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Abstract

The space-time neutron diffusion equations with multi-group of de-
layed neutrons are a couple of the stiff nonlinear partial differential
equations. The finite difference method is used to reduce the partial
differential equations into ordinary differential equations. This ordinary
differential equations are rewritten in a matrix form. The general solu-
tion of the matrix differential equation contains the exponential function
of the coefficient matrix. The numerical techniques for processing the
exponential function of the coefficient matrix are presented using an-
alytical method and fundamental matrix method. The eigenvalues of
the coefficient matrix are calculated numerically using FORTRAN com-
puter code based on Laguerre’s method. The fundamental matrix and
its inverse are calculated analytically for two energy groups of reactor
kinetics and one group of precursor delayed neutrons. The numerical
techniques are applied to three-dimensional space-time neutron diffusion
equations with average one group of delayed neutrons in the different
nuclear reactors. The results of numerical technique codes are compared
with the results of traditional codes.
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1 Introduction

The nuclear reactor problems, especially those involving safety considerations,
the coefficients of the neutron diffusion equations depend upon parameters such
as the neutron power level, precursor concentration of delayed neutrons groups,
time, space and temperature feedback. In general, the reactor problem in the
presence Newtonian temperature feedback effects comprises a very large and
complex system of coupled nonlinear partial differential equations. Numerical
methods for solving the space-time neutron diffusion equations in the nuclear
reactor have been of interest in the nuclear reactor physics and engineering.

The mixed dual nodal method MINOS was used to solve the reactor kinet-
ics equations with improved quasi-static IQS model and the θ-method was used
to solve the precursor equations (Dahmani et al., 2001)[16]. An efficient solu-
tion method was presented to solve the time dependent multi-group diffusion
equations for subcritical systems with external sources using a rigorous weight
function in the quasi-static method (Kobayashi, 2005)[13]. Parallelised Krylov
methods were applied to the improved quasi-static approach in addition to
the direct, implicit time difference, approach for solving space-time dependent
multi-group neutron diffusion equations (Gupta et al., 2005)[6]. The nodal
diffusion method was developed to solve space-time neutron kinetics using the
finite-element, primal and mixed hybrid nodal methods (Grossman and Hen-
nart, 2007)[15]. A one-step implicit method and a nodal modal method were
studied to solve the time dependent neutron diffusion equations which based
on a hexagonal spatial mesh (Ginestar et al., 2002[9]; Miró et al., 2002[18];
González-Pintor et al., 2010[22]). An adiabatic kinetics model was developed
for a BWR core simulator AETNA (Tamitani et al., 2003)[17]. Mathematical
modeling of the space-time kinetics phenomena in advanced heavy water re-
actor, a 920 MW thermal, vertical pressure tube type thorium based nuclear
reactor was presented using nodal modal method (Shimjith et al., 2010)[23].
Numerical technique, based on the class of Padé and cut-product approxi-
mations, was applied to solve the two-energy group space-time nuclear reactor
kinetics equations in two dimensions (Aboanber and Nahla, 2006)[2]. Adaptive
Matrix Formation (AMF) method was presented and applied to homogeneous,
symmetric heterogeneous and non-symmetric heterogeneous reactors in the
case of two- and three-dimensions (Aboanber and Nahla, 2007)[3]. The gener-
alized Runge-Kutta method was developed for solving the multi-group, multi-
dimensional, static and transient neutron diffusion kinetics equations (Aboan-
ber and Hamada, 2008)[4]. Computation accuracy and efficiency of a power
series analytic method were presented for the time- space dependent neutron
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diffusion equations with adiabatic heat up and doppler feedback (Aboanber
and Hamada, 2009)[5]. The multi-group integro-differential equations of the
neutron diffusion kinetics was presented and solved numerically in multi-slab
geometry with the use of the progressive polynomial approximation (Quintero-
Leyva, 2010)[8].

In this work, numerical techniques for space-time neutron diffusion equa-
tions with multi-group of delayed neutrons are developed. The partial dif-
ferential equations is changed to ordinary differential equations using the fi-
nite difference method. The matrix form of ordinary differential equations
is obtained. The analytical method and fundamental matrix method for the
exponential function of the coefficient matrix are presented. The results of nu-
merical technique are discussed and compared with the results of traditional
methods.

2 Neutron Diffusion Equations

The multi-energy group nuclear reactor kinetics equations with multi-group
delayed precursor neutrons can be written in the following form [10, 14, 21, 24]

1

vg

∂

∂t
Φg(r, t) = ∇ ·Dg(r)∇Φg(r, t)− ΣagΦg(r, t)−

G∑
g′>g

Σsg,g′
Φg(r, t)

+
G∑

g′=1

(
χg νΣfg′

(1− β) + Σsg′,g

)
Φg′(r, t) +

I∑
i=1

χg,i λiCi(r, t),

g = 1, 2, · · · , G (1)

∂

∂t
Ci(r, t) = βi

G∑
g=1

νΣfgΦg(r, t)− λiCi(r, t), i = 1, 2, · · · , I (2)

where r is the position vector (cm), t is the time (s), Φg(r, t) is the scalar
neutron flux (cm−2s−1) in group g, Ci(r, t) is the concentration of delayed
neutron precursors (cm−3) in group i, vg is the mean velocity of the neutron
(cm s−1) in group g, Dg(r) is the diffusion coefficient (cm) in group g, Σag(r, t)
is the absorption cross-section (cm−1) in group g, Σfg(r) is the fission cross-
section (cm−1) in group g, Σsg,g′

(r) is the scattering cross-section (cm−1) from
group g′ to group g such that (Σsg′,g

(r) = 0 for g′ > g), ν is the mean number
of fission neutrons, χg is the spectrum of prompt neutrons in group g, χg,i is
the spectrum of i-group delayed neutrons in group g, λi is the decay constant
(s−1) of group i precursors, βi is the fraction of delayed neutrons in group i,

and β =
I∑
i=1

βi is the total fraction of delayed neutrons.
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Using the finite difference method, the equations (1) and (2) lead to the
following matrix form [7]

dΨ(t)

dt
= AΨ(t) + B, (3)

where,

Ψ(t) =
[

Φ1 Φ2 · · · ΦG C1 C2 · · · CI
]T
, (4)

A =



σ1 τ1,2 · · · τ1,G f1,1 f1,2 · · · f1,I

τ2,1 σ2 · · · τ2,G f2,1 f2,2 · · · f2,I
...

...
. . .

...
...

...
. . .

...
τG,1 τG,2 · · · σG fG,1 fG,2 · · · fG,I
p1,1 p1,2 · · · p1,G −λ1 0 · · · 0
p2,1 p2,2 · · · p2,G 0 −λ2 · · · 0

...
...

. . .
...

...
...

. . .
...

pI,1 pI,2 · · · pI,G 0 0 · · · −λI


, (5)

and

B =
[
σ′1 σ′2 · · · σ′G 0 0 · · · 0

]T
, (6)

Here, σg, σ
′
g, τg,g′ , fg,i and pi,g are defined as

σg = vg

χg νΣfg(1− β)− Σag −
G∑

g′>g

Σsg,g′

− vg
(∆x)2

(
Dg,j− 1

2
,k,l +Dg,j+ 1

2
,k,l

)
− vg

(∆y)2

(
Dg,j,k− 1

2
,l +Dg,j,k+ 1

2
,l

)
− vg

(∆z)2

(
Dg,j,k,l− 1

2
+Dg,j,k,l+ 1

2

)
,

g = 1, 2, · · · , G (7)

σ′g = − vg
(∆x)2

(
Dg,j− 1

2
,k,lΦg,j−1,k,l +Dg,j+ 1

2
,k,lΦg,j−1,k,l

)
− vg

(∆y)2

(
Dg,j,k− 1

2
,lΦg,j,k−1,l +Dg,j,k+ 1

2
,lΦg,j,k+1,l

)
− vg

(∆z)2

(
Dg,j,k,l− 1

2
Φg,j,k,l−1 +Dg,j,k,l+ 1

2
Φg,j,k,l+1

)
,

g = 1, 2, · · · , G (8)

τg,g′ = vg
(
χg νΣfg′

(1− β) + Σsg′,g

)
; g, g′ = 1, 2, · · · , G; g′ 6= g (9)
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fg,i = vg χg,i λi; g = 1, 2, · · · , G; i = 1, 2, · · · , I (10)

pi,g = βi νΣfg ; g = 1, 2, · · · , G; i = 1, 2, · · · , I (11)

Assume that, the matrices A and B are constant during the interval time
tm and tm+1 = tm + h considering the length of the time interval is small.
Then, the general analytical solution of equation (3) takes the following form:

Ψ(tm+1) = exp(hA)Ψ(tm) + (exp(hA)− I) A−1B (12)

There are the different numerical techniques for calculating the exponential
function of the coefficient matrix A.

3 Analytical Method

Let us rewrite the exponential function of the coefficient matrix exp(hA) like
analytical method[1]

exp(hA) =
K∑
k=0

αk(hA)k (13)

where α0, α1, · · · , αK are coefficients and K = G+ I − 1 is the number of the
rows and columns of the coefficient matrix A.

The coefficients αk can be determined by solving the following equation


exp(hω0)
exp(hω1)

...
exp(hωK)

 =


1 (hω0) (hω0)2 · · · (hω0)K

1 (hω1) (hω1)2 · · · (hω1)K

...
...

...
. . .

...
1 (hωK) (hωK)2 · · · (hωK)K



α0

α1
...
αK

 (14)

where ω0, ω1, · · · , ωK are the eigenvalues of the matrix A.
It is difficult to calculate analytically the eigenvalues of the coefficient ma-

trix A in general form. So, the eigenvalues are calculated numerically using
FORTRAN computer code based on Laguerre’s method (Appendix B).

Gauss elimination method is used to solve the equation (14) which yields

αk = (−1)k
K∑
j=0

exp(hωj)QK−k, j

hk
K∏
i = 0
i 6= j

(ωi − ωj)
, k = 0, 1, · · · , K (15)
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where

Qm, j =


0 for m < 0 or m > K
1 for m = 0

K∑
i1 = 0
i1 6= j

K∑
i2 = i1 + 1
i2 6= j

· · ·
K∑

im = im−1 + 1
im 6= j

ωi1ωi2 · · ·ωim for 0 < m ≤ K

such that,
K∑

i1 = 0
i1 6= j

K∑
i2 = i1 + 1
i2 6= j

· · ·
K∑

im = im−1 + 1
im 6= j

ωi1ωi2 · · ·ωim = 0 for im > K or im = j = K.

These coefficients, αk, are expanded for a special case at two energy groups
and average one group of delayed neutrons (Appendix A).

Substituting equation (15) into equations (13) and (12) yields

Ψ(tm+1) =


K∑
k=0

(−1)k
K∑
j=0

exp(hωj)QK−k, j
K∏
i = 0
i 6= j

(ωi − ωj)
Ak

Ψ(tm)

+




K∑
k=0

(−1)k
K∑
j=0

exp(hωj)QK−k, j
K∏
i = 0
i 6= j

(ωi − ωj)
Ak

− I

A−1B (16)

This equation represents the numerical technique for solving the space-time
neutron diffusion equations with multi-group of delayed neutrons which based
on analytical method for the exponential function of matrix A.

4 Fundamental Matrix Method

In this section, the fundamental matrix method for calculating the exponential
function of the coefficient matrix is introduced.

Definition 1:[12] For homogenous differential equation, (3), with A, a real
constant matrix whose eigenvalues ω0, ω1, · · · , ωK are all different,

Θ(t) =
[

U0e
ω0t U1e

ω1t · · · UKe
ωKt

]
(17)

is a fundamental matrix, where Uk is any eigenvector corresponding to ωk.
The exponential function exp(At) is taken the following form

exp(At) = Θ(t)Θ−1(t0) (18)
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Substituting equation (18) into (12) yields the solution of equation (3)
during the time interval [tm, tm+1] which takes the following form

Ψ(tm+1) = Θ(tm+1)Θ−1(tm)Ψ(tm) +
(
Θ(tm+1)Θ−1(tm)− I

)
A−1B (19)

where Θ(tm+1) is the fundamental matrix at tm+1 for the homogenous differ-
ential equation (3) and Θ−1(tm) is the inverse of the fundamental matrix at
tm.

According to Definition 1 the fundamental matrices Θ(tm+1) and Θ(tm)
are taken the form

Θ(tm+1) =
[

U0e
hω0 U1e

hω1 · · · UKe
hωK

]
(20)

and
Θ(tm) =

[
U0 U1 · · · UK

]
(21)

where Uk is the eigenvectors corresponding to the eigenvalues ωk.
The fundamental matrix and its inverse are calculated analytically for two

energy groups and average one group of delayed neutron (Appendix B).

5 Numerical Results and Discussions

To substantiate the feasibility of the numerical techniques for solving the
neutron diffusion equations in the nuclear reactor, we developed the FOR-
TRAN computer code that solves three-dimensional nuclear reactor problems.
The numerical techniques using the analytical method and fundamental ma-
trix of exponential function are applied to three-dimensional homogenous and
TWIGL heterogenous reactors. The parameters of these two different nuclear
reactors are shown in the Table 1.

5.1 Three-dimensional homogenous reactor

Three-dimensional homogenous reactor is a bare homogenous cube of side
length 200 (cm) on each side with two energy groups and average one pre-
cursor group. The boundary conditions were homogenous Dirichlet on all six
sides, Φ1 = Φ2 = 0 at x = 0, 200; y = 0, 200; and z = 0, 200 (cm). Ten
mesh intervals were used in each direction, ∆x = ∆y = ∆z = 20 (cm). Two
cases of the perturbation are occurred as step change of the thermal absorp-
tion cross section. Two numerical techniques using the fundamental matrix
method (NT-FMM) and analytical method (NT-AM) of exponential function
are applied to solve these cases.

Case I: The fast and thermal neutron flux at the center point of three-
dimensional homogenous reactor with a positive step reactivity, ∆Σa2 = −0.369×
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Table 1: Data of three-dimensional homogeneous and TWIGL heterogenous
reactors.
Parameters Homogenous reactor TWIGL heterogenous reactor

Material 1, 2 Material 3
Group 1 Group 2 Group 1 Group 2 Group 1 Group 2

D(cm) 1.35 1.08 1.4 0.4 1.3 0.5
Σa(cm

−1) 0.001382 0.0054869 0.01 0.15 0.008 0.05
ν(neutron) 2.41 2.41 2.4 2.4 2.4 2.4
Σf (cm

−1) 0.000242 0.00408 0.0035 0.1 0.0015 0.03
Σsg,g+1(cm

−1) 0.0023 0.0 0.01 0.0 0.01 0.0
v(cm/s) 3.0× 107 2.2× 105 107 2× 105 107 2× 105

λ(s−1) 0.08 0.08
β 0.0064 0.0075

Table 2: Fast and Thermal neutron flux at the center point of three-
dimensional homogeneous reactor with a positive step reactivity
Time Fast neutron flux Thermal neutron flux
(s) AMF NT-FMM NT-AM 3DKIN AMF NT-FMM NT-AM
0.0 2.229 2.229 2.229 0.816 0.816 0.816 0.816
0.05 3.071 3.071 3.071 1.124 1.127 1.127 1.127
0.10 3.830 3.828 3.830 1.406 1.407 1.406 1.407
0.15 4.516 4.510 4.516 1.660 1.660 1.658 1.660
0.20 5.138 5.124 5.137 1.890 1.890 1.885 1.889
0.30 6.216 6.176 6.215 2.289 2.287 2.273 2.287
0.40 7.118 7.033 7.116 2.622 2.620 2.589 2.619

10−4, are shown in Table 2. This table shows the results of the NT-FMM
and NT-AM compared with the 3DKIN (Ferguson and Hanson, 1973[11]) and
adaptive matrix formation, AMF (Aboanber and Nahla, 2007[3]).

Case II: Table 3 shows the fast and thermal neutron flux at the center
point of three-dimensional homogenous reactor with a negative step reactivity,
∆Σa2 = +0.369 × 10−4. This table substantiates that the results of the NT-
FMM and NT-AM are an accurate comparing to the results of the AMF.

These comparisons substantiate the feasibility of the numerical techniques,
NT-FMM and NT-AM, for solving the neutron diffusion equations in three-
dimensional homogenous reactor with different types of step reactivity.

5.2 Three-dimensional TWIGL reactor

The TWIGL reactor is The three-dimensional heterogenous symmetric reactor.
The overall reactor geometry is cubic with a side length of 160 (cm). An axial
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Table 3: Fast and Thermal neutron flux at the center point of three-
dimensional homogeneous reactor with a negative step reactivity
Time Fast neutron flux Thermal neutron flux
(s) AMF NT-FMM NT-AM AMF NT-FMM NT-AM
0.0 2.229 2.229 2.229 0.816 0.816 0.816
0.05 1.645 1.645 1.645 0.601 0.601 0.601
0.10 1.409 1.409 1.409 0.514 0.514 0.514
0.15 1.313 1.312 1.313 0.478 0.478 0.478
0.20 1.273 1.271 1.273 0.464 0.463 0.464
0.30 1.247 1.243 1.247 0.454 0.453 0.454
0.40 1.240 1.234 1.240 0.451 0.449 0.451

blanket material of 24 (cm) in thickness is presented at the top and the bottom
as in the Figure 1. Four regions containing material 1 are perturbed. They
are located symmetrically along the diagonal of the four quadrants of the core.
In the three-dimensions geometry, this configuration was made of 112 (cm)
in thickness to the z−direction, and a blanket of 24 (cm) in thickness was
added to the top and to the bottom. It has two energy groups and one delayed
precursor group. Due to the symmetry, only the right half of the cube was
considered with a homogenous Neumann boundary condition imposed at the
exposed mid-plane, D∇Φ = 0 at x = 0; 0 ≤ y ≤ 160 and 0 ≤ z ≤ 160.
ten mesh intervals were used in x−direction, ∆x = 8 (cm), and twenty mesh
intervals were used in each y− and z−directions, ∆y = ∆z = 8 (cm).

Two cases of the perturbation are occurred into the regions of material
1. The perturbation is a linear ramp with the above cross section changed
effected in 0.2 (s) and the perturbed cross section is maintained thereafter.
Two numerical techniques, NT-FMM and NT-AM, are applied to solve these
cases.

Case I: Table 4 shows the thermal neutron flux at the different points,
namely p(0, 80, 16); p(40, 40, 16); p(0, 80, 80); p(40, 40, 80); p(0, 80, 144) and
p(40, 40, 16) (cm) with a positive linear ramp reactivity defined as

∆Σa2(material 1) =

{
−0.0045

2
t, for 0 ≤ t ≤ 0.2 (s);

−0.0045
2
, for t ≥ 0.2 (s).

The thermal neutron flux of the NT-FMM and NT-AM is compared with
the thermal neutron flux of 3DKIN and AMF. From this comparison, the
thermal flux of NT-FMM and NT-AM are coincident. The relative errors of
the thermal flux of numerical Techniques with respect to the thermal flux of
3DKIN at different points are shown in Figure 2. The maximum relative error
is less than 0.035. So, we can say that the results of numerical techniques are
agreeable with the results of reference methods.

Case II: Table 5 shows the thermal neutron flux at the different points,
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Figure 1: Three-dimensional TWIGL reactor geometry: (a) x − y plane for
24 ≤ z ≤ 136 cm; (b) x− y plane for 0 ≤ z ≤ 24 cm and 136 ≤ z ≤ 160 cm.

Figure 2: The relative errors of the thermal flux of numerical techniques with
respect to 3DKIN.
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Table 4: Thermal neutron flux at different points of three-dimensional TWIGL
reactor with a positive ramp reactivity
Method Time Thermal neutron flux at different points

(s) (0,80,16) (40,40,16) (0,80,80) (40,40,80) (0,80,144) (40,40,144)

3DKIN 0.0 0.347 0.244 1.279 0.421 0.347 0.244
AMF 0.347 0.244 1.279 0.421 0.347 0.244
NT-FMM 0.347 0.244 1.279 0.421 0.347 0.244
NT-AM 0.347 0.244 1.279 0.421 0.347 0.244

3DKIN 0.05 0.398 0.284 1.467 0.496 0.395 0.283
AMF 0.400 0.284 1.478 0.498 0.401 0.285
NT-FMM 0.396 0.281 1.461 0.492 0.396 0.282
NT-AM 0.396 0.281 1.461 0.492 0.396 0.282

3DKIN 0.10 0.483 0.349 1.780 0.616 0.479 0.348
AMF 0.487 0.350 1.800 0.621 0.488 0.352
NT-FMM 0.479 0.345 1.769 0.610 0.479 0.345
NT-AM 0.479 0.345 1.769 0.610 0.479 0.345

3DKIN 0.15 0.619 0.454 2.284 0.809 0.615 0.452
AMF 0.626 0.457 2.319 0.820 0.629 0.459
NT-FMM 0.610 0.445 2.255 0.797 0.610 0.445
NT-AM 0.610 0.445 2.255 0.797 0.610 0.445

3DKIN 0.20 0.867 0.643 3.197 1.162 0.860 0.640
AMF 0.882 0.651 3.269 1.184 0.887 0.656
NT-FMM 0.841 0.621 3.109 1.126 0.841 0.621
NT-AM 0.841 0.621 3.109 1.126 0.841 0.621

3DKIN 0.25 0.994 0.737 3.666 1.330 0.987 0.734
AMF 0.997 0.736 3.686 1.333 0.998 0.737
NT-FMM 0.980 0.724 3.623 1.311 0.980 0.724
NT-AM 0.980 0.724 3.623 1.311 0.980 0.724

3DKIN 0.30 0.991 0.735 3.655 1.326 0.984 0.732
AMF 1.008 0.745 3.727 1.348 1.009 0.745
NT-FMM 1.004 0.741 3.710 1.342 1.004 0.741
NT-AM 1.004 0.741 3.710 1.342 1.004 0.741
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Table 5: Thermal neutron flux at different points of three-dimensional TWIGL
reactor with a negative ramp reactivity
Method Time Thermal neutron flux at different points

(s) (0,80,16) (40,40,16) (0,80,80) (40,40,80) (0,80,144) (40,40,144)

AMF 0.0 0.347 0.244 1.279 0.421 0.347 0.244
NT-FMM 0.347 0.244 1.279 0.421 0.347 0.244
NT-AM 0.347 0.244 1.279 0.421 0.347 0.244

AMF 0.05 0.306 0.213 1.128 0.363 0.306 0.212
NT-FMM 0.308 0.214 1.137 0.365 0.308 0.214
NT-AM 0.308 0.214 1.137 0.365 0.308 0.214

AMF 0.10 0.271 0.186 0.999 0.314 0.271 0.186
NT-FMM 0.273 0.187 1.005 0.316 0.273 0.187
NT-AM 0.273 0.187 1.005 0.316 0.273 0.187

AMF 0.15 0.244 0.166 0.900 0.277 0.244 0.166
NT-FMM 0.245 0.167 0.904 0.278 0.245 0.167
NT-AM 0.245 0.167 0.904 0.278 0.245 0.167

AMF 0.20 0.223 0.150 0.820 0.247 0.223 0.150
NT-FMM 0.224 0.150 0.823 0.248 0.224 0.150
NT-AM 0.224 0.150 0.823 0.248 0.224 0.150

AMF 0.25 0.221 0.149 0.814 0.245 0.221 0.149
NT-FMM 0.221 0.149 0.814 0.245 0.221 0.149
NT-AM 0.221 0.149 0.814 0.245 0.221 0.149

AMF 0.30 0.221 0.148 0.813 0.245 0.221 0.148
NT-FMM 0.221 0.148 0.813 0.245 0.221 0.148
NT-AM 0.221 0.148 0.813 0.245 0.221 0.148
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p(0, 80, 16); p(40, 40, 16); p(0, 80, 80); p(40, 40, 80); p(0, 80, 144) and p(40, 40, 16)
(cm) with a negative linear ramp reactivity as

∆Σa2(material 1) =

{
+0.0045

2
t, for 0 ≤ t ≤ 0.2 (s);

+0.0045
2
, for t ≥ 0.2 (s).

This table substantiates that the thermal neutron flux of the NT-FMM and
NT-AM are accurate comparing to the thermal neutron flux of the AMF. Ta-
bles 4 and 5 substantiate the accuracy of the numerical techniques, NT-FMM
and NT-AM, for solving the neutron diffusion equations in three-dimensional
TWIGL reactor with different types of a linear ramp reactivity.

6 Conclusions

The numerical techniques based on finite difference method, fundamental ma-
trix method and analytical method are presented for the numerical solution
of the transient two energy groups of neutron diffusion and one group of de-
layed precursor equations in three-dimensional reactors. These codes are char-
acterized by the expansion of the coefficients matrix for all mesh points of
the reactor into two different matrices, specified for each mesh point of the
reactor. The codes were tested with two different benchmark problems in
three-dimensional geometry, namely the three-dimensional homogenous and
TWIGL heterogenous reactors. The fast and thermal neutron flux of the nu-
merical techniques, NT-FMM and NT-AM, were compared to those provided
by traditional codes, with an overall agreement and good performance. We
can conclude that NT-FMM and NT-AM are accurate codes and they are
the feasibility for solving the neutron diffusion equations in three-dimensional
homogenous and heterogenous reactors.
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[9] D. Ginestar, R. Miró, G. Verdú and D. Hennig, A transient modal analysis
of a BWR instability event, Journal of Nuclear Science and Technology,
39 (2002), 554 563.

[10] D.L. Hetrick, Dynamics of Nuclear Reactors, American Nuclear Society,
La Grange Park, 1993.

[11] D.R. Ferguson and K.F. Hansen, Solution of the space-dependent reactor
kinetics equations in the three dimension, Nuclear Science and Engineer-
ing, 51 (1973), 189 - 205.

[12] D.W. Jordan and P. Smith, Nonlinear Ordinary Differential Equations,
4th edition, Oxford University Press, 2007.

[13] K. Kobayashi, A rigorous weight function for neutron kinetics equations of
the quasi-static method for subcritical systems, Annals of Nuclear Energy,
32 (2005), 763 - 776.

[14] K.S. Smith, An analytic nodal method for solving the two-group, multidi-
mensional, static and transient neutron diffusion equations, M. Sc. Thesis,
Nuclear Engineering, Massachusetts Institute of Technology, 1979.



Numerical techniques for the neutron diffusion equations 663

[15] L.M. Grossman and J.P. Hennart, Nodal diffusion methods for space-time
neutron kinetics, Progress in Nuclear Energy, 49 (2007), 181 - 216.

[16] M. Dahmani, A.M. Baudron, J.J. Lautard and L. Erradi, A 3D nodal
mixed dual method for nuclear reactor kinetics with improved quasistatic
model and a semi-implicit scheme to solve the precursor equations, Annals
of Nuclear Energy, 28 (2001), 805 - 824.

[17] M. Tamitani, T. Iwamoto and B.R. Moore, Development of kinetics model
for BWR core simulator AETNA, Journal of Nuclear Science and Tech-
nology, 40 (2003), 201 - 212.
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Appendix A: Coefficients αk of analytical method

Coefficients αk of analytical method for two energy groups and average one
group of delayed neutron are expanded as follows

α0 =
ω1ω2 exp(hω0)

(ω1 − ω0)(ω2 − ω0)
+

ω0ω2 exp(hω1)

(ω0 − ω1)(ω2 − ω1)
+

ω0ω1 exp(hω2)

(ω0 − ω2)(ω1 − ω2)
(22)
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α1 =
(ω1 + ω2) exp(hω0)

h(ω1 − ω0)(ω2 − ω0)
+

(ω0 + ω2) exp(hω1)

h(ω0 − ω1)(ω2 − ω1)
+

(ω0 + ω1) exp(hω2)

h(ω0 − ω2)(ω1 − ω2)
(23)

α2 =
exp(hω0)

h2(ω1 − ω0)(ω2 − ω0)
+

exp(hω1)

h2(ω0 − ω1)(ω2 − ω1)
+

exp(hω2)

h2(ω0 − ω2)(ω1 − ω2)
(24)

Appendix B: Fundamental Matrix

For two energy groups and average one group of delayed neutrons, the matrix
A takes the form

A =

 σ1 τ1,2 f1

τ2,1 σ2 0
p1 p2 −λ

 (25)

where, λ is average decay precursors constant.
The eigenvalues ωk of matrix A are the roots of the following equations

ω3 − (σ1 + σ2 − λ)ω2 − (τ1,2τ2,1 + p1f1 − σ1σ2 + λσ1 + λσ2)ω
+f1p1σ2 − f1p2τ2,1 + λσ1σ2 − λτ1,2τ2,1 = 0 (26)

The eigenvectors Uk of matrix A are taken the following form

Uk =


1
τ2,1

(ωk−σ2)
φk

(ωk−σ2)(ωk+λ)

 (27)

where, φk = p1(ωk − σ2) + p2τ2,1, and k = 0, 1, 2.
The fundamental matrix Θ(tm), equation (21), takes the following form

Θ(tm) =


1 1 1
τ2,1

(ω0−σ2)

τ2,1
(ω1−σ2)

τ2,1
(ω2−σ2)

φ0
(ω0−σ2)(ω0+λ)

φ1
(ω1−σ2)(ω1+λ)

φ2
(ω2−σ2)(ω2+λ)

 (28)

The inverse of the fundamental matrix Θ(tm), is taken the following form

Θ−1(tm) =

1

Θ

 (ω0 − σ2)
{

φ2
(ω2+λ)

− φ1
(ω1+λ)

}
(ω0−σ2)
τ2,1

{
φ1(ω2−σ2)

(ω1+λ)
− φ2(ω1−σ2)

(ω2+λ)

}
(ω0 − σ2)(ω1 − ω2)

(ω1 − σ2)
{

φ0
(ω0+λ)

− φ2
(ω2+λ)

}
(ω1−σ2)
τ2,1

{
φ2(ω0−σ2)

(ω2+λ)
− φ0(ω2−σ2)

(ω0+λ)

}
(ω1 − σ2)(ω2 − ω0)

(ω2 − σ2)
{

φ1
(ω1+λ)

− φ0
(ω0+λ)

}
(ω2−σ2)
τ2,1

{
φ0(ω1−σ2)

(ω0+λ)
− φ1(ω0−σ2)

(ω1+λ)

}
(ω2 − σ2)(ω0 − ω1)


(29)

where, Θ = φ0
(ω1−ω2)
(ω0+λ)

+ φ1
(ω2−ω0)
(ω1+λ)

+ φ2
(ω0−ω1)
(ω2+λ)

.
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