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Abstract

We have investigated hypersurface-homogeneous bulk viscous fluid
cosmological models with time-dependent cosmological term. It has
been shown that the field equations are solvable for any arbitrary scale
function.The bulk viscosity coefficient is assumed to be proportional to
the energy density. The isotropic pressure and the energy density of the
fluid satisfies the barotropic equation of state. The exact solutions of
the Einstein’s field equations are obtained which represent expanding,
shearing and accelerating/decelerating models of the universe. Some
physical and kinematical behaviors of the cosmological models are dis-
cussed.
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1 INTRODUCTION

Recent measurements from some type Ia supernovae (SNe) at intermediate
and high redshifts (Perlmutter et al.,[1] Riess et al.[2]) indicate that the bulk
of the energy in the universe is repulsive and appears like a quintessence com-
ponent, that is, an unknown form of dark energy (in addition to the ordinary
CDM matter) probably of primordial origin (Turner [3]). Together with the
observations of CMB anisotropies (de Bernardis et al.[4]) such results seem to
provided an important piece of information connecting an early inflationary
stage with the astronomical observations. This state of affairs has stipulated
interest in more general models containing an extra component describing the

1Corresponding author



1190 S. Chandel, M. K. Singh and S. Ram

dark energy, and simultaneously accounting for the present accelerated stage
of the universe. A possible list of old and new candidates for quintessence
includes a time varying cosmological term Λ (Overduin and Cooperstock[5],
Weinberg [6]). The basic reason is the widespread belief that the early universe
evolved through some phase transitions, thereby yielding a vacuum energy
density. The Λ term has been interpreted in terms of a Higg’s scalar field by
Bergmann [7]. Drietlein [8] has suggested that the mass of the Higg’s boson is
connected with Λ being a function of temperature and is related to the process
of broken symmetries; and therefore it could be a function of time in a spa-
tially homogeneous expanding universe (Weinberg[9]). By taking into account
the conservation of energy momentum tensor of matter and vacuum taken
together, several cosmologists have evolved the idea of a decreasing vacuum
energy and hence a time varying cosmological term Λ with cosmic expansions
in the framework of Einstein’s theory.

The cosmological models of cosmic fluid with viscosity play a significant
role in the study of evolution of universe at early stages. In the early stages
of cosmic expansion, it have been argued for a long time that the dissipa-
tive process may well account for the high degree of isotropy we observe to-
day. Dissipative effects including both bulk and shear viscosities, play a very
significant role in the early evolution of the universe. Bulk viscosity is as-
sociated with GUT (Grand Unified Theory) phase transition and string cre-
ation. Johri and Sudarshan[10] have investigated the effect of bulk viscosity
on the evolution of Friedman model and found that the presence of tiny time-
dependent component of bulk viscosity would play a crucial role in driving
the present day universe into a steady state. Padmanabhan and Chitre[11]
have shown that the presence of bulk viscosity leads to inflationary like so-
lutions in general relativity. The effect of bulk viscosity on the cosmological
evolution has been investigated by a number of authors viz. Misner[12, 13],
Banerjee and Santos [14], Banerjee et al.[15], Bali and Jain[16, 17], Saha[18],
Pradhan and Pandey[19], Sahni and Starobinsky[20], Padmanabhan[21], Bali
and Pradhan[22], Bali and Kumawat[23], Ram and Verma[24], Verma and
Ram[25], Pradhan and Kumhar [26] etc. Recently Verma and Ram [27] have
presented hypersurface-homogeneous cosmological models with bulk-viscous
fluids and time-dependent cosmological term Λ.

In this paper, we have investigated hypersurface-homogeneous models of
the universe with bulk viscosity and time varying cosmological term by dif-
ferent method. The plan of the paper is as follows: The metric and the field
equations are presented in Sect.2. In Sect.3, we deal with the solutions of the
field equations. We have shown that the field equations are solvable for any
arbitrary cosmic scale function and then we have obtained exact solutions of
the Einstein’s field equations. We have also discussed the physical and kine-
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matical features of the cosmological models. Some concluding remarks are
given in Sect. 4.

2 METRIC AND FIELD EQUATIONS

We consider the general metric for a hypersurface-homogeneous space-time
given by

ds2 = −dt2 + A2(t)dx2 + B2(t)[dy2 + Σ2(y, K)dz2] (1)

where Σ(y, K) = siny, y, sinhy respectively for K = 1, 0,−1. Stewart and
Ellis[28] have obtained some general solutions of Einstien’s field equations for
a perfect fluid distribution satisfying the barotropic equation of state. Hajj-
Boutros [29] proposed a method to construct exact solutions of the field equa-
tions for the metric (1) in the presence of perfect fluids and obtained some
solutions not satisfying the barotropic equation of state.

The Einstein’s field equations with time varying Λ term, in suitable units,
are

Rij − 1

2
Rgij = −Tij + Λgij. (2)

The energy momentum tensor Tij for a bulk viscous fluid is given by

Tij = (ρ + p)vivj − pgij (3)

where
p = p − ξvi

;i. (4)

Here ρ, p, p and ξ are respectively energy density of matter, isotropic pressure,
effective pressure, bulk viscosity coefficient and vi is the fluid four-velocity
satisfying vivi = −1. A semicolon stands for covariant differentiation.

In comoving coordinates, the Einstein’s field equations (2) for the metric
(1) lead to

2B̈

B
+

Ḃ2

B2
+

K

B2
= −p + Λ, (5)

B̈

B
+

Ä

A
+

ȦḂ

AB
= −p + Λ, (6)

2ȦḂ

AB
+

Ḃ2

B2
+

K

B2
= ρ + Λ (7)

where a dot denotes ordinary differentiation with respect to t.
The physical and kinematical quantities that are important in cosmology

are the average scale factor R, spatial volume V , expansion scalar θ, shear
scalar σ and the deceleration parameter q. For the metric (1), they have the
following expressions

R3 = V = AB2, (8)
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θ = vi
;i =

Ȧ

B
+

2Ḃ

B
, (9)

σ =
1

2
σijσij =

1√
3
(
Ȧ

B
− Ḃ

B
)2, (10)

q = −RR̈

Ṙ2
. (11)

The sign of q indicates whether the model inflates or not. The positive sign
corresponds to the standard decelerating model whereas the negative sign in-
dicates inflation.

3 SOLUTION OF FIELD EQUATION

We first show that the system of highly non-linear differential equations
(5) − (7) are solvable for any arbitrary cosmic scale function. From Eqs. (5)
and (6), we obtain

B̈

B
− Ä

A
+

Ḃ2

B2
− ȦḂ

AB
+

K

B2
= 0 (12)

which, on integration, gives

−B2Ȧ + ABḂ = −K
[∫

Adt + c1

]
(13)

where c1 is an arbitrary constant. Eq. (13) can be written in the form

d

dt
(B2) − 2Ȧ

A
(B2) = F (t) (14)

where

F (t) = −2K

A

[∫
Adt + c1

]
. (15)

The linear differential equation (14) admits the general solution as given by

B2 = A2

[∫
F (t)

A2
dt + c2

]
(16)

where c2 is integration constant. Thus, the solution of Einstein’s field equations
reduces to the integration in Eq. (16) if A(t) is known as an explicit function
of time.

Here we obtain solutions of the field equations by choosing

A = tn (17)

where n is a positive real number. Performing integration in Eq. (16), we
obtain

B2 =
Kt2

n2 − 1
+

2Kc1t
1−n

3n − 1
+ c2t

2n+1 (18)



Hypersurface-homogeneous bulk viscous fluid models 1193

If we choose c1 = c2 = 0, then the scale function B has the particular solution
given by

B2 =
Kt2

n2 − 1
, n �= 1. (19)

Hence, the hypersurface-homogeneous space-time (1) corresponding to Eqs.
(17) and (19) can be written in the form becomes

ds2 = −dt2 + t2ndx2 +
Kt2

n2 − 1

[
dy2 +

∑
2(y, K)dz2

]
. (20)

The metric (20) is well defined for n �= 1. For the metric (20), the expressions
for effective pressure p and energy density ρ, as calculated from Eqs. (5) and
(7), are given by

p = Λ − n2

t2
, (21)

ρ = −Λ +
n(n + 2)

t2
. (22)

It is clear that we can determine explicitly physical parameters ρ, p, λ if the
bulk viscosity coefficient ξ is specified. In most of the applications the bulk
viscosity coefficient is assumed as a simple power function of the energy density
(Weinberg[30]):

ξ(t) = ξ0ρ
β (23)

where ξ0 and β are constants. Murphy [31] has assumed β=1, which corre-
sponds to a radiating fluid. We assume ξ = ξ0ρ. We also assume that the fluid
obeys the barotropic equation of state

p = γρ, 0 ≤ γ ≤ 1. (24)

Then, from Eqs.(21), (23) and (24), we have

ρ(γ − ξ0θ) = Λ − n2

t2
(25)

where the expansion scalar θ is given by

θ =
n + 2

t
. (26)

Combining Eqs. (22)and (25), we get

ρ =
2n

t [(1 + γ)t − (n + 2)ξ0]
. (27)

Substituting Eq.(27) in Eq. (22), we obtain

Λ =
[n2 + (n + 2)γ] t − n(n + 2)2ξ0

t2 [(1 + γ)t − (n + 2)ξ0]
. (28)
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From Eqs. (27) and (28), we observe that the bulk viscosity contributes sig-
nificantly to the expressions of ρ, p and Λ. The bulk viscosity coefficient ξ(t)
has the expression given by

ξ =
2nξ0

t[(1 + γ)t − (n + 2)ξ0]
. (29)

We now look at cosmological models for K = 1 and −1 in the following sub-
sections.

3.1 MODEL I

When K = 1, the metric of our solution (20) reduces to

ds2 = −dt2 + t2ndx2 +
t2

n2 − 1
(dy2 + sin2ydz2). (30)

This metric is well defined for n > 1.
For the model (30), the expressions for the kinematical parameters spatial

volume, scalar expansion, shear scalar and deceleration parameter q are given
by

V =
tn+2

n2 − 1
, (31)

θ =
n + 2

t
, (32)

σ2 =
(n − 1)2

3t2
, (33)

q =
1 − n

n + 2
. (34)

The deceleration parameter q is negative and therefore model (30) represents
an inflationary accelerating model which is consistent with present day uni-
verse.

We observe that the spatial volume is zero at t = 0, and it increases with
cosmic time. This means that the model starts expanding with a big-bang
at t = 0. The physical and kinematical parameters ρ, p, θ and σ diverge
at this initial singularity. The physical and kinematical parameters are well
defined and are decreasing functions for 0 < t < ∞, and ultimately tend to
zero for large time. The cosmological term Λ(t) is infinite at the beginning
and gradually decreases as time increases and ultimately becomes zero at late
times.The bulk viscosity coefficient, being infinite at the initial epoch t = 0, is
a decreasing function of time and dies out as t → ∞. Since σ

θ
= n−1√

3(n+2)
, the
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anisotropy in the universe is maintained throughout the passage of time.

3.2 MODEL II

When k = −1, the line-element (20) becomes

ds2 = −dt2 + t2ndx2 +
t2

1 − n2
[dy2 + sinh2ydz2] (35)

where −1 < n < 1 .
The deceleration parameter q is positive since n < 1. Therefore the model

(35) decelerates in the standard way. It deserves mention that the decelerat-
ing models are also consistent with recent CMB observations made by WMAP,
as well as with the high redshift supernovae Ia data including SN 1997 ff at
Z=1.755 (Vishwakarma[32]) The other physical properties of the model are
similar to that of model I.

4 CONCLUSION

In this paper, we have studied the evolution of hypersurface-homogeneous cos-
mological models in the presence of a bulk viscous fluid with time-dependent
cosmological term Λ with the assumptions that (i) the cosmic fluid satisfies
the barotropic equation of state and (ii) the bulk viscosity coefficient ξ is di-
rectly proportional to energy density ρ. For a specific choice of one of the scale
functions we have presented two classes of exact solutions of Einstein’s field
equations for K = 1 and K = −1 which represent expanding, shearing and ac-
celerating/decelerating models of the universe respectively. The bulk viscosity
contributes significantly to the expressions of energy density, pressure and cos-
mological constant. The cosmological evolution of the models is expansionary,
with the scale factors monotonically increasing function of time. The universe
start expanding with a big-bang singularity at t = 0. The parameters p, ρ and
ξ starts of with extremely large values, which continued to decrease with the
expansion of the universe and ultimately tends to zero. The cosmological term
Λ, being initially large, decreases with the increase of time and approaches to
zero for large time. This nature of decaying Λ is supported by recent results
from the observations of type Ia supernova explosion (SNe Ia).
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