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Abstract

In this paper we give a survey on black hole solutions of N = 1
supergravity coupled to vector and chiral multiplets in four dimensions.
In particular, the black holes are non-supersymmetric, spherical sym-
metric, and of constant scalar curvature where the complex scalars are
frozen in particular regions. Two cases are considered in detail. Firstly,
we consider a dyonic Reissner-Nordström-like black hole with various
asymptotic backgrounds together with their vacuum structures. The
second case is a Bertotti-Robinson-like black hole and showing that
the existence of vacuum structures is constrained by the positivity of
so-called effective black hole potential at ground states related to the
entropy. Finally, we work out some simple lCn-models with both linear
superpotential and gauge couplings.

1 Introduction

Solitonic solutions such as black holes of N ≥ 2 supergravity have been studied

and developed over a decade, see for a review for example in [1]. The main

interest of the study is due to the so-called attractor mechanism which was

firstly discovered in four dimensional ungauged N = 2 supergravity by some

authors [2, 3] and N = 1 supergravity [4]. The formalism is basically to find
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nondegenerate critical points of the black hole potential VBH with VBH > 0 and

particularly, all eigenvalues of the Hessian matrix of VBH at its nondegenerate

critical points are strictly positive.

In this paper we particularly present some results of a particular class of

black holes in four dimensional N = 1 supergravity coupled to vector and

chiral multiplets. The black hole is non-supersymmetric, admits a spherical

symmetry, and has electric, magnetic, and scalar charges. Such a black hole

can be regarded as a solution of a set of the equations of motions such as

the Einstein field equation, the gauge field and the scalar field equations of

motions by varying the N = 1 supergravity action with respect to the metric,

gauge fields, and scalar fields on the spherical symmetric metric.

Our main interest is to consider two different cases in which they belong to

the class of constant scalar curvature spacetimes in four dimensions. Firstly,

we look at a model where the scalars are frozen with respect the spacetime

coordinates everywhere and further, can be viewed as the critical points of both

the black hole potential VBH and the scalar potential V . Such a black hole is

referred to as a dyonic Reissner-Nordström-like black hole. In addition, the

asymptotic geometries of the black hole are determined by the scalar potential

V which are de Sitter, Minkowskian, and anti de Sitter.

Secondly, we consider a model where the frozen scalars are the critical

points of so-called effective black hole potential Veff which can be regarded

as a function of both the black hole potential VBH and the scalar potential V .

Here, this object is referred as a Bertotti-Robinson-like black hole whose shape

is a product of a two dimensional surface and the two-sphere. A special class

of this geometry has been appeared in [2, 3, 5, 6].

Then, we turn to vacuum structures of both models which can be regarded

as a collection of critical points of corresponding potentials. The topology of

vacua can be characterized by the dimension and the indices extracting from

the Hessian of potentials. In the first model, we have generally two different

potentials, namely the black hole potential VBH and the scalar potential V .

Therefore, a vacuum in this case has possibly two indices coming from VBH

and V . On the other hand, a vacuum in the second model admits only one

index since we have only a potential, namely Veff and correspondingly, the

existence of such vacuum is restricted by the positivity of Veff at vacua related

by the entropy. Also, there is a special case called attractors in which it only

admits a collection of nondegenerate critical points with all strictly positive

eigenvalues of the Hessian of Veff . Such a cases is named attractor model which

also appeared in the case of N = 2 supergravity coupled with vector multiplets

[5].

The structure of the paper is as follows. Section 2 is devoted to give a
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review of N = 1 supergravity coupled to vector and chiral multiplets. Our

convention here follows rather closely [7, 8]. Then, in Section 3 we derive the

equations of motions of each field mentioned above. In Section 4 we firstly

discuss some properties of dyonic Reissner-Nordström-like black hole in the

model. Then, in Section 5 we show the existence of dyonic Bertotti-Robinson-

like black hole. Several aspects of vacuum geometries related to the black holes

of the models are discussed in Section 6. We give some simple models, namely

lCn-models with both linear superpotential and gauge couplings in Section 7.

Finally, our conclusions is in Section 8.

2 N = 1 Supergravity Coupled with Vector

and Chiral Multiplets

In this section we review shortly four dimensional N = 1 supergravity coupled

to arbitrary vector and chiral multiplets. Here, we assemble the terms which

are useful our analysis in the paper. Interested reader can further read, for

example, the references [7, 8]. The theory consists of a gravitational multiplet,

nV vector and nC chiral multiplets. Here, we mention the field content of the

multiplets: a gravitational multiplet (ea
μ, ψμ), a vector multiplet (Aμ, λ), and

a chiral multiplet (z, χ) where ea
μ, Aμ, and z are a vierbein, a gauge field, and

a complex scalar, respectively, while ψμ, λ, and χ are the fermion fields. The

bosonic sector of the Lagrangian can be written down as [7, 8] 1

LN=1 = −1

2
R+ RΛΣ FΛ

μνFΣ|μν + IΛΣ FΛ
μνF̃Σ|μν

+ gij̄(z, z̄) ∂μz
i ∂μz̄j̄ − V (z, z̄) , (2.1)

where i, j = 1, . . . , nc, Λ,Σ = 1, . . . , nv, and μ, ν = 0, . . . , 3. The quantity R

is the Ricci scalar of four dimensional spacetime, whereas FΛ
μν is an Abelian

field strength of AΛ
μ , and F̃Λ

μν is a Hodge dual of FΛ
μν. Meanwhile, we have a

Hodge-Kähler manifold M spanned by the complex scalars (z, z̄) with metric

gij̄(z, z̄) ≡ ∂i∂j̄K(z, z̄) where K(z, z̄) is a real function called the Kähler po-

tential.

The gauge couplings NΛΣ are arbitrary holomorphic functions, while RΛΣ

and IΛΣ are real and imaginary parts of NΛΣ, respectively. Similar to the gauge

couplings, the function W (z) is also an arbitrary holomorphic function called

1 Here, we assume that there is no volume deformation of Kähler manifolds. Such a
situation has also been considered for domain wall cases in [9]. On the other hand, some
cases with volume deformation of Kähler manifolds have been studied in several references
[10, 11, 12, 13, 14, 15].
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holomorphic superpotential. The scalar potential V (z, z̄) is real and given by

V (z, z̄) = eK/M2
P

(
gij̄ ∇iW ∇̄j̄W̄ − 3

M2
P

WW̄

)
, (2.2)

where W is a holomorphic superpotential, K ≡ K(z, z̄), and ∇iW ≡ ∂iW +

(Ki/M
2
P )W .

In addition, the Lagrangian (2.1) has a supersymmetric invariance with

respect to the variation of fields up to three-fermion terms [7, 8]:

δψ1ν = MP

(
Dνε1 +

i

2
eK/2M2

P Wγνε
1 +

i

2MP
Qνε1

)
,

δλΛ
1 =

1

2
(FΛ

μν − iF̃Λ
μν)γ

μνε1 ,

δχi = i∂νz
i γνε1 +N iε1 , (2.3)

δea
ν = − i

MP
(ψ̄1ν γ

aε1 + ψ̄1
ν γ

aε1) ,

δAΛ
μ =

i

2
λ̄Λ

1 γμε
1 +

i

2
ε̄1γμλ

1Λ ,

δzi = χ̄iε1 ,

where N i ≡ eK/2M2
P gij̄∇̄j̄W̄ , gij̄ is the inverse of gij̄, and the U(1) connection

Qν ≡ − (
Ki ∂νz

i −Kī ∂ν z̄
ī
)
.

3 The Equations of Motions

Let us first discuss the equations of motions of the fields which can be obtained

by varying the action related to the Lagrangian (2.1) with respect to gμν, A
Λ
μ ,

and zi. Then, by setting all fermions vanish, we have three equations, namely

the Einstein field equation

Rμν − 1

2
gμνR = gij̄ (∂μz

i∂ν z̄
j̄ + ∂νz

i∂μz̄
j̄) − gij̄ gμν ∂ρz

i∂ρz̄j̄

+ 4RΛΣ FΛ
μρFΣ

νσg
ρσ − gμνRΛΣ FΛ

ρσFΣ|ρσ + gμνV , (3.1)

the gauge field equation of motion

εμνρσ∂ν GΛ|ρσ = 0 , (3.2)

with

GΛ|ρσ ≡ IΛΣFΣ
ρσ −RΛΣF̃Σ

ρσ , (3.3)
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are the electric field strengths, and the scalar field equation of motion

gij̄√−g ∂μ

(√−g gμν∂ν z̄
j̄
)

+ ∂̄k̄gij̄ ∂ν z̄
j̄∂ν z̄k̄ = ∂iRΛΣ FΛ

μνFΣ|μν + ∂iIΛΣ FΛ
μνF̃Σ|μν − ∂iV ,

(3.4)

where g ≡ det(gμν). Additionally, there are the Bianchi identities

εμνρσ∂ν FΛ
ρσ = 0 , (3.5)

from the definition of FΛ
ρσ.

Let us start to construct a black hole solution of the equations (3.1), (3.2),

and (3.4). Our starting point is particularly to write the ansatz metric

ds2 = eA(r) dt2 − eB(r) dr2 − eC(r) (dθ2 + sin2θ dφ2) , (3.6)

which is static and has a spherical symmetric. Among the functions A(r),

B(r), and C(r), only two of them are independent since one can generally

employ the radial coordinate redefinition r to absorb one of the three.

On the ansatz (3.6), the next step is to solve the gauge field equation of

motions 3.2) together with the Bianchi identities (3.5). Simply taking a case

where the field strength components FΛ
01(r) and FΛ

23(θ) are nonzero, we obtain

FΛ
01 =

1

2
e

1
2
(A+B)−C (R−1)ΛΣ(IΣΓ g

Γ − qΣ) ,

FΛ
23 = −1

2
gΛ sinθ , (3.7)

where qΛ and gΛ are the electric and magnetic charges, respectively [5]. Then,

using (3.7) we have two sets of equations as follows. The first set of equations

is coming from the Einstein field equation and the Maxwell equation, namely

−e−B

(
C ′′ +

3

4
C ′2 − 1

2
C ′B′

)
+ e−C = e−Bgij̄ z

i′z̄j̄ ′ + V + e−2CVBH ,

−1

2
C ′

(
1

2
C ′ + A′

)
+ eB−C = −gij̄ z

i′z̄j̄ ′ + eB
(
V + e−2CVBH

)
,

−1

2
e−B

(
A′′ + C ′′ +

1

2
(A′ + C ′)(A′ −B′) +

1

2
C ′2

)
= e−Bgij̄ z

i′z̄j̄ ′ + V − e−2CVBH ,(3.8)

where ν ′ ≡ dν/dr, while the second equation is the scalar field equation of

motions given by

gij̄ z̄
j̄ ′′ + ∂̄k̄gij̄ z̄

j̄ ′z̄k̄ ′ +
1

2
(A′ − B′ + 2C ′) gij̄ z̄

j̄ ′ = eB
(
e−2C∂iVBH + ∂iV

)
,

(3.9)
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where we have assumed that zi depend only on the radial coordinate r. The

black hole potential VBH has the form

VBH ≡ −1

2
(g q) M

(
g

q

)
, (3.10)

which is called the black hole potential [3] where

M =

( R + I R−1 I −I R−1

−R−1 I R−1

)
. (3.11)

The function V is the scalar potential (2.2) and in addition, VBH contains all

charges, namely electric, magnetic, and scalar charges, with VBH ≥ 0.

4 Dyonic Reissner-Nordström-like Black Holes

In this section we construct a special solution called dyonic black hole that

looks like a Reissner-Nordström black hole. Such a black hole is called dyonic

Reissner-Nordström-like black hole since it has electric, magnetic, and scalar

charges.

Our starting points is to take the condition

zi′ = ∂iV = ∂iVBH = 0 , (4.1)

all over spacetime and then, simply set

C(r) = 2 ln r , (4.2)

since the ansatz metric (3.6) admits only two independent functions among

A(r), B(r), and C(r). So, from (3.8) we find that the black hole has the form

ds2 = Δ dt2 − Δ−1 dr2 − r2 (dθ2 + sin2θ dφ2) , (4.3)

whose scalar curvature is constant and equals −4V0, where

Δ ≡ 1 − 2M

r
+
V 0

BH

r2
− 1

3
V0 r

2 , (4.4)

and

V 0
BH ≡ VBH(z0, z̄0) ,

V0 ≡ V (z0, z̄0) . (4.5)

Moreover, the metric (4.3) does not admit supersymmetry, and thus, we have a

non-supersymmetric black hole which has electric, magnetic and scalar charges.



Constant scalar curvature black holes 981

The roots of the function (4.4) describe horizons of the black hole. Our interest

here is to consider cases which have an event horizon radius r+ of the metric

(4.3), such that Δ(r+) = 0. Thus, the mass of a black hole is given by

M(r+) =
1

2
r+

(
1 +

V 0
BH

r2
+

− 1

3
V0 r

2
+

)
, (4.6)

while the entropy has the form [16]

S =
Ah

4
= πr2

+ , (4.7)

where Ah(τ) is the area of a black hole. The Hawking temperature of the event

horizon is

T+ =
κ(r+)

2π
, (4.8)

where κ(r+) is the surface gravity at the horizon

κ(r+) =
1

2

∣∣Δ′(r+)
∣∣ . (4.9)

The metric (4.3) has three different backgrounds, namely de Sitter, Minkowski,

and anti-de Sitter, because the scalar potential V0 can be viewed as a cosmo-

logical constant of the spacetime. Firstly, if V0 > 0, then the background is

de Sitter spacetime. In the case at hand, we have three horizons with radii rc,

r+, r− and

rc > r+ ≥ r− , (4.10)

which are the positive roots of (4.4) 2 where rc, r+, r− are the radius of the

cosmological horizon, the radius of the event horizon, and the radius of the

Cauchy horizon, respectively [17]. In the case at hand, we have the consistency

conditions

0 ≤ V 0
BH <

1

4V0
,

Me(r̂e) ≤M(r̂+) < Mc(r̂0) , (4.11)

where

Me(r̂e) =
1

3
(2V0)

−1/2
[
1 − (

1 − 4V0 V
0
BH

)1/2
]1/2 [

2 +
(
1 − 4V0 V

0
BH

)1/2
]
,

(4.12)

2 The fourth root of (4.4) is negative, so it does not have any physical meaning.
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is the black hole mass when its two horizons coalesce, namely

r̂+ = r̂− ≡ r̂e = (2V0)
−1/2

[
1 − (

1 − 4V0 V
0
BH

)1/2
]1/2

. (4.13)

Another mass quantity Mc is given by

Mc(r̂0) =
1

3
(2V0)

−1/2
[
1 +

(
1 − 4V0 V

0
BH

)1/2
]1/2 [

2 − (
1 − 4V0 V

0
BH

)1/2
]
,

(4.14)

which is again the mass of the black hole whose two horizons coincide with

r̂c = r̂+ ≡ r̂0 = (2V0)
−1/2

[
1 +

(
1 − 4V0 V

0
BH

)1/2
]1/2

. (4.15)

Generally, if we have r̂c > r̂+ and r̂+ �= r̂−, then r̂+ > r̂e > r̂−. It is worth

pointing out that the conditions in (4.11) are the generalization of the previous

results in [17, 18, 19].

In the following we mention some cases for de Sitter backgrounds. In the

case of r̂+ = r̂−, we have a black hole which is referred to as a cold black

hole with vanishing Hawking temperature (4.8) at r̂e [18]. But, the Hawking

temperature is non-zero at the outer horizon with radius r̂c.

If r̂c = r̂+ > r̂−, then the solution is called dyonic Nariai-like black hole. In

this case, it is not appropriate to describe the region around r̂c = r̂+ using the

radial coordinate r. Therefore, one has to employ the spacetime coordinate

transformation [20, 21]

r = r̂0 + ε cosχ , ψ = Δ0 εt , (4.16)

with ε ≈ 0 and

Δ0 =
2V0

(
1 − 4V0 V

0
BH

)1/2

1 +
(
1 − 4V0 V 0

BH

)1/2
. (4.17)

So, we have r̂c = r̂0 + ε at χ = 0 and r̂+ = r̂0 − ε at χ = π describing the

cosmological and the event horizons, respectively. Inserting (4.16) into the

metric (4.3) and taking the limit ε → 0, the metric (4.3) becomes

ds2 = − 1

Δ0
(dχ2 − sin2χdψ2) − 1

Σ0
(dθ2 + sin2θ dφ2) , (4.18)

where Δ0+Σ0 = 2V0. The metric (4.18) is topologically S1,1×S2 with different

radii which generalizes the literatures, for example, in [20, 21, 22]. In this case
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the Hawking temperature vanishes at r̂0, but it is non-zero at r̂−.

Another interesting case is when Δ(r) has a triple root, namely r̂c = r̂+ =

r̂− = r̂◦. Such an object is referred to as an ultracold black hole on which

the Hawking temperature vanishes [18]. In this case, M(τ), V 0
BH, and V0 are

related into each other according to

M =
2

3
r̂◦ , V 0

BH =
1

2
r̂2
◦ , V0(τ) =

1

2
r̂−2
◦ . (4.19)

The last case is when Δ(r) only has two distinct roots, namely r̂c and r̂+
such that this black hole has the same Hawking temperature at r̂c and r̂+.

Therefore, we have the condition

|Δ′(r̂c)| = |Δ′(r̂+)| , (4.20)

which follows

M2 = V 0
BH . (4.21)

The Hawking temperature of the black hole at r̂c, r̂+ and r̂− is nonzero. Such

a black hole is called lukewarm black hole [18].

Secondly, if V0 = 0, then the background is Minkowskian. Here, the black

hole has at most two horizons because the function (4.4) has at most two

different positive roots

r̊± = M ±
[
M2 − V 0

BH

]1/2

, (4.22)

where r̊+ and r̊− are the radii of the event and Cauchy horizons, respectively.

Since the radii (4.22) have to be real, then we get the condition

M2 ≥ V 0
BH , (4.23)

and the black hole mass is given by

M =
1

2
r̊+

(
1 +

V 0
BH

r̊2
+

)
. (4.24)

When two horizons coincide, then the equality holds in (4.23). Defining

the new radial coordinate r = ρ + M , the metric (4.3) in this case becomes

simply

ds2 =

(
1 +

M

ρ

)−2

dt2 −
(

1 +
M

ρ

)2 [
dρ2 + ρ2(dθ2 + sin2θ dφ2)

]
. (4.25)
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Near ρ → +∞, the metric (4.25) turns into a flat metric, while near horizon,

i.e. ρ→ 0, the geometry becomes AdS1,1 ×S2 which is conformally flat called

Bertotti-Robinson spacetime [6] 3 .

Finally, if V0 < 0, then we get an anti de Sitter background. In this case

at hand, there are generally two different positive roots r̃+ and r̃− of (4.4)

describing the event and Cauchy horizons, respectively. This would be feasible

if the black holes mass M satisfies

M ≥Me , (4.26)

where

Me =
1

3
(−2V0)

−1/2
[(

1 − 4V0 V
0
BH

)1/2 − 1
]1/2 [

2 +
(
1 − 4V0 V

0
BH

)1/2
]
, (4.27)

is the mass of the black hole whose two horizons coalesce with

r̃+ = r̃− ≡ r̃e = (−2V0)
−1/2

[(
1 − 4V0 V

0
BH

)1/2 − 1
]1/2

. (4.28)

The equations (4.27) and (4.28) generalize the previous results studied, for

example, in [18, 23].

We close this section by mentioning that the Reissner-Nordstöm-like black

holes generally are different to a class of attractor models studied in [1, 2, 3].

As we have seen above, in the case at hand the scalars belong to a set of

critical points of both the black hole potential (3.10) and the scalar potential

(2.2). But, as we will see in the next section there also possibly exists the

attractor model in the theory which demands that near the horizon the scalars

have to be critical points of so called effective scalar potential instead of the

potentials given in (3.10) and (2.2). Both models have common properties

near the horizon when the scalar potential (2.2) vanishes and the two horizons

coincide.

5 Dyonic Bertotti-Robinson-like Black Holes

In this section we want to show the existence of Bertotti-Robinson-like black

holes when the scalars are frozen near the horizon and can be viewed as critical

points of an effective scalar potential which is similar to the case of N = 2 su-

pergravity [5]. These black holes are related to the attractor model discussed,

for example, in [1, 2, 3].

The first step is to freeze the complex scalars, zi′ = 0 and correspondingly,

3 This aspects have been reviewed, for example in [1].
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taking the near horizon geometry of the metric (3.6) to be a product of two

surfaces M1,1 × S2, where M1,1 and S2 are respectively two dimensional sur-

faces and two-spheres. The setup then implies that the functions in (3.6) are

governed by

1

2
e−B

(
A′′ +

1

2
A′(A′ − B′)

)
= � ,

C = lnrh , (5.1)

where rh ≡ rh(g, q) is the radius of S2, while the first equation in (5.1) de-

termine the geometry of M1,1 with � ≡ �(g, q). Additionally, in order to have

a consistent picture we should have a time-like Killing vector at the horizon

which means eA > 0.

Next, in this limit the equations in (3.8) and (3.9) reduce to

1

r2
h

=
1

r4
h

V h
BH + Vh ,

� =
1

r4
h

V h
BH − Vh , (5.2)(

1

r4
h

∂VBH

∂zi
+
∂V

∂zi

)
(ph) = 0 ,

and ph ≡ (zh, z̄h) where we have introduced

V h
BH ≡ VBH(ph) ,

Vh ≡ V (ph) , (5.3)

lim
r→rh

zi ≡ zi
h .

A set of solutions of (5.2) is given by

r2
h = V h

eff ,

�−1 =
V h

eff√
1 − 4V h

BHVh

, (5.4)

∂Veff

∂zi
(ph) = 0 ,

where

Veff ≡ 1 −√
1 − 4VBHV

2V
(5.5)

is called the effective black hole potential [5] and

V h
eff ≡ Veff(ph) . (5.6)
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The last equation in (5.4) proves that the scalars zh are indeed the critical

points of Veff in the scalar manifold M near the horizon and zh ≡ zh(g, q). In

this case the black hole entropy simply takes the form [16]

S =
Ah

4
= πr2

h = πV h
eff . (5.7)

Using the above results, one can get if B = ±A, then M1,1 � AdS1,1. As

observed in [5], in this case the spacetime is not conformally flat since ra �= rh

where ra ≡ �−1/2 is the radius of AdS1,1. In addition, the positivity of the

entropy (5.7) restricts r2
h > 0.

In the following we give in order some remarks. As mentioned in the

previous section, the black hole potential VBH ≥ 0, while the scalar potential

V is not necessarily positive. Therefore, the effective potential Veff takes the

real value with necessary condition

VBHV <
1

4
, (5.8)

while the regularity of the first order derivative of the effective black hole

potential (5.5) forbids the equal sign. Moreover, in order to get a consistent

picture the entropy (5.7) further demands that Veff must be strictly positive

at ground states. We also have

lim
V →0

Veff = VBH ,

lim
VBH→0+

Veff = 0 . (5.9)

6 Vacuum Structures

Now, let us turn to discuss a vacuum geometry defined in (4.1) and the third

equation in (5.4) describing non-supersymmetric vacua associated to the black

hole geometries in the previous sections. Our analysis here is in the context of

Morse-Bott theory focusing on the Hessian matrices of scalar potentials given

in (2.2), (3.10), and (5.5). We organized this section into two parts, namely the

discussion of vacuum structures related to the Reissner-Nordström-like black

hole and then, the Bertotti-Robinson-like black holes.

6.1 Vacuum Structures of Reissner-Nordström-like Black

Holes

First of all, we mention that critical points of the scalar potential V belong to

a collection of points Mv defined as

Mv ≡ {
p̂0 ∈ M | ∂iV (p̂0) = 0

} ⊂ M , (6.1)
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where M is a Kähler manifold and p̂0 ≡
(
ẑ0, ¯̂z0

)
. Each element of Mv, namely

p̂0 is characterized by the quantities (mv, λv) denoting the dimension and an

index of Mv, respectively. Let us firstly mention that the Hessian matrix

of V is denoted by HV . The index λv is related to the number of negative

eigenvalues of HV , whereas the dimension mv corresponds to the number of

zero eigenvalues of HV .

A point p̂0 is said to be nondegenerate or isolated if detHV �= 0 which

implies mv = 0 and λv is Morse index. Otherwise, we have a degenerate

critical point with mv ≥ 0 and λv is Morse-Bott index. Furthermore, if there

exists some p̂0 that have the same mv > 0 and Morse-Bott index λv endowed

with differentiable structures, then Mv is said to be a vacuum submanifold of

M. The trivial case is when V is constant which implies Mv � M. It is worth

mentioning that there may also possible to have a case where Mv as a set of a

disjoint union of some connected smooth submanifolds with finite dimension.

Next, we define another set Mb describing critical points of the black hole

potential VBH as

Mb ≡
{
p̃0 ∈ M | ∂iVBH(p̃0) = 0

} ⊂ M , (6.2)

where p̃0 ≡ (
z̃0(g, q), ¯̃z0(g, q)

)
. Similar as above, each element of Mb, namely

p̃0 is characterized by the quantities
(
mb(g, q), λb(g, q)

)
denoting the dimension

and the index of Mb, respectively. Note that we have generally z̃0(g, q), while

we get z̃0 if they are critical points of the gauge couplings NΛΣ. The degeneracy

of p̃0 follows similar discussions as the previous paragraph replacing Mv by Mb

and (mv, λv) by
(
mb, λb

)
.

Finally, using (6.1) and (6.2) one can then write down the definition of the

vacuum structure M◦ stated in (4.1) as

M◦ ≡
{
p0 ∈ M | ∂iV (p0) = ∂iVBH(p0) = 0

} � Mb ∩Mv , (6.3)

whose dimension and index of each element is respectively given by (m◦, λ◦).
Let us consider some possible cases for M◦ as follows. If both V and VBH

are nonconstant, then we have p0 ≡
(
z0(g, q), z̄0(g, q)

)
assuming that there are

some p0 that belong to both (6.1) and (6.2). In addition, m◦ ≤ mb, m◦ ≤ mv,

and λ◦ = (λb, λv). Otherwise, it is an empty set.

In a case where one of the potentials V and VBH is constant or trivial, then

we have M◦ � Mv for constant VBH and M◦ � Mb for constant V . If all of

them are constant or trivial, then M◦ � M. It is worth mentioning that unless

the empty set, the entropy of black holes (4.7) is already strictly positive which

is ensured that we have a viable model.
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6.2 Vacuum Structures of Bertotti-Robinson-like Black

Holes

Similar as in the previous case, one can define a set Me as

Me ≡
{
ph ∈ M | ∂iVeff(ph) = 0 ;V h

eff > 0
} ⊂ M , (6.4)

called effective vacuum structure and generally, ph �= p0 where p0 ∈ M◦ given

in (6.3). Generally, for nonconstant Veff , i.e. both V and VBH are nonconstant,

each element of Me is characterized by the dimension me(g, q) and the index

λe(g, q). If ph is isolated, then the Hessian matrix of Veff denoted by HVeff
has

non zero eigenvalues which followsme = 0 and λe is Morse index. In particular,

if all eigenvalues of HVeff
are strictly positive, then ph is named attractor.

In the case of degenerate ph we have me ≥ 0 and λe is Morse-Bott index.

Also, if there exists some p̂0 that have the same mv > 0 and Morse-Bott index

λv endowed with differentiable structures, then we say that Me is an effective

vacuum submanifold of M.

If V → 0, then Me � Mb where Mb described in (6.2). Although we have

the same vacuum structure as in the Reissner-Nordström-like case, here the

situation is quiet different since the spacetime geometry is M1,1 × S2 where

M1,1 is whether AdS1,1 or dS1,1.

We finally write some remarks as follows. The trivial case is if both VBH

and V are constant and nonzero, then Me � M describing degenerate vacua.

We have two singular cases. Firstly, it can then be exhibited using (5.2) and

(5.4) that the case of VBH → 0+ related to the vanishing of the entropy (5.7).

Secondly, if M1,1 is a flat Minkowskian surface, then the last equation in (5.4)

blows up.

7 Simple lCnc-Models

In this section we consider some simple models on lCnc whose Kähler potential

has the form

K(z, z̄) = |z|2 , (7.1)

where |z|2 ≡ δij̄ z
iz̄j̄ . Particularly, the gauge couplings and the superpotential

have the form

NΛΣ(z) = (b0 + biz
i)δΛΣ ,

W (z) = a0 + aiz
i , (7.2)
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respectively, with a0, ai, b0, bi ∈ IR. The black hole potential and the scalar

potential are given by

VBH(x, y) =

(
b0 + bix

i +
(bjy

j)2

(b0 + bixi)

)
g2 − 2bjy

j

(b0 + bixi)
gq +

q2

(b0 + bixi)
,

V (x, y) = e(x
2+y2)/M2

P

[
a2 − 3a2

0

M2
P

− 4a0

M2
P

aix
i − 1

M2
P

(
(aix

i)2 + (aiy
i)2

)
+

1

M4
P

(
x2 + y2

) (
(a0 + aix

i)2 + (aiy
i)2

)]
, (7.3)

respectively, where we have introduced coordinates xi, yi ∈ IR such that zi =

xi + iyi and defined some quantities

g2 ≡ δΛΣ g
ΛgΣ , gq ≡ gΛqΛ ,

q2 ≡ δΛΣ qΛqΣ , a
2 ≡ δij aiaj , (7.4)

x2 ≡ δij x
ixj , y2 ≡ δij y

iyj .

Our starting point is to consider Reissner-Nordström-like black holes. We

begin the construction by taking bi = 0 for all i which means for all z we have

∂iNΛΣ(z) = 0. This follows that the black hole potential VBH becomes

V 0
BH = b0 g

2 +
q2

b0
, (7.5)

which is positive with b0 > 0. Firstly, we simply take z0 = 0 and then, get

∂iV (0) = − 4

M2
P

a0 ai = 0 , (7.6)

which can be split into two cases as follows. The first case is ai = 0 for all i

and a0 �= 0. The scalar potential (2.2) then becomes

V (0) = − 3a2
0

M2
P

. (7.7)

Thus, the black hole has an anti-de Sitter background. The Hessian matrix of

the scalar potential (2.2) is simply a diagonal matrix

∂i∂̄j̄V (0) = − 4a2
0

M4
P

δij̄ . (7.8)

The second case is ai �= 0 for some i and a0 = 0 which follows that the

scalar potential (2.2) is simply

V (0) = a2 , (7.9)
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ensuring that the black hole has a de Sitter background. The Hessian matrix

of the scalar potential (2.2) is also a diagonal matrix given by

∂i∂̄j̄V (0) =
2

M2
P

(
a2 δij + ai aj

)
. (7.10)

Finally, we consider a more general case, namely

∂iVBH = 0 and ∂iNΛΣ �= 0 ,

∂iV (τ) = 0 . (7.11)

Here, we simply set nc = 1, but nv > 1. Moreover, a1 = 0, while the other

pre-coefficients are non-zero. After some steps, we find that the critical point

is

x0 = −b0
b1

+
1

b1g2

√
g2q2 − (gq)2 ,

y0 =
gq

b1g2
, (7.12)

with

b1 =
1

MP

√
2

(
(gq)2g−4 +

(
−b0 + g−2

√
g2q2 − (gq)2

)2
)1/2

. (7.13)

In the case at hand, the potentials in (7.3) have the form

VBH(x0, y0) = 2
√
g2q2 − (gq)2 ,

V (x0, y0) = −e
2a2

0

M2
P

, (7.14)

and thus, we have a dyonic black hole with anti-de Sitter background and

positive black hole potential since g2q2 > (gq)2.

Finally, we consider Bertotti-Robinson-like black holes. Here, we simply

take nc = 1 and correspondingly, set a1 = 0, b0 � b1 � 0, and gq = 0. Near

the origin we obtain

xh ≈ 3a2
0

4
b1 g

2

(
b0 g

2 +
q2

b0

)−1 (
a2

0

M2
P

− 1

)−1

,

yh = 0 , (7.15)

for large MP and the effective black hole potential (5.5) becomes

Veff ≈ M2
P

6a2
0

[√
1 +

12a2
0

b0M
2
P

(
b20 g

2 + q2
)
− 1

]
, (7.16)

which is strictly positive. Moreover, the Hessian eigenvalues of (5.5) in this case

are strictly negative showing that the vacua given by (7.15) are not attractors.
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8 Conclusions

In the present paper we have considered several aspects of generalized dyonic

black holes in four dimensional N = 1 supergravity that admit electric, mag-

netic, and scalar charges. The black holes are particularly non supersymmetric

and have spherical symmetry.

We have worked out two models as follows. The first model is when the

ansatz metric (3.6) becomes a Reissner-Nordström-like metric describing the

dyonic Reissner-Nordström-like black hole at vacua defined in (4.1). The black

holes admit three different backgrounds, namely de Sitter, Minkowskian, and

anti-de Sitter. In the de Sitter backgrounds (V0 > 0) we generally have three

horizons, namely the cosmological horizon, the radius of the event horizon,

and the radius of the Cauchy horizon, with radii rc, r+, r− and the consistency

conditions (4.11). Moreover, various type of black holes in the backgrounds has

been discussed such as cold, ultra cold, and Nariai-like black holes where the

coincidence of the horizons takes place. Especially, for Nariai-like black holes

after employing the spacetime coordinate transformation, it can be shown that

the geometry is topologically S1,1 × S2 with different radii.

In the Minkowskian backgrounds (V0 = 0), the black holes have at most two

horizons, namely the event and Cauchy horizons with radii r̊+ and r̊−. The con-

sistency condition in this case is given by (4.23). When the equality in (4.23)

holds, then the two horizons coalesce. The geometry is then asymptotically

flat, while the near horizon geometry is AdS1,1 × S2 called Bertotti-Robinson

spacetime. In the anti-de Sitter backgrounds (V0 < 0), we have at most two

horizons similar as in the Minkowskian backgrounds with consistency condi-

tion (4.26).

The second model is when the ansatz metric (3.6) becomes a product of two

surfaces at vacua defined in the last equation in (5.4), namely M1,1×S2. These

vacua correspond to the near-horizon limits of (3.8) and (3.9) where the scalars

zi are frozen. The surface M1,1 is Einstein if B = ±A where M1,1 � AdS1,1. In

general, this spacetime is not conformally flat since ra �= rh where ra ≡ �−1/2

is the radius of AdS1,1. Moreover, this model is feasible if the entropy (5.7) is

strictly positive.

Next, we also have analyzed the vacuum structures for both models. In the

first model the vacua are defined by (6.3). Each element of it can be viewed

as critical points of the black hole potential VBH and V and is characterized

by the dimension and Morse-(Bott) index (m◦, λ◦) respectively extracting from

the Hessian of VBH and V . In a general case where both V and VBH are noncon-

stant, then we obtain p0 ≡
(
z0(g, q), z̄0(g, q)

)
assuming that there exists several

p0 that belong to both (6.1) and (6.2). In addition, m◦ ≤ mb, m◦ ≤ mv, and
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λ◦ = (λb, λv). Otherwise, it is an empty set. In a case where one of the poten-

tials V and VBH are constant or trivial, then we have M◦ � Mv for constant

VBH and M◦ � Mb for constant V . If all of them are constant or trivial, then

M◦ � M. In addition, the entropy of black holes (4.7) is already strictly pos-

itive.

In the second model we have the effective black hole potential (5.5), namely

Veff . The ground states can be regarded as a set of critical points of Veff with

additional condition V h
eff > 0 coming from the positivity of the entropy (5.7).

The vacua are characterized by (me, λe) denoting the dimension and Morse-

(Bott) index, respectively. In particular, if all the Hessian eigenvalues of Veff

are strictly positive, then the critical point ph is an attractor. Note that we

exclude the singularities of this model, namely VBH → 0+ and the two dimen-

sional surface M1,1 is a flat Minkowskian.

At the end, we have worked out lCnc models in which the superpotential and

the gauge couplings both have the linear forms. In the the first model where

the black holes admit Reissner-Nordström-like spacetimes we have discussed

several cases. Firstly, at the origin for ∂iNΛΣ(z) = 0 case, we have anti-de Sit-

ter Reissner-Nordström-like black holes for ai = 0 for all i and a0 �= 0, whereas

for ai �= 0 for some i and a0 = 0, the black holes have de Sitter backgrounds.

Secondly, for ∂iNΛΣ(z) �= 0 case, simply taking nc = 1 we also obtain anti-de

Sitter Reissner-Nordström-like black holes with different black hole potential.

We finally considered the second model that admits Bertotti-Robinson -

like black holes. By simply taking several conditions, namely nc = 1, a1 = 0,

b0 � b1 � 0, and gq = 0 we find that near the origin the model does not have

attractor points.
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