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Is Time Quantized?
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Abstract

We analyze the nature of the Schrödinger equation and of the Dirac
equation. Due to the theoretical reversibility of time (see Olivi-Tran
[1, 2, 3, 4]), a simple transformation of Schrödinger equation leads to
that conclusion. In the case of Dirac equation the nature itself of the
Dirac matrices leads to a quantization of time when solving this equation
with the associated matrices.
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1 Introduction

Using Dirac’s equation which was written to describe the quantum and rela-

tivistic behavior of the electron, I will show here that time may be quantized.

Moreover, in classical quantum mechanics, by using Schrödinger’s equation, I

will describe another method which leads to the quantization of time.

2 Theory

The equation in the form originally proposed by Dirac is [5, 6]

(
cα · p̂ + βmc2

)
ψ = i�

∂ψ

∂t
(1)
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where ψ = ψ(r, t) is the wave function for the electron, r and t are the space

and time coordinates, m is the rest mass of the electron, p̂is the momentum

operator, c is the speed of light, and � is the reduced Planck constant (h/2π).

The dimension of each side of the equation is energy, recalling that cp (ve-

locity momentum), mc2 (rest energy), and �/t (action/time) are all energies.

In light of this - there are some parallels with this equation and the Schrödinger

equation.

Ĥψ = i�
∂

∂t
ψ (2)

where the Schrödinger Hamiltonian is (sum of kinetic and potential energy):

Ĥ = − �
2

2m
∇2 + V (3)

and the Dirac Hamiltonian (sum of rest energy and energy due to momentum)

is [6]

Ĥ = −cα · p̂ + βmc2 (4)

The new elements in the Dirac equation, which do not occur in the Schrödinger

equation, are the vector α = (α1, α2, α3), whose components are 4 X 4 matrices,

β which is another 4 X 4 matrix, and the four-component wavefunction ψ.

Hence the Dirac equation is actually a matrix equation - while the Schrödinger

equation is simply a scalar equation. See below for its development and the

mathematical details of the equation and matrices. The Dirac equation is

superficially similar to the Schrödinger equation for a massive free particle:

− �
2

2m
∇2ψ = i�

∂

∂t
ψ (5)

If ψ is a plane wave like exp(−iωt+ ikx) this equation may be rewritten:

− �
2

2m
∇2ψ − �

ω

∂2

∂t2
ψ = 0 (6)

which leads directly to the quantization of time t.

In relativity, the momentum and the energy are the space and time parts

of a space-time vector, the 4-momentum, and they are related by the relativis-

tically invariant relation

E2

c2
− p2 = m2c2 (7)
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which says that the length of this vector is proportional to the invariant mass

m.

One could, for example, formally take the relativistic expression for the

energy

E = c
√
p2 +m2c2, (8)

replace p by its operator equivalent, expand the square root in an infinite series

of derivative operators, set up an eigenvalue problem, then solve the equation

formally by iterations.

Starting from the original form of Dirac equation:

(
cα · p̂ + βmc2

)
ψ = i�

∂ψ

∂t
(9)

The matrices α1, α2, α3 , and β, are 4 X 4 matrices. Some properties are as

follows: They are all Hermitian so that the Dirac Hamiltonian is Hermitian.

They have squares equal to the 4 X 4 identity matrix I4:

(αi)
2 = β2 = I4 (10)

and they all mutually anticommute:

[αi, αj]+ = 0; [αi, β]+ = 0 (11)

for all i not equal to j. The brackets [ , ]+ denote the anticommutator:

[A,B]+ = AB +BA (12)

Dirac defined these matrices as the following [7]

β =

⎛
⎜⎜⎜⎝

0 0 1 0

0 0 0 1

1 0 0 0

0 1 0 0

⎞
⎟⎟⎟⎠ , α1 =

⎛
⎜⎜⎜⎝

0 −1 0 0

−1 0 0 0

0 0 0 1

0 0 1 0

⎞
⎟⎟⎟⎠ , α2 =

⎛
⎜⎜⎜⎝

0 i 0 0

−i 0 0 0

0 0 0 −i
0 0 i 0

⎞
⎟⎟⎟⎠ ,

α3 =

⎛
⎜⎜⎜⎝

−1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 −1

⎞
⎟⎟⎟⎠ (13)

It is useful to define new matrices [6]
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γ0 = β; γj = γ0αj . (14)

(superscripts are contravariant vector indices, not powers) so that

γ = (γ1, γ2, γ3) = β(α1, α2, α3) = βα (15)

These matrices are known as the gamma matrices, and there are two repre-

sentations of them: [6] the Pauli-Dirac representation (and basis):

γ0 =

⎛
⎜⎜⎜⎝

1 0 0 0

0 1 0 0

0 0 −1 0

0 0 0 −1

⎞
⎟⎟⎟⎠ , γ1 =

⎛
⎜⎜⎜⎝

0 0 0 1

0 0 1 0

0 −1 0 0

−1 0 0 0

⎞
⎟⎟⎟⎠ , γ2 =

⎛
⎜⎜⎜⎝

0 0 0 −i
0 0 i 0

0 i 0 0

−i 0 0 0

⎞
⎟⎟⎟⎠ ,

γ3 =

⎛
⎜⎜⎜⎝

0 0 1 0

0 0 0 −1

−1 0 0 0

0 1 0 0

⎞
⎟⎟⎟⎠ (16)

or the chiral representation (and basis):

γ0 =

⎛
⎜⎜⎜⎝

0 0 1 0

0 0 0 1

1 0 0 0

0 1 0 0

⎞
⎟⎟⎟⎠), γ1 = γ1, γ2 = γ2, γ3 = γ3 (17)

Using the chiral basis the Dirac equation becomes:

(
cγ · p̂ +mc2

)
ψ = i�γ0 ∂

∂t
ψ (18)

The critical physical question in a quantum theory is - what are the phys-

ically observable quantities defined by the theory? According to general prin-

ciples, such quantities are defined by Hermitian operators that act on the

Hilbert space of possible states of a system. The eigenvalues of these oper-

ators are then the possible results of measuring the corresponding physical

quantity (probabilities). In the Schrödinger theory, the simplest such object

is the overall Hamiltonian, which represents the total energy of the system.

But, these observables are not in direct space. Indeed, in the (x, y, z, t) basis

of space, the Schrödinger equation leads to eigenvalues for x, y, z and t, thus t

is quantized. The same reasoning with the Dirac equation, which is even more

obvious due to the 4 Dirac matrices, is that time t is quantized when solving

Dirac’s equation.
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3 Conclusion

I showed here that in the Schödinger equation and in the Dirac equation, time

is quantized due, for the first on the theoretical reversibility of time [1] (see

equation (6)) and for the second to the natures of the Dirac matrices which

induces also naturally a quantization of time when solving this last equation

in direct space (x, y, z, t). This is consistent with my older article (see [3] ) on

the Higgs scalar field. It also might be useful to particle physicists to explain

the nature of charge (which is linked to the eigenvectors of the solution of

the Dirac equation) and straightforwardly to the nature of flavour and color

whenever a constitutive equation for flavour and color is written or exists in

the (x, y, z, t) basis. Finally, the Schrödinger equation as written in equation

(6) may explain some features of antimatter [8].
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