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Abstract

A previously proposed interaction scheme in curved space time is
tested in two cases of physical relevance. The functions f(r) and R(t)
that appear respectively in the general Schwarzschild metric and in the
Robertson-Walker metric are promoted to satisfy the scalar field equa-
tion in their own space-time. The scheme has no meaningful solutions in
the Schwarzschild case. In the Robertson-Walker case one finds non triv-
ial solutions for the field R(t). The solution of the interacting scheme
are not solutions of the coupled Einstein equation. According to the
value of the physical parameters there are both periodic solutions and
expanding solutions. The last ones can be interpreted as describing an
indefinitely expanding Universe that starts with a big bang.

Keywords: Self interacting metric; Scalar field in curved space-time; So-
lution of field equation

1 Introduction

It is well known that the interaction between spin fields and gravitational fields
can be expressed in curved space-time by requiring the validity of the spin and
Einstein field equations whose source is identified with the energy momentum
tensor of the spin field (See, e. g., [1, 3, 2, 6, 10, 9, 11, 12, 23, 16, 19, 22]; in
space-time with torsion, see e.g., [18]). Note that in Robertson-Walker (RW)
space-time the Einstein field equation coupled to Boson or Dirac fields has very
few solutions (e.g., [21, 20]). Due to both the complexity and limitations of the
mentioned canonical interaction scheme it seems not useless to try alternative
formulations. A possibility in this sense was proposed in [22] that avoids using
the Einstein field equation.
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According to that formulation the functions that appear in the metric ten-
sor are promoted to become fields (or to be connected to fields) of suitable
spin value satisfying the field equations in their own space-time geometry.
Such point of view gives rise to highly non linear field equations. Such aspect
explicitly appear in the application, given in [22] and relative to the spheri-
cally symmetric comoving Lemâitre-Tolman-Bondi metric. In that metric the
radius Y (r, t) is interpreted in terms of a scalar field. The corresponding field
equation is integrated in meaningful situations. There it has also been shown
that the solutions of the scheme are not solutions of the coupled Einstein field
equation.

In the present paper the mentioned interaction scheme is tested in two
other space-time contexts. The first one is the general symmetric form of the
Scwarzschild metric that depends on a function f(r). The other one is the
Robertson-Walker (RW) metric that depend on the arbitrary function R(t).
Both f(r) and R(t) are required to satisfy a scalar field equation in their corre-
sponding metric. Owing to the very involved calculations, we have considered
for f(r) only the minimally coupled scalar field equation. The result is that,
in the Schwarzschild metric, one has only trivial solutions for f(r).

In the RW metric case we require R(t) to satisfy directly a non minimally
coupled scalar field equation. Correspondingly one finds non trivial solutions,
some of them periodic, some other indefinitely expanding also in the minimally
coupled sub-case. In the general flat space-time case the solutions are periodic.
It is shown that a solution of the scheme is not solution of the coupled Einstein
field equation. Therefore our interaction picture is different from the canonical
one. A class of sufficiently general solutions is determined that expand indef-
initely. They can be interpreted as a self settling of the gravitational content
of the metric. Alternatively such solutions could be interpreted as describ-
ing a self interacting cosmological model that (for the non zero values of the
curvature parameter) expands exponentially for large t.

The situations studied in the present paper are among the most elementary
solvable application of the scheme proposed in [22]. It would be interesting
to study cases of metrics whose defining functions can be interpreted in terms
of field of non zero spin value.

2 Interaction in Schwarzschild metric.

The general symmetric form of the Schwarzschild metric in polar coordinates
reads

ds2 = gμνdx
μdxν = (1 − 2M

f
)dt2 − (1 − 2M

f
)−1df 2 − f 2(dθ2 + sin2 θdϕ2) (1)
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were f = f(r) is a positive arbitrary function of the radial coordinate. Fol-
lowing Ref. [5] (where f is denoted by Z), 2M is an integration constant and
f is such that if f → ∞ for r → ∞, the metric (1) represents the space time
external to a spherical distribution of inertial mass M . The minimally coupled
scalar field equation has the form

∇μ∇μφ+m2φ = 0 (2)

If φ = φ(r), by making explicit equation (2) in the metric (1) one obtains

d2φ

dr2
+

[ f ′

f − 2M
− ff ′′ − f ′2

ff ′
]dφ
dr

− f ′2fm2

f − 2M
φ = 0 (3)

(See, e. g., [17] with λ = k = 0). We now apply the interaction prescription
exposed in the introduction that amounts in promoting f to be a scalar field.
By setting therefore f = φ in (3), one is left with the constraint

f ′22(f −M) − f 3m2

f(f − 2M)
= 0 (4)

and hence with a constant value of f . Therefore in the Schwarzschild metric,
there are not meaningful solutions. (Due to the involved calculations, only the
minimally coupled form of the scalar field equation has been considered here.)

3 Interaction in the Robertson-Walker metric.

The Robertson-Walker (RW) space time geometry is defined by [13]

ds2 = gμνdx
μdxν = dt2 −R2(t)

[ dr2

1 − ar2
+ r2(dθ2 +sin2 θdϕ2)

]
, a = 0,±1 (5)

Such metric is the base for the description of an isotropic homogeneous Uni-
verse [14]. The non minimally coupled equation for a scalar field ψ = ψ(x)
reads (see e. g., [4])

∇μ∇μψ + [m2 + ξR̄(x)]ψ = 0 (6)

R̄(x) the Ricci scalar, ξ a real number. In the metric (5) one has R̄ = R̄(t) =
−6[R̈(t)R(t)+ Ṙ2 +a]/R2(t) (Ṙ = dR/dt). If ψ is a pure time dependent field,
making explicit equation (6) in (5) gives

ψ̈R2 + 3ṘRψ̇ + [m2R2 + 6ξ(R̈R+ Ṙ2 + a)]ψ = 0, a = 0,±1 (7)

(see, e. g., [15]). The interaction scheme interpretation requires now R to be
itself a scalar field. By setting R(t) = ψ(t) in (7) one obtains

(1 + 6ξ)
ψ̈

ψ
+ (3 + 6ξ)

ψ̇2

ψ2
+

6aξ

ψ3
+m2 = 0 (8)
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To solve (8) we distinguish according to the value of the parameters a, m, ξ.

Minimally coupled case. By setting ξ = 0 in (8) one finds

ψ(t) = (α+ βt)1/4 (ξ = 0, m = 0) (9)

ψ(t) = c| cos 2m(t− t0)|1/4 (ξ = 0, m �= 0) (10)

(α, β, c integral constants.)

Suppose a = 0, ξ,m �= 0. By setting ψ̇/ψ = y in (8) one can integrate the
resulting y-equation and hence to find ψ:

y =
m√

4 + 12ξ
tan

[m√
4 + 12ξ

1 + 6ξ
(t− t0)

]
(11)

ψ = A

∣∣∣∣∣ cos

[
m
√

4 + 12ξ

1 + 6ξ
(t− t0)

]∣∣∣∣∣
(1+6ξ)/(4+12ξ)

(12)

This is an acceptable solution for A > 0, ξ > −1/3.

Suppose a = ±1, ξ,m �= 0. By setting ψ̇ = η(ψ) in (8) so that ψ̈ = ηη′, and
then z = η2 in the resulting equation, one obtains the first order differential
equation in z

(1 + 6ξ)ψz′ + (6 + 12ξ)z + 2m2ψ2 + 12aξ = 0 (a = ±1) (13)

The integration gives therefore

ψ̇ ≡ z
1
2 =

{
− 2

1 + 6ξ

[
m2

b+ 2
ψ2 +

6aξ

b
+ Cψ−b

]} 1
2

(a = ±1) (14)

C an integration constant, b = 6(1+2ξ)/(1+6ξ). The eq. (14) can be further
integrated in case C = 0. One obtains

ψ(t) =

√
6aξ(b+ 2)

m2b
sinh

[√√√√ −2m2

(1 + 6ξ)(b+ 2)
(t−t0)

]
(a = ±, C = 0) (15)

that makes sense, by choosing −1/2 < ξ < −1/3 for a = 1 and ξ < −1/2 for
a = −1. For these values of ξ, since R(t) ≡ ψ(t), the model can be interpreted
as describing an indefinitely expanding self interacting Universe that starts
with a big-bang at t = t0.

The integration of (14) with C �= 0 would be of interest to see the general
nature of the expanding law for R(t). If so, the presence of two further in-
tegration constant parameters would make the cosmological interpretation of
the solution more flexible to possibly fit the experimental data.
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It is useful to note that in RW space-time the solutions of the interacting
scheme are not solution of the coupled Einstein equation. To that end con-
sider the energy momentum tensor associated to the field equation (6) whose
expression reads (e.g., [7, 8])

Tμν(ψ) = (1 − 2ξ)∇μψ∇νψ + (2ξ − 1

2
)gμν∇αψ∇αψ +

1

2
gμνm

2ψ2 − (16)

−2ξψ∇μ∇νψ + 2ξgμνψ∇α∇αψ − ξ(Rμν − 1

2
R̄gμν)ψ

2 (17)

With our interpretation, ψ ≡ R, the canonical interaction scheme amounts in
solving the coupled equations

Rμν − 1

2
gμνR̄ = KTμν(R) (K = 8π/c4) (18)

∇α∇αR+ [m2 + R̄]R = 0 (19)

where Tμν(R) is the expression (16) obtained by substituting R to ψ, R̄ is
the Ricci scalar and R = R(t) is the radius of the Universe in the RW met-
ric. By making explicit one obtains the system of equations that must be
simultaneously satisfied:

3
(Ṙ2

R2
+

a

R2

)
=

1

2
(Ṙ2 +m2R2) − 3ξ(Ṙ2 + a) (20)

2
R̈

R
+
Ṙ2

R2
+

a

R2
= (2ξ − 1

2
)Ṙ2 + 2ξRR̈+

m2

2
R2 − ξ(2R̈R+ Ṙ2 + a) (21)

R̈

R
+ 3

Ṙ2

R2
+m2 + 6ξ

[R̈
R

+
Ṙ2

R2
+

a

R3

]
= 0 (a = 0,±1) (22)

The equation (22) follows from (7) by the substitution ψ → R. It is only a
matter of algebra to show that if the system (20-22) admits of solutions, it
admits only trivial solutions. Indeed one can eliminate the term R̈/R in (21)
by means of (22). By further eliminating Ṙ2/R2 in the resulting equation by
means of (20), one is left with an algebraic equation in R of degree 7. Therefore
when algebraic solutions are acceptable, they are of the form R = constant.

4 Remarks and Comments

In a previous paper a formulation of the interaction between gravitational
and (possibly non gravitational) spin fields has been proposed. The study
has been performed in Lemâitre-Tolman-Bondi metric that depends on two
arbitrary functions of t, r. One of them, the Y (r, t) radius, was required to
satisfy the scalar field equation. It would be interesting to propose a physical
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model where the second function is as well a scalar field or derived from some
field of non zero spin value.

The situation studied in the present paper concerns metric with one only
free function that has been interpreted in terms of scalar field. While in the
general Schwarzschild metric the interaction prescription gives nothing new, in
the RW metric one obtains solutions that admits a cosmological interpretation.
There remains open the problem of the general solution of the scalar field
equation (14) with C �= 0. In case of a cosmological interpretation of the
model the general solution with C �= 0 would be desirable for possibly fitting
the observational data.

Finally both in [22] and in the present paper the functions of the metric
have been always interpreted in term of scalar field. It would seem of interest
the study of a metric where at least one of the functions appearing in the
metric tensor is interpreted in terms of non zero spin field.
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