
Adv. Studies Theor. Phys., Vol. 6, 2012, no. 5, 217 - 223

A Numerical Treatment of Smoke Dispersion Model

from Three Sources Using Fractional Step Method

Sureerat A. Konglok †,∗ and Nopparat Pochai‡,∗

† Faculty of Resources and Environment
Kasetsart University Si Racha Campus, Chonburi 20230, Thailand

‡Department of Mathematics
King Mongkut’s Institute of Technology Ladkrabang, Bangkok 10520, Thailand

nop math@yahoo.com

∗Centre of Excellence in Mathematics
CHE, Si Ayutthaya Rd., Bangkok 10400, Thailand

Abstract

The source of air pollutant is the main of conducting emission in-
ventories. The smoke discharging from industrial plant is a principle
reason of air pollution problem. In this research, the comparison of dif-
ference numbers of chimney as the same emission rate of the pollutant
is considered. The fractional step method is used for solving the smoke
dispersion model. It is shown that air quality in a control area by the
case of three point sources is better than two point sources.
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1 Introduction

The air pollution problem in Thailand is still important for quality of life.
This research is to study the air pollution problem by using the mathematical
model; the atmospheric diffusion equation. In [2], they used the finite differ-
ence method in the air pollution model of two dimensional spaces with single
point source. In [3], the air pollution problem in three dimensional spaces
with multiple sources presented. The initial conditions in the domains were
assumed to be zero everywhere without obstacles. In [4], the air pollution in
two dimensional spaces with obstacles domain were studied.
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The source of air pollutant is the main of conducting emission invento-
ries. The smoke discharging from industrial plant is a principle reason of air
pollution problem. In this research, the comparison of difference numbers of
chimney as the same emission rate of the pollutant is considered. The frac-
tional step method is used for solving the smoke dispersion model. It is shown
that air quality in a control area by the case of three point sources is better
than two point sources.

2 The Governing Equation

2.1 The Atmospheric Diffusion Equation

We introduced the well-known atmospheric diffusion equation
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where c = c(x, y, z, t) is the air pollutant concentration at point (x, y, z) at time
t (kg/m3), kx, ky and kz are diffusion coefficients, vx, vy and vz are the flow
velocity (m/sec) in x, y, z-direction, respectively, and s is the rate of change of
substance concentration due to the sources (sec−1).

Assuming that the horizontal advection dominates the horizontal diffusion
by the wind and the vertical diffusion dominates the vertical advection by the
wind. The horizontal advection in y−direction is negligible. We have a cross
section along the y−axis at the plane of obstacle. With this assumptions Eq.
(1) can be written as
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where vx = u.
By the assumption as [2] and [3], the initial condition is taken to be zero

concentration of air pollutant everywhere in the domain. It is obtained that

c(x, z, 0) = 0, (3)

for all x > 0 and 0 < z < htop, where htop is the height of inversion layer. The
boundary conditions in the x−direction are assumed to be zero, we obtain

c(xW , z, t) = c(xE , z, t) = 0, (4)

for all t > 0 where xW and xE are the abscissas of the western and eastern,
respectively.

The flux of pollutant is assumed to be zero at the inversion layer htop and
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at the ground which is cross section along the obstacle y−plane, we can then
have

∂c

∂z
(x, htop, t) =

∂c

∂z
(x, γ, t) = 0, (5)

where γ is a line on the ground which is cross section along the obstacle
y−plane.

2.2 The Nondimensional Form Equation

Equation (2) with the initial condition (3) and the boundary conditions (4),
(5) can be normalized to the non-dimensional form and changes all variables
to the capital letters as follows
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with initial condition
C(X, Z, 0) = 0, (7)

for all X > 0 and 0 < Z < H , and boundary conditions,

C(XW , Z, T ) = C(XE , Z, T ) = 0, (8)

for all T > 0,
∂C

∂Z
(X, H, T ) =

∂C

∂Z
(X, Γ, t) = 0, (9)

where H is the height of the inversion layer and Γ is a line on the ground which
is cross section along the obstacle Y −plane.

3 A Fractional Step Method

The Fractional step method [7] is used to separate Eq. (6) into 3 stages. In
each time step of T -directions from Tn to Tn+1 with widths ΔT . To obtain the
value C at time Tn+1 from its value at T , we first split ΔT to be a fraction
of three time step. Each of equations is solved numerically over a fraction of
each time step.

3.1 Emission Stage

The contribution of the source term is expressed as follows

∂C ′

∂T
= S =

N∑
r=1

Qrδ(X − Xr)δ(Z − Zr), (10)

C ′(X, Z, Tn) = C(X, Z, Tn), (11)

where δ( ) stands for Dirac’s delta function, Qr is the emission rate of the rth

source and Xr, Zr are the coordinates of the rth source.
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3.2 Advection Stage

By taking the Carlson’s method [6] devised a finite difference scheme which
is unconditionally stable to solve advection equation in X-direction, we can
obtain

∂C ′′

∂T
= −U

∂C ′′

∂X
, (12)

C ′′(X, Z, Tn) = C ′(X, Z, Tn + ΔT ), (13)

In our computations, we assume that the wind velocity is positive.

3.3 Diffusion Stage

By taking the Crank-Nicolson method [1] to solve diffusion equation in Z-
direction. This numerical method is always stable for any choice of θ satisfying
1/2 ≤ θ ≤ 1. In our computations, we take θ = 1/2. It follows that the Crank-
Nicolson finite difference method for diffusion equation in Z-direction is
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C ′′′(X, Z, Tn) = C ′′(X, Z, Tn + ΔT ). (15)

In succession, the auxiliary terms in each stage are denoted by prime (′) that
is C ′, C ′′ and C ′′′ respectively.

From all stages, we can summarize that Eqs. (10) and (11) are the emission
stage, the concentration at the source is assumed to be a δ−function. Solving
the emission part by using the basic finite difference method. The advection
stage in X−direction was presented in Eqs. (12) and (13). The Carlson finite
difference method [6] is used to find the numerical solution in this stage. Eqs.
(14) and (15) are the diffusion stage in Z−direction. We use the Crank-
Nicolson [1] approximation which is unconditionally stable and consistence to
find the numerical solution.

4 Numerical Experiment

The atmospheric diffusion equation Eq.(6) with appropriate parameter values
for the tropical area were taken from Pasquill stability reference class A (see
[5]). The parameters are given by k̄z = 45 m2/sec and the velocity ū = 3 m/sec.
The sources are assumed at z = hs = 15 m. above the ground. In this research,
the comparison of difference numbers of chimney as the same emission rate of
the pollutant is considered. The first case, assume that there are two chimneys



A numerical treatment of smoke dispersion model 221

Table 1: The concentration c(105µg/m3) along X-axis (fixed z = 0) with 2 chimneys.

T T (min) X = 0 X = 20 X = 40 X = 60 X = 80 X = 100
8 0.17 0.969926574 0.581955977 1.23233E-09 0 0 0
16 0.33 1.033793556 0.620289487 1.27525E-06 0 0 0
32 0.67 1.039196698 0.628305725 0.00069597 0 0 0
64 1.33 1.03923784 0.810333152 0.030832067 8.13E-12 7.98E-13 0
128 2.67 1.039237843 0.939985832 0.101145296 4.93122E-09 7.70761E-06 1.73105E-08
256 5.33 1.039237843 0.9400835 0.128267176 2.28525E-08 0.002673297 0.003848227

Table 2: The concentration c(104µg/m3) along X-axis (fixed z = 0) with 3 chimneys.

T T (min) X = 0 X = 20 X = 40 X = 60 X = 80 X = 100
8 0.17 7.274449308 4.854814275 1.02696E-08 0 0 0
16 0.33 7.753451672 5.297872838 1.0628E-05 0 0 0
32 0.67 7.793975234 6.443672849 0.005811908 1E-15 0 0
64 1.33 7.794283801 8.765205028 0.283069371 6.8169E-11 6.653E-12 0
128 2.67 7.794283824 9.755434638 1.196754888 5.3656E-08 6.65865E-05 1.45596E-07
256 5.33 7.794283824 9.756167218 1.414719181 2.50134E-07 0.031252125 0.045895124

with the emission rate are 200 and 120 gram/sec, respectively. The second
case, assume that there are three chimneys with the emission rate are 150, 100
and 70 gram/sec, respectively. Assuming that there is a buildings away from
the latest source 300 m, we then have 40 < X < 52. The nondimensional
wind velocity and the diffusion coefficient are assume to be a constant U = 1
and KZ = 1. By using a fractional step method in Equations(10)-(15), the
numerical results of the smoke concentrations are shown in the Table 1-2 and
Fig.1. The comparison of maximum concentration between 2 and 3 chimneys
problems from 0-100 m. is illustrated in Fig.2.

5 Conclusion

The concentrations of pollutant in the control area which is two obstacles
domain are calculated. The computed approximate results are obtained by
using the fractional step method by MATLAB code, with respected to the
transformed atmospheric diffusion equation. The concentration of pollutant
at the sources is larger than everywhere in the domain. Also it is decrease
when away from the source and the time increased. For assuming the constant
wind and diffusion coefficients, the air quality in a control area by the case
of three point sources is better than two point sources. If the time has been
passed, the concentration at the same observation point in the case of three
chimney is less than the case of two chimney.
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Figure 1: The concentration of pollutant along XZ plane at 5.33 minute passed
with (a) 2 chimneys and (b) 3 chimneys
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Figure 2: Comparing of maximum concentration from ground to above 100 m.
of 2 chimneys and 3 chimneys problems



A numerical treatment of smoke dispersion model 223

ACKNOWLEDGEMENTS. This research is supported by the Centre
of Excellence in Mathematics, the Commission on Higher Education, Thailand.

References
[1] Crank, J., Nicolson, P., A practical method for numerical solution of

partial differential equations of heat conduction type, Proc. Cambridge
Philos. Soc., 43:50-67, 1947.

[2] Konglok, S.A., Tangmanee, S., Numerical Solution of Advection-Diffusion
of an Air Pollutant by the Fractional Step Method, Proceeding in The 3rd
national symposium on graduate research, Nakonratchasrima Thailand,
18th - 19th July 2002.

[3] Konglok, S.A., Tangmanee, S., A K-model for simulating the dispersion of
sulfur dioxide in a tropical area, Journal of Interdisciplinary Mathematics,
10:789-799, 2007.

[4] Konglok, S.A., Pochai, N., Tangmanee, S., A Numerical Treatment of the
Mathematical Model for Smoke Dispersion from Two Sources, Proceeding
in ICMA-MU 2009, 17th 19th December 2009, Bangkok, Thailand, 2009,
199-202.

[5] Pasquill, F., Atmospheric Diffusion, 2nd edn., Horwood, Chicsester, 1974.

[6] Richtmyer, R.D., Morton, K.W., Difference Methods for Initial-value
Problems, Interscience, New York, 1967.

[7] Yanenko, N.N., The Method of Fractional Steps, Springer-Verlag, 1971.

Received: September, 2011


