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Abstract. In this short review we study the state of the art of the great
challenge of contemporary physics which is reconcile Quantum Theory and its
best contribution the Standard Model of Particle Physics and General Rel-
ativity. The reconciliation passes undoubtedly through the idea of a fractal
universe.
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1 Introduction

The great challenge of contemporary physics is to reconcile the physics used at
micro cosmos (the Standard Model of Particle Physics), and the physics used at
macro cosmos (the General Relativity). General Relativity is our best theory
of gravitation. The Standard Model is a collection of Quantum Field Theories
that describes the electromagnetic interaction, the weak interactions and the
strong interactions with a number of particles that compose everything in the
Universe and which interact through exchange the gauge bosons. A similar
formulation for the gravitational interaction does not exist until now despite
having potential candidates as the string theory. Hence, qravity is considerably
harder to combine with quantum mechanics and the quest for unification of
gravity with the other forces of nature, at a microscopic level, may therefore
not be the right approach.
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General relativity and classical electrodynamics equations are invariant un-
der a scale transformation of time intervals and distances, provided we scale
too the correspondent coupling factors. In particular, the scale invariance of
general relativity was applied to the strong gravity [39, 40, 8, 44] that tries
to derive the hadron properties from a scaling down of gravitational theory,
treating particle as black-hole type solutions. Last years, in several works,
it was suggested that also quantum theory must be invariant under discrete
scale transformations, see for instance [9]. This suggestion leads to large quan-
tization scales of different magnitudes. Surprisingly these quantized quantities
have been observed corroborating that the large scale quantization conjecture
must be true, see [1, 5, 6, 32]. All suggest that these two irreconcilable theories,
the General relativity and the quantum theory, can be applied to any scale.
Should therefore be complementary theories that explain the same physical
reality. Hence, the universe has a self-similar structure, with the same phys-
ical laws appearing at different scales, see [31, 37]. What is called the fractal
universe. In the following sections we will introduce different arguments that
supports the introduction of this notion of fractal universe.

2 The Planck’s constant h and the scale in-

variance of Quantum theory

The introduction of the Planck’s constant h in the quantum theory defines a
very particular scale, at which the quantum effects must be considered. The
quantum equations, as Schrödinger and Dirac ones, are not scale invariants,
due to the presence of h. The question that naturally arises is whether it is
really a physical constant at any scale.

The invariance under discrete scale transformations appear from one of the
curious features between particles physics and cosmology that has their origin
in the large number coincidence problem, see [9, 21]. These features are the
possibility of obtaining cosmological large numbers, as mass MU radius RU

and age T of the universe, scaling up the typical values of mass m, size r and
life time t appearing in particle physics, by the scale factor 1038−40. The scale
relations are

T/t ∼ RU/r ∼ (MU/m)1/2
∼ λ = 1038−40.

From here we can scale h in order to obtain the new constant H of the new
scale invariance of quantum mechanics. From a simple dimensional analysis we
have H ∼ λ3h. The possible meaning of this new constant H is that H/(2π)
is the angular momentum of a rotating universe and this explanation is close
to the Gödel’s spin, with the Kerr limit for the spin, and with the Muradian’s
Regge-like relation for galaxies and clusters, see [9] and references therein. In
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[9] it is also described an intermediate scale invariance of quantization related
to the angular momenta of stars and close to the Kerr limit for a rotating black
hole with mass around 1030kg. Other scales related to black holes are defined
in [2, 3].

3 The quantized quantities at large scale

The first consequence of applying quantum theory to large scales has to be the
appearance quantized quantities at large scale. The trace of this behavior back
to the empirical Titius-Bode law for the planets in the solar system, see [16]
and references therein. In several papers (see for instance [1, 5, 6, 9, 32] and
references therein) impressive quantal behavior concerned to the solar system
and the stelar objects has been presented. To explain this behavior different
models have been developed in a very good accordance with the observational
data. For instance, in [1, 36] the planetary and satellites orbits have been fitted
by a quantization of the angular momentum. Moreover, an statistical analysis
of astronomical data has suggested the quantization of the cosmic redshift, a
fact that has not been explained in the context of the standard cosmologi-
cal model, see [5, 6, 9] and references therein. However in recent works it is
observed that the quantization of the cosmic redshift is almost certainly an
effect of the observation technique, see [23]. Some attempts have been made
to give rigorous and accepted explanations of these quantized quantities, see
[16, 34, 35, 43]. However, we must to see the universe, including its quantal
behavior, as indeed self–similar and to incorporate this feature into any fun-
damental description of the physical world. In [13, 14] (see also [21]) it was
proved that several scaling laws can explain some of the present cosmologi-
cal problems as the large number coincidence problem, the cosmic coincidence
problem, the cosmological constant problem, etc. Moreover these scaling laws
reinforces the point of view of a self–similar universe.

If we accept the existence of a quantization at large scale as a consequence
we have permitted orbits. In [43], one of the main objections that it is possible
to rise against the existence of permitted discrete orbits in a gravitational field
contrary to what happens in quantum mechanics is discussed. A common
experience of the gravitational field shows that we can put a mass in any orbit
we wish. Hence why there must exist allowed stable orbits in gravitational
interaction? In what sense are allowed? How are they attained? The answer
to these questions is to think in terms of a system with dissipation where the
phenomenon of limit cycles appears in a natural way, as was proposed in [15,
16, 24]. Following the reasonings in [43], at the beginning the proto-planetary
nebula dust, particles and other bodies could be found at any distance from
the central body. However, after a huge amount of time, friction and mutual
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gravitational actions produced a dissipation of the total energy and brought
matter to be stabilized in permitted orbits, the limit cycles, where particles
and dust aggregated to form planets. Of course, it is, in principle, possible to
put a body in any orbit we wish. However, if we wait for a time of the order
5 · 109 years, we finally find it in one of the permitted limit cycles. On the
other hand, the dissipation time taken by an electron in a hydrogen atom is of
0.4·10−10 seconds, see [43]. These computation is very straightforward because
if we assume that the loss energy occurs by emission of electromagnetic waves,
and for an electron we use the classical dipole emission formula, we have

dE

dt
=

2e2

3c3
ẍ2.

Moreover the acceleration can be roughly valued with the Bohr model, and we
have

m
v2

r
=

e2

r2
,

and form here we obtain a = v2/r = e2/(mr2). Therefore we have

P =
dE

dt
=

2e6

3m2c3r4
.

If we recall that the total energy in a orbit of radius r is E = e2/(2r), the
decay time becomes

Δt =
E

P
=

3m2c3r3

4e4
= 0.4 · 10−10 sec.

The computation of the energy dissipation completely due to gravitational
waves gives a decay time of order 1024 years (see [43, 46]), a time much longer
than the life of the universe. However the dissipation mechanism is much more
efficient due to friction, viscosity, etc... that bring the planets on stable orbits
in less than 5 ·109 years. This great difference of times between the decay time
for the electron in an atom and for a planet in the solar system is the one that
has given place to the existence of physical theories so different in the atomic
scale and in the cosmological scale.

One of the most important differences between the electrodynamic inter-
action and the gravitational interaction is that does not exist unit of mass but
the basic unit of charge never changes. For this reason it was and it is difficult
to detect the gravitational quantization. The dependence of the stationary
orbits on M (the central mass) and on m (the orbiting mass) makes difficult
to find a unique law for the allowed orbits (for instance for the distribution of
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planets in the solar system). Is for this reason that, in some models, are given
different expressions for the interior planets and the exterior planets, see [16]
and references therein. If all the planets had the same mass m it would be
easy to find a general law of distribution similar to the quantization given in
atomic models. It is for this reason that it is introduced the energy per unit
mass, see for instance [16, 43]). In [16] the law r ∝ n2 is obtained, and the
energy per unit mass is given by

ε :=
E

m
= −1

2
(αgc)

2 1

n2
,

where αg is the gravitational fine structure constant. Moreover, in [43] where
the law r = ae2λn is obtained, the energy per unit mass is given by

ε :=
E

m
= −1

2

(
GM

s

)2
1

e2λn
,

where a = s2/(GM).

4 The major problems in cosmology

The problem is that the accepted theories in physics for micro scale and macro
scale are apparently insufficient to explain a series of major phenomena dis-
covered in Cosmology. One of the unexplained phenomena is that the grav-
itational field in the Universe is much stronger than it should be according
to our theory of gravity and the existing amount of the baryonic matter (i.e.
the matter composed from the Standard Model particles). Consequently the
General Relativity or/and Standard Model must be modified. Therefore the
two lines of research are the modification of the fundamental law of gravity or
the assumption that in addition to quarks and leptons there are still unknown
fundamental particles called dark particles. It is the so-called dark matter prob-
lem. The origin os f this problem was that the observed motions of clusters
of galaxies and material within galaxies may be interpreted to indicate that
the laws of dynamics deviate from Newtonian models at accelerations smaller
than some critical acceleration a0 ≈ 10−10ms−2, see [13, 29]. The coincidence
a0 ∼ cH0 (the Hubble acceleration) is well known from the first works of Mil-
grom [29] where the first modified Newtonian dynamics was presented. This
coincidence is justified in [17] and [18] by different arguments. In our era of
vacuum-dominance we have H0 ∼ Λ1/2 and using some scaling laws in [21] it
is found that

a0 ∼ c Λ1/2
∼

Gmn

λ2
n

∼
GMU

R2
U

,
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where Λ is the cosmological constant, mn and λn are the nucleon mass and the
Compton wavelength respectively, and MU and RU are the mass and the radius
of the observable universe. Hence, the critical acceleration can be expressed
in terms of parameters of the micro scale and in terms of parameters of the
cosmological scale. Another interesting approach without invoking dark matter
and without invoking the modification of the fundamental law of gravity, has
been proposed in [22] based in the anti-gravity and the polarization of the
quantum vacuum composed by virtual particle-antiparticle dipoles.

The other major problem is the cosmic acceleration problem. The standard
candle observations of type Ia supernovae give a cosmic acceleration with a
positive rate, which implies the introduction of the cosmological constant in
the cosmological models. Hence, the expansion of the universe is accelerating,
see [38]. The cosmic acceleration problem tries to respond to the question of
why the current universe is accelerating and what causes this acceleration. It is
clear that the introduction of the cosmological constant give as a consequence
that the universe is accelerating. However, it is not known what is the nature
of this cosmological constant. There are essentially two ways of introducing
the cosmological constant. The first one is changing gravitation, the second is
changing matter or the introduction of the dark energy. From the large number
coincidence it is possible to deduce the accelerate expansion of the universe.
If we derive the Eddington-Weinberg relation given by

�H ∼ Gm3
nc

valid for any cosmological time (see [10, 28]) we obtain Ḣ = 0, because the
variation of G is incompatible with the observations. Now, we recall the def-
inition of the deceleration parameter q = −aä/ȧ2 and its relation with the
Hubble parameter Ḣ = −(1 + q)H2. Therefore, the strong version of the cos-
mological holography principle implies that q ≈ −1 in order to obtain Ḣ = 0.
This value of the deceleration parameter is also found in the context of the
modified Newtonian theory (MOND) in [19], when we evaluate the recessional
acceleration ar(t) = −qHvr for the objects receding from us at a rate faster
than the speed of light and compare with the value of the constant acceleration
a0 = H0c. In this case the Hubble law is applied for close distances assuming
the same behavior at first order for largest observable distance.

The explanation of the origin of the dark energy is still open. Two ap-
proaches to this problem have been developed lately. The first follow the idea
of a quantum vacuum fluctuations, with virtual particles flashing in and out
of existence. In [41, 42] it is showed that the vacuum fluctuations effectively
supplies a vacuum energy pressure which is of the right order of magnitude to
explain dark energy. In [45] Verlinde conjecture in a holographic scenario that
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the Newton and Einstein gravity are originate from an entropic force arising
from the thermodynamics on a holographic screen. A consequence of the holo-
graphic scenario is the current acceleration of the universe and the inflationary
period at early universe, see [11, 12].

5 The fractal universe

In [13] (see also [21]) it is shown that the existence of several scaling laws can
explain some of the present cosmological problems. The existence of these
scaling laws reinforces the point of view of a self–similar universe. In fact,
a universe whose structure is fractal. Another important point to take into
account is the distribution of matter when is measured at very large scales.
Recently, in [25] it is concluded that the large scale structure in the universe
is fractal out to al least 100Mpc/h and the fractal dimension is 2.1 ± 0.1.

The first cosmological theory that shows fractality at scales larger than the
observable universe was the Linde’s theory, see [27]. It was shown that the
large-scale quantum fluctuations of the scalar field φ generated in the chaotic
inflation scenario lead to an infinite process of self-reproduction of inflationary
mini–universes, making the universe fractal on the very largest scales.

On the opposite extreme, in the ultra-small near Planck scale different frac-
tal theories of quantum gravity are proposed and describe a fractal nature of
the space-time itself, see [4, 26]. The first to suggest the fractal nature of the
space–time was Nottale in his seminal paper of 1992, see [30, 31]. Nottale de-
veloped in his works the theory of scale relativity. It is a new approach to the
problem of the origin of fundamental scales and of scaling laws in physics, that
consists of generalizing Einstein’s principle of relativity (up to now applied to
motion laws) to scale transformations. It is redefined space-time resolutions
as characterizing the state of scale of the reference system and require that
the equations of physics keep their form under resolution transformations (i.e.
be scale covariant). The development of the theory is intrinsically linked to
the concept of fractal space-time, and how it allows one to recover quantum
mechanics as mechanics on such a non-differentiable space-time, in which the
Schrödinger equation is demonstrated as a geodesics equation. In fact, it is
the form taken by equations of dynamics in fractal and non-differentiable con-
ditions, see Chapter 5.6 of [31]. The conditions under which the Schrödinger
equation was derived were satisfied in protoplanetary discs and therefore were
derived the expected quantization of planetary systems. After the announce-
ment of the discovery of exoplanets in 1995, it was immediately checked by
Nottale if they verify the so–called n2 law. The first exoplanets to be discov-
ered fell exactly in the predicted fundamental n = 1 peak at a/M = 0.043
AU/M�, and the others in n = 2 peak at a/M = 0.17 AU/M�. The inner
planets of the solar system in n = 3, 4, 5, see [32]. In [32] was predicted the
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value of the inverse of the gravitational coupling α−1
g = 2072 where αg is also

called the gravitational fine structure constant. Later in [1] this value was
confirmed according with the experimental data and it was found the value
α−1

g = 2086±14. The question of the theoretical prediction of the value of this
constant is open in the standard theories, owing to the fact that there is still
no theoretical understanding of the value of the electromagnetic fine structure
constant α.

In the context of the scale relativity the cosmological constant Λ is con-
nected with the existence of an universal upper scale L which is unpassable
and invariant under dilatations (invariant under the expansion of the universe),
with the same role that the Planck scale in microphysics. The dimensional
analysis gives that Λ = 1/L2.

The scale relativity allows to actualize the Mach’s principle. The Mach’s
principle establish relations between the local properties (inertia) and global
properties of the universe. Its main contribution is the relativity of any motion.
A motion of reference system where inertial forces appear can be defined only
relative to other masses. Inertial systems (following the principle of equiv-
alence) are systems which are free fall in the gravitational field determined,
through the Einstein equations, by the whole distribution of masses in the
universe. Hence, inertial systems are defined only locally, because of the lo-
cality of the principle of equivalence, see [31]. Moreover, due to the expansion
of the universe, inertial systems are defined only locally and instantaneously,
because the position of the whole distribution of masses in the universe change
instantaneously. To solve this problem it is necessary to introduce the Mach’s
principle of the relativity of any motion and also respect to the expansion of the
universe. Using this principle, we can define a new reference system where the
distant masses are at rest and as a consequence we obtain the phenomenologi-
cal version of Modified Newtonian dynamics theory and a possible explanation
for the Pioneer anomaly, see [19, 20]. The Pioneer anomaly is an inertial force
which arises from the acceleration of the whole universe with respect to us and
for distances shorter than 20AU the phenomena is negligible.

In Nottale’s theory [31] (see also [35, 43]) is warranted a Schrödinger equa-
tion at large scales, obtaining in some sense quantum mechanics at cosmolog-
ical scales. In [33] are derived the postulates of quantum mechanics from the
first principles of scale relativity.

Another approach to the problem is the idea proposed by ’t Hooft, that
a classical deterministic theory (at Planck scale) supplement with a dissipa-
tion mechanism (information loss) should produce at large scales the observed
quantum mechanical behavior. To develop this idea is fundamental to remind
the concepts of dissipation and limit cycles emphasized by ’t Hooft in his sem-
inal paper [24]. The introduction of dissipation and limit cycles is a first step.
In a more complex system, deterministic chaos would appear. It is well known
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that the geometry of deterministic chaos is, in general fractal, see [16] and ref-
erences therein. Hence, the deterministic origin of quantum mechanics comes
from a fractal geometrical setting which is surely challenging that physicists
will have to address the next years. In this way the first attempt to construct
a a field theory which lives in fractal space-time is given in [7], where im-
plications for quantum gravity, cosmology, and the cosmological constant are
discussed. At the same time the general relativity is based on the consider-
ation of the space-time as the Riemannian manifold. The consideration of a
fractal universe demands the reformulation of the general relativity in terms
of analysis on fractal.
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