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Abstract

It is shown that contrary to this current belief that the electrostatic
potential difference between the two conductors of a capacitor is the
same potential difference between the two poles of the battery which
has charged it, the first is two times more than the second.
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1 Two kinds of potential difference for a ca-

pacitor

According to the current literature of Electricity and Magnetism [1-11], when
the two conductors of a capacitor are connected to a battery, electrostatic
potential difference between the conductors of the capacitor will be equal to
the potential difference between the two poles of the battery which is charging
it, and this is simply because of the closed circuit law governing the closed
circuit comprising of these battery and capacitor. But, we now will prove that
the electrostatic potential difference between the two conductors of a capacitor
is two times more than the potential difference between the two poles of the
battery which has charged it. This does mean that in applying closed circuit
law here, we must consider circuital potential difference for the capacitor which
is other than the electrostatic potential difference related to it.

Suppose that the potential difference between the two poles of the battery is
Δφ and the electrostatic potential difference between the two conductors of the
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capacitor is Δφ′ . It is obvious that if the charge collected on the capacitor is
Q, the battery has transmitted it through itself under the potential difference
Δφ and so has given it an energy equal to QΔφ. But, we know from the
reasonings presented in many textbooks of Electromagnetism [1-12] that the
electrostatic potential energy of the capacitor is 1/2QΔφ′. According to the
conservation law of energy then we must have QΔφ = 1/2QΔφ′ or Δφ′ = 2Δφ.

We also show this fact through a simple physical reasoning: Suppose that
all the capacitor charges are fixed and, under the influence of the electrostatic
force of the capacitor, a one-coulomb external point charge starts to move
from one of the two conductors until it reaches the other conductor. When we
say that the electrostatic potential energy between the two conductors of the
capacitor is Δφ′, we indeed mean that the work performed on the mentioned
separate one-coulomb point charge by the mentioned force will be Δφ′. In
this state, we have no change in the charges on the conductors. But, now,
suppose that the magnitude of the charge on each conductor of the above-
mentioned capacitor is one coulomb and it is possible that charges separate
from a conductor and start to move in the space between the two conductors
until they reach the other conductor. Certainly, the total work performed on
this one-coulomb charge by the electrostatic force of the capacitor will not
be equal to Δφ′, because with each transmission of some part of the charge,
magnitude of the charge on each conductor (and consequently the electrostatic
field between the two conductors) is decreased and does not remain unchanged
as before. The above argument shows that this work will be 1/2Δφ′. In fact
this work, ie the work conserved in the capacitor, which is now being released
is the same work done by the battery for charging the capacitor.

We show this matter in an analytical manner too: Suppose that our capac-
itor is a parallel-plate one and its charge is Q. If a separate Q-coulomb charge
travels from a plate to the other one, the work performed on it will be

QEd = Q
Q

εA
d =

d

εA
Q2, (1)

while for calculating the work performed on the charge of the capacitor itself,
being plucked bit by bit and travelling from a plate to the other one, we
should say that the work performed on a differential charge −dQ (note that
dQ is negative), similar to Eq. (1), is

(−dQ)Ed = −dQ
Q + dQ

εA
d = − d

εA
(Q + dQ)dQ.

Sum of these differential works is

∫ 0

Q=Q
− d

εA
(Q + dQ)dQ =

1

2

d

εA
Q2
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which is half of the previous work (shown in Eq. (1)).

Thus, we should expect to have 2Δφ = d/(ε0A)Q when a battery with
the potential difference Δφ has charged a parallel-plate capacitor, while it has
already been thought that Δφ = d/(ε0A)Q. Since all the parameters of both
the recent relations are measurable (Δφ by voltmeter), the truth or untruth
of each can be tested practically.

The analysis given in this subject in many textbooks leads us to determine
forcefully a resistance R for our closed circuit through which half of the charge’s
energy given by the battery must dissipate. But evidently we are practically
able to have circuits with negligible resistance. A true analysis must stand
with deleting R. So, there exists a difficulty somewhere. As follows, we point
to this difficulty the reasoning presented in (the part of RC circuits of) these
textbooks (eg see [12]) has: When a differential charge dq passes through the
battery having emf V , it gains energy V dq. A part of this energy will dissipate
in the R of the circuit (this part is i2Rdt (during the time dt)). Other part
of this energy will be stored in the capacitor. But what is the amount of this
other part? We know that the energy of the charge q in the capacitor C is
q2/(2C). But, as reasoned in a paragraph at the end of this article, this other
part of energy is not d(q2/(2C)) = (q/C)dq, because the differential change
d(q2/(2C)) in the capacitor’s energy is due to pass of the charge 2dq not dq.
(Indeed, in simpler and rough words, half of the role of gathering charge on the
capacitor is undertaken by the attraction force between the opposite charges
on the plates of the capacitor which are close to each other, and the other half
is undertaken by the battery.)

We should notice a point. When connecting a voltmeter to the two con-
ductors of a charged capacitor, it measures Δφ not Δφ′, because its operation
is based on passing a weak electric current through a circuit in the instrument
and measuring the potential difference between the two ends of the circuit;
and passing of a current means in fact the same story of the capacitor charge
being plucked bit by bit from the conductors, and then the voltmeter measures
Δφ.

We should also say that there is no need that, in the existent calculations
of electrical circuits, the potential difference of each capacitor to be made
double, because in these calculations the same Δφ has been in fact intended
not Δφ′, because the electric current passing through the circuit including the
capacitor is the same process of gradual loading and unloading of the capacitor,
not passing of charge through the space between the two conductors of the
capacitor retaining the capacitor charge unchanged. Therefore, it is proper
to give Δφ a name other than the electrostatic potential difference which is
the name of Δφ′. Let’s call it (ie Δφ) as circuital potential difference of
the capacitor. In this manner, when it is necessary to apply closed circuit
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law, we must consider just this circuital potential difference, when passing the
capacitor, not its electrostatic potential difference.

Now, again, consider a closed circuit of a battery, with the potential dif-
ference Δφ, and a capacitor, with the capacitance C. Let’s investigate the
usual method of analysis of RC (or generally RLC) circuits and see what
the difficulty is in it. Without missing anything we suppose that the circuit
has no resistance (ie R = 0). When a differential electric charge dQ passes
through the battery causes a differential change in the electrostatic energy of
the capacitor. In the first instance, it seems that when the differential charge
dQ passes through the battery and gains the differential energy ΔφdQ, as a
rule, according to the conservation law of energy, this same energy must be
conserved in the capacitor in the form of d(Q2/(2C)), and so

ΔφdQ = d(
Q2

2C
) ⇒ ΔφdQ =

Q

C
dQ ⇒ Δφ =

Q

C
⇒ Δφ − Q

C
= 0

which is just the same result which we could obtain from the closed circuit law
by travelling one time round the circuit if the potential difference between the
two conductors of the capacitor was taken electrostatic potential difference,
ie Δφ′ = Q/C, not circuital potential difference, ie Q/(2C)! The difficulty is
that the relation ΔφdQ = d(Q2/(2C)) is not necessarily true, for this reason:
If we had a mathematical relation, in the form of an equality, between the
energy given by the battery and the electrostatic energy stored in the capacitor
(ie Q2/(2C)), we could differentiate from each side of the equality relation
and understand that the change of energy in the capacitor in the form of
d(Q2/(2C))(= Q/CdQ) is exactly arising from what the differential change in
the battery. But, since there is no such a relation, we cannot necessarily infer
that change of energy in the capacitor in the form of Q/CdQ is arising from
passing of the charge dQ through the battery and consequently from differential
change of ΔφdQ in the energy given by the battery, because eg by writing
Q/(2C)(2dQ) instead of Q/CdQ we can claim that this change of energy in
the capacitor is arising from passing of the charge 2dQ through the battery
and consequently from differential change of Δφ(2dQ) in the energy given by
the battery (ie Δφ(2dQ) = Q/(2C)(2dQ)), and the previous reasonings show
that incidentally this is the case.

Thus, we should bear in mind that in the analysis of RLC circuits we must
attribute only the circuital potential difference, ie Q/(2C), not the electrostatic
potential difference, ie Q/C, to the capacitor of the circuit. Also it is notable
that since current instruments indeed measure capacitance of a capacitor using
the formula C = Q/Δφ′ while taking Δφ instead of Δφ′, they give us in fact
Q/Δφ = Q/(Δφ′/2) = 2(Q/Δφ′) = 2C as the capacitance; in other words
what they measure as capacitance is in fact double the capacitance.
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