravity Lagrangean

in Dimension 4?

Note the identity 1

D/ 2 = � +R/ = � +Rab
[Γa,Γb]

4

using the Dirac or Clifford Algebra representation

Γa = θa + θ∗a

[θa] a ON basis on the tangent space Tp(X) over a point p and [θ∗a] a raised

ON basis on the cotangent space T ∗
p (X) over the same point p, just like in

the notation of E. Cartan, who wrote the metric g in terms of the veilbeins

ea
μ = θa

μ as gμν = ea
μδabe

b
ν , δab the Kronecker delta, and

1We sometimes suppress a minus-sign or a imaginary unit i in the following.
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D/ = Γμ(∂μ + ωμ + Aμ) = Γa∇a

Γa = ea
μΓμ.

We thus also conclude

θ∗D/ 2θ = θ∗(� +R/ )θ = θ∗�θ +R

with R the Ricci scalar. Here θ is the graviton or vierbein. Here we have

suppressed a term, including a coupling constant, 16πG. Notice that this is

the Hilbert-Einstein action

SGravity,Einstein =

∫
X

Ricci =

∫
X

R
√
gdDx

with the functional side condition

θ∗�θ = 0

imposed, which basically states that gravitons propagate with the speed of

light with the appropriate Lagrange multiplier.

Counting dimensions

LGravity := θ∗D/ 2θ = |D/ θ|2

has physical dimension 4(Compare to a YM-term if you wish, say in QED, it

has the same dimension and looks very similar.), thus naively renormalizable

in dimension 4 when using a flat background. Let’s prove this in a more

obvious manner: Our background volume measure is
√
hdDx. Then our action

functional becomes

S =

∫
|D/ θ|2

√
hdDx

θa has dimension 0 after renormalization to make it give probabilities which

are normalized to a total probability of the number 1. Thus θa
μ has mass di-

mension 1. Thus finally (θa
μ)∗(� + R/ )(θa

ν) has mass dimension 4 or length
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dimension −4. The measure has length dimension D. So we have renormaliz-

ability by dimension counting in D=4. Note for consistency the identity

√
hdDx =

√
hdet([eμ

a ])θ1 ∧ θ2 · · · ∧ θD

where θa and h have no dimension while eμ
a has length dimension 1. For

information on why the vielbeins can be interpreted as generating probabil-

ity currents via exterior algebra see my book, [5], it’s basically a statement

of compatibility or that the divergence of both the expressions generated by

vielbeins, such as the covariant divergence of the expressions

φabcθ
a ∧ θb ∧ θc = ∗θ0 = θ1 ∧ θ2 ∧ θ3,∇φ = 0

and the current vanishes, so we equate the current to the above form φ

and the form ∗θ0. Here θ0 is a normal to the hypersurface we evaluate the

current on when expressed in the orthonormal frame (θa). Actually if you set

θ0 = du = ∇u, where u is some smooth enough function and d the exterior

derivative, you end up very near to quaternionic geometry and Morse theory

or Lysternik-Schnirelman Theory. Note that u here would be 4-harmonic. See

the book Torbrand Dhrif[5] for a discussion of this. If you have a quater-

nonic structure the analysis boils down to the function u since the other viel-

beins then become expressible via the action of the quaternionic structure on

du = ∇u, otherwise you need the frame (θa
μ). There are similar thoughts

on this in the IAS Princeton lecture notes for 11-dimensional Green-Schwarz

supergravity, see [6]. We also also note duality to 8/10 dimensional gravity

models, such as in string physics in the Green-Schwarz formalism, but the

really good thing is that this theory lives in 4-dimensional space-time. This

ansatz is also connected to marginal probabilities, stochastics and the like on

manifolds, where we geometrize the concept of probability, probability dis-

tribution, stochastic differential equations(SDE’s) and diffusion(Here elliptic

PDE’s), see Oksendal[2] or Hitchin et al[9].

I now proceed to the Feynman rules that this Lagrangean implies for the

total action or Lagrangean

LTotal = θ∗D/ 2θ + LGaugeTheoryStandardModel = |D/ θ|2 + ψ̄(iD/ +m)ψ +
1

4
|R + F |2
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The vertices for this theory, not including couplings to gauge and Yang-Mills

theory are(two gravitons and one graviboson)

kμ
B[Γμ,Γν ]T

α

where kB is the Graviboson 4-momentum. T α is a basis of the Lie algebra

so(1, 3)

The other vertex

[Γμ,Γν ]f
αβ
γ T γ

is for two gravitons and two gravibosons. The fαβ
γ are structure constants

for so(1, 3).

These vertices are seen to generate isometries in the constant vacuum limit,

that is rotations and boosts, and the latter are usually solutions to the Einstein

field equation D/ 2θ = (� +R/ )θ = 0 in other words.

I would like to point out that the Lagrangean

LHypothetical = LGaugeTheoryStandardModel = ψ̄(iD/ +m)ψ +
1

4
|R + F |2

can be derived from stochastic analysis(Stratonovich calculus), however the

D/ is now a spinor connection, say in the Majorana representation on a spin

module, not to be confused with the connection given by Γa = θa + θa∗, D/ =

Γa∇a. Please separate the two, albeit it is obvious from the context which and

what we mean. Actually when both the conditions

σ = θ ∈ kerd

and

σ ∈ kerd∗

hold this is from Hodge theory equivalent to

�σ = 0

where σ is a form or section with coefficients in some space or bundle. I

should point out that we have to work with L2-spaces, that is well-defined

Hilbert spaces. In the most trivial applications and toy models one uses a
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compact smooth setting, but L2-spaces are the appropriate spaces for us in

mathematical physics.

Let us return to the Lagrangen LTotal. Notice that the structure of this

theory implies for spin-averaged graviton interactions that we get the identity

∑
s

θs
μθ

s∗
ν = gμν

for the unpolarized matrix elements. See Peskin and Schroeder[7] for various

Feynman rules of similar nature, but for gauge theory. A similar identity

holds for the graviboson. This basically, together with standard identities

from gauge theory, motivates that we have a holomorphic factorization of this

theory, which was what I proposed in my book ’Noncommutativity and Origins

of String Theory’[5], among others

W = CFC F̄

for full density correlators W and half density correlators C. This goes well

in hand with the D’Hoker-Phong Theorem, see the IAS Princeton lecture notes

in the book ’Quantum Fields and Strings, A Course for Mathematicians’[6]

and recent attempts to calculate String Theory amplitudes for high genus

or loop situations(genus greater or equal to 3). Indeed this factorization is

always very obvious and assumed from the beginning in the ansatze’s that

those theorists do. In my book I stated that this factorization not only is

the Pauli-interpretation of quantum physics, that is that the norm squared of

amplitudes serves as the probability density in quantum theory, but also at

the very heart of gravity and unified theory. See my book ’Noncommutativity

and Origins of String Theory’[5].

I summarize by the following;

• This theory or Lagrangean is naively renormalizable in dimension 4 by

dimension counting. This is as good as the standard model in particle

physics.

• Factorization of norm squared of matrix elements is evident. i.e Feynman

calculus for unpolarized cross-sections goes through, which is a great sim-

plification and desirable.
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• The vielbein and graviboson are the fundamental fields. Actually the

equation of motion will make the connection ’graviboson’ the ON Levi-

Cevita connection, that is the compatible torsion-less connection. So,

from the point of view of elementary physics this looks right.

• This Lagrangean implies standard Einstein Gravity

Ricμν − 1

2
Rgμν = 8πGTμν

with obvious notation when the graviton or vielbein is on-shell light-

like. Actually I think that the light-like criterion is obvious, gravity would

not be a long range force otherwise.

• I conjecture that there is no need for ghosts in the gravity sector above,

or, say, a Faddeev-Popov quantization. We alter the Lagrangean slightly

|Ω + F |2 �→ |D/ (A + ω)|2.

This implies 2, after a bit of calculus, the equations ∇·ω = 0 and ∇·A = 0

upon variation. These implied equations are the usual Lorentz gauge.

Further investigations in this direction have to be done.

• We have duality to 8/10-dimensional string/super-gravity models in the

Green-Schwarz formalism, and similarity to 11-dimensional Green-Schwarz

supergravity. This is a good sign, because we think those models at least

are somewhat nice. Yet our theory, notice well, lives in dimension 4.

• The following simplifying piece of calculus goes through for the Feynman

diagrams involved. If we set

Leasy := θ∗iD/ θ, θa �→ ψa
± = θa ± θ∗a

then, if we take spin or helicity averages for diagrams involving Leasy,

say in the representation we use, which satisfies

[ψa±, ψb±]+ = ±2gab

this is the same as having our Lagrangean density

2This latter expression on the right side is well defined in view of our representation of
the Dirac or Clifford algebra, as stated before.
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LGravity = θ∗D/ 2θ.

which is exactly our proposed quantum gravity Lagrangean. The rea-

son for this is that we obviously have

θa =
1

2
(ψa

+ + ψa
−)

The astute reader can verify this on R2 = C. Notice that Leasy is really

nice and simple and lives in dimension 4.
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