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Abstract

The coupled Einstein and scalar field equations are explicited in the
general spherically symmetric comoving system. An iterative integra-
tion method of the equations is proposed in the massless case. The
starting point is a static solution of the massless scalar field equation in
flat space-time. The calculations are performed explicitly in the lowest
steps of the iteration procedure. The constants of integration are deter-
mined so that, at every stage, the new space-time is an approximation
of the flat space-time. Difficulties in variants of the problem are pointed
out.
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1 Introduction

The interest in the study of self gravitational interaction of fields with spin
is well known. The solution of that problem is connected to a better under-
standing of cosmological models, gravitational collapse and black hole forma-
tion [10]. The problem appears difficult to be solved already for the lowest
value of the spin, the scalar field case, and becomes much more difficult by
increasing the value of the spin. The study has been generally performed in
the context of spherically symmetric space-time. One of the main results is the
determination of a parameter both separating black hole solutions from those
that do not contain black holes and the evidence of a mass scaling exponent
associated to the formation of black holes [2].
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The result has been confirmed also for axisymmetric space-time [1, 3, 11]
and for the collapse of radiation fluid [4], for complex scalar field [5, 6] and
even for spin 1/2 field [9]. It is worth noting that, in case of field with spin, the
Robertson-Walker metric does not represent the best context in which to con-
sider the problem. Special (torsion free) solutions, proportional to a constant
4-vector, can indeed be determined in that metric for interacting gravitational
and Dirac fields [14]. However the Einstein-Dirac equation as well as the
Einstein-Proca (and more generally the Einstein-Boson field) equation does
not admit “standard solitions” in the context of Robertson-Walker space-time
as pointed out in [16, 17].

Interacting gravitational and scalar fields have been considered in particular
in the spherically symmetric comoving systems (See e.,g., [12] and References
therein). In general the field equations are difficult to be solved. Instead, in
case of static massless scalar field, the solution can be determined exactly. The
result however depends on an arbitrary function that cannot be determined
even by using non minimal generalization of the scalar field equation ( [13] and
references therein). A systematic study of those equations has been performed
by assuming the unknown functions to depend on one only of the variables r, t,
the angular dependence being ruled out by symmetry reasons. In these cases,
solutions have been obtained essentially for the massless scalar field [15].

In the present paper we reconsider the problem of the solution of the cou-
pled Einstein and scalar field within a spherically symmetric comoving system.
A solution of the equations is proposed by an iterative procedure in the static
massless case. The iteration procedure assumes, as starting point, a solution
of the static massless scalar field in flat space- time. Then a second (curved)
space-time is determined by solving the Einstein field equation whose source
term is the energy momentum tensor of the scalar field expressed by the men-
tioned flat solution. A second solution of the scalar field equation is then
determined in the second space-time. This in turns allows the calculation of
a thirth space-time configuration and so on. The calculations become rapidly
cumbersome. The constant of integration involved are chosen so that, at every
step, the new scalar field approximates, for large r, the previous one.

On the basis of the form of the physical radius, determined in the first few
steps, it is guessed the convergence of the iteration procedures.

2 The coupled equations.

The equations for self gravitating scalar field are formulated in the framework
of the symmetric comoving systems whose general (Lemâitre-Tolman-Bondi)
metric tensor is represented by (e. g. [7, 10]):

ds2 = dt2 − eγ(r,t)dr2 − y2(r, t)(dθ2 + sin2 θ dϕ2) (1)
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The coupled equations that we study in the paper, are given by

Rμν = k(∂μφ∂νφ − 1

2
m2

0φ
2gμν) (2)

∇α∇αφ + m2
0φ = 0. (3)

The eq. (2) is a reworking of the Einstein field equation Rμν − 1
2
Rgμν =

kTμν , (k = 8πG/c4) with the energy momentum tensor defined through the
scalar field itself: Tμν = ∂μφ∂νφ− 1

2
gμν(∂

αφ∂αφ−m2
0φ

2) [8]; m0 is the mass of
the particles of the scalar field and ∇α is the covariant torsion free derivative.
By expliciting the expression of Rμν in terms of the metric tensor (1) one first
gets the variable dependence consistency ∂θφ = ∂ϕφ = 0, so that φ depends
only on the variables r, t. The equations (2) and (3) become then (prime and
dot mean ∂r and ∂t respectively)
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yẏγ̇

2
= −k

2
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0φ
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ẏ′

y
− γ̇

y′

y
= kφ′φ̇ (7)

φ̈ − e−γφ′′ + e−γ(
γ′

2
− 2

y′

y
)φ′ + (

γ̇

2
+ 2

ẏ

y
)φ̇ + m2

0φ = 0 (8)

As a consequence one can check that the energy momentum tensor is conserved:
∇μTμν = 0 (e. g. [13]). The equations (4-8) are very difficult to be integrated
exactly. A systematic study in case y, γ, φ depend on one only of the variables
r, t has been performed in [15]. The solutions have been determined there
essentially in the massless case. The static massless case (also in presence
of dust matter) has been studied in [12]. In that case the equations were
explicitly integrated, but the result depends on an arbitrary function that
cannot be determined even by considering non minimally coupled scalar field
equations.

Here we propose an alternative integration method of the coupled equations
(4)-(8). It is based on the idea that the presence of a scalar field produces a
modification of the space-time properties. In turn this reacts by modifying the
scalar field whose new configuration again modifies the space-time properties
and so on. (Similar considerations have been performed in [18] in the static
spherically symmetric case).
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3 The iteration procedure.

Due to the complexity of the system of equations (4)-(8) we confine in the
static massless field case:

φ = φ(r), m0 = 0 (9)

From (7) we have therefore

eγ =
y

′2(r, t)

1 + 2E(r)
(10)

E(r) an arbitrary integration function. On account of these assumptions, the
system (4)-(6) greatly siplifies and becomes

(y2ÿ)′ = 0 (11)

E ′y − 1

2
y2ÿ′ − yẏẏ′ = −k

2
y2y′φ′2 (12)

2Ey′ + E ′y − yy′ÿ − y′ẏ2 − yẏẏ′ = 0 (13)

that is still very complex to solve. We are therefore led to further assume a
static condition on the physical radius [7]

y = y(r) ⇒ γ = γ(r) (14)

(The implication follows from (10) and the present assumption). By combining
all assumptions, one has therefore to solve the system of equations

E ′ = −k

2
yy′φ′2 (15)

2Ey′ + E ′y = 0 (16)

φ′′ − (
γ′

2
− 2

y′

y
)φ′ = 0 (17)

The iteration procedure we propose can then finally be formulated by the
recurrence relations

yn+1 = 21/2 (βn+1/k)1/4 1

|φ′
n|1/2

(18)

En+1 =
βn+1

y2
n+1

, exp γn = y′2
n /(1 + 2En) (19)

φ′
n = −αn

y2
n

exp(γn/2) n = 0, 1, 2, .. (20)

αn, βn integration constants. Once φ′
n is first determined by (20) in the space-

time characterized by yn, En, then yn+1, En+1, γn+1 can be determined by (18),
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(19) thus giving φ′
n+1 through (20) again and so on. At every cicle the scalar

field can be obtained by integrating (20). One obtains in general

φn = − αn√
2βn

log
{
C2

√
2βn + y2

n − 2βn

yn

}
(n > 0) (21)

C an integration constant.

4 Expliciting the iteration.

We give here the explicit solution for the lowest values of n.
Step n = 0. We assume the reference situation to be that of the flat space-

time. By (17) with n = 0, we assume

y0 = r, γ0 = 0, ⇒ φ0 =
αo

r
(22)

Through (18), (19) the new space-time is characterized by

y1 = a1 r, a1 = (4β1/(kα2
0))

1/4 (23)

E1 = (α0a1/2)2k
1

r2
(24)

exp γ1 =
2a2

1r
2

2r2 + (α0a1)2k
(25)

Step n = 1. From (20), (21), (24), (25) one obtains the first modification
of the flat scalar field

φ′
1 = −α1

√
2

a1

1

r
√

2r2 + (α0a1)2k
(26)

φ1 =

√
2

k
log

α0a1

√
k +

√
2r2 + (α0a1)2k

r
√

2
(α1 = α0a

2
1) (27)

By using the power expansion of
√

1 + x and log(1 + x) for |x| < 1 one has
also

φ1
r→∞−→ α0

r

(
1 − (α0a1

√
k)2

12

1

r2
+

√
2

16
(α0a1

√
k)3 1

r3
+ ....

)
(28)

φ1
r→0−→

√
2

k
log r (29)

From (18), (19), (27) one obtains further

y2 = 2−1/4(r
√

2r2 + (α0a1)2k)1/2 (β2 = α2
1k/(4a2

1)) (30)
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E2 =
β2

y2
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√
k)2

r
√
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(31)
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2
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8
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2 1
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− 3

128
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4k2 1
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2

√
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Step n = 2. By the previous results and the recurrence relations one has

φ2 = − α2

4β2

log
{
C2

√
2β2 + y2

2 − 2β2

y2

}
(35)

with y2 as in (30). From (35), (18), (19) one obtains then y3, E3, γ3 and so
on. The procedure become rapidly cumbersome. However the form (18)-(20)
is suitable, in case of interest, for formal manipulation via computer.

5 Remarks and Comments

In the previous Sections an iterative integration of eqs. (4)-(8) has been pro-
posed starting from a massless static scalar field in flat space-time. It is usefull
to note that if φ = φ(r) as in (9), then the assumption y = y(r) is not so special
as it may appear. Indeed

i) the choice of the assumptions y = y(t), γ = γ(t) or of the assumptions
y = y(t), γ = γ(r) are prevented on account of validity of (4).

ii) if one then assumes y = y(t) one should have, a priori, γ = γ(r, t). But
then, on account of (5), (6), the scalar field satisfies the equation φ′2+m2

0φ
2 =

const. = C, whose solutions are φ = A sinm0r (A = C/m2
0) with m0 �= 0 and

φ = Er + D if m0 = 0.
iii) if one assumes, instead of (14), the dependence y = y(r, t) then a

separated solution y(r, t) = z(r)T (t) is not possible. Indeed eq. (11) would
imply T̈ = 0 or z = constant. The choice z = constant is not possible because,
by (12), it implies z = 0, while T̈ = 0 implies, by separating the variables in
eq. (12), T = at + b = constant and hence t = const..

One could also try to extend the previous calculations by considering φ =
φ(t) or m0 �= 0. The possibility φ = φ(t) has no development in the present
iterative procedure, because the scalar field equation (8) has no purely time
dependent solution in flat space-time (y = r, γ = 0.)

It seems therefore that, apart the static case considered in the present
paper, the meaningfull situation to consider later is that of the general as-
sumption φ = φ(r, t) in (4)-(8). In this connection, an iteration procedure
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starting from flat space-time could have as basic scalar field solution (of (8))

φ0 =
A

r
exp(±i

√
β2 − m2

0r + iβt) (36)

However things becames immediatly very difficult because, from (36), φ′
0 �=

0, φ̇0 �= 0 so that equation (7) cannot be integrated as in (10).
Finally note the open problem of the convergence of the iteration procedure

developed in the paper. By the asymptotic behaviour of yn(r) at the different
considered steps (by choosing e.g., a1 = 1), it is guessed that the physical
radius yn(r) does indeed converge for increasing n. If this result is given for
grant, then (21) would ensure the convergence of the iterative solution of the
scalar field.
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