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Abstract 
 

Quantum electrodynamical model of electromagnetic field interaction with linear 
dielectric is considered to find the Hamiltonian for electromagnetic fields in 
photonic crystal. Equations of motion for field operators in one-dimensional 
photonic crystal are determined. Electric field distribution is obtained from the 
expectation value of electric field operator using coherent states of field. 
Emergence of photonic bandgap due to periodic structure of photonic crystal is 
discussed.  
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1 Introduction 
 
   The subject of photonic crystals is developing rapidly in recent years because 
of novel devices that are expected from these artificial materials [5,6]. They offer 
controls over the flow of light which are not possible with other types of photonic 
devices. Photonic crystals are constructed by introducing a periodic variation in 
refractive index in dielectric material in one, two or three dimensions. The 
periodic variation in refractive index is similar to periodic potential experienced 
by electrons in semiconductor crystal and consequently creates the photonic  
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bandgaps for electromagnetic radiation, which means radiation with frequencies 
falling in the bandgap cannot exist inside the photonic crystal. This property of 
photonic bandgap can be used for bandgap guidance along defect lines in photonic 
crystal, which gives greater control over light flow and allows realization of novel 
photonic devices. The propagation of electromagnetic waves through photonic 
crystals is governed by the master equation [6], which is the eigenvalue equation 
for electric field in photonic crystal. In this letter we derive the classical electric 
field configuration in one-dimensional photonic crystal starting from microscopic 
approach. Following the references [3,4] we construct the Hamiltonian for 
electromagnetic field in periodic medium from quantum electrodynamical 
principles. Both field and medium are modeled as quantized oscillators. To move 
from microscopic to macroscopic scale, we eliminate medium degree of freedom 
and use adiabatic-following and continuum approximations which results in a 
Hamiltonian expressed in terms of medium susceptibility and field operators. 
Expectation value of electric field inside the photonic crystal is found using 
electric field operator and taking the field states as coherent states. Coherent states 
are the states with minimum uncertainty condition and it is closer in its properties 
to classical electromagnetic fields. The bandgap can be observed in photonic 
crystal when electric field is found to be zero for certain range of frequencies for 
all distances and time. Our approach gives a different perspective for the wave 
propagation through photonic crystal and it can be easily generalized to two and 
three dimensional photonic crystals. For photonic crystals with small refractive 
index contrast, this approach gives the quantum properties of fields in the 
photonic crystals.                   . 
 
 
2 Hamiltonian for Electromagnetic Field in Medium 
 
   In quantum electrodynamical approach for electromagnetic fields interacting 
with dielectric medium, both electromagnetic field and medium are modeled as 
quantized harmonic oscillators and the interaction between them given by the 
dipole interaction [1, 2,7]. The microscopic total Hamiltonian is given as 
 
 † † † * *( )l n l ni i

l l l b n n l l n l l n
l n

H a a b b i h a b e h a b e
λ

ω ω ⋅ − ⋅= + − −∑ ∑ ∑ k r k rh h h  (1) 

where *
la and a  denote creation and destruction operators respectively for field 

mode l , †
nb  and b  denote creation and destruction operators respectively for 

the oscillators of the medium, and lω  and bω are the frequencies of field mode 
and the resonance frequency of the medium oscillator respectively. The λ  term 
in summation sign indicate summation over polarizations of field modes. The 
coupling between field mode and medium oscillator is given as interaction 
between field mode and medium dipole and determined by the term 

1/2 ˆ ˆ(2 / )
ll l bh V λπω μ= ⋅ kp eh  where p̂  and ˆ

lλke  are unit vectors in the directions 

of dipole moment and ˆ
lk  respectively. The evolution of field modes is given by  
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Heisenberg’s equations of motion for the operators la , and nb with elimination of 
medium degrees of freedom from these equations. In order to find the 
Hamiltonian for the field in terms of macroscopic medium parameter like 
dielectric constant or dielectric susceptibility adiabatic-following approximation 
and continuum approximation are made. Adiabatic-following approximation 
assumes that a quantum mechanical system remain in eigenstate that evolves 
slowly in time and in continuum approximation we consider infinitesimal volume 
consisting of large number of oscillators so that the field operator is spatially 
averaged. The equation of motion for spatially averaged field operator a  is 
obtained as 
 

 (1 2 )l l l
da i a
dt

πχ ω= − −  (2) 

and the corresponding Hamiltonian is 
 
 † 1

2(1 2 )( )l l l lH a aπχ ω= − +∑ h  (3) 

The approximations made in arriving at this Hamiltonian limit its applicability in 
finding quantum properties to medium which is rarer and is weakly coupled to the 
field. However it can used to obtain classical field distribution in medium if we 
use coherent states of fields. For structured media like photonic crystal 
susceptibility lχ  becomes a periodic function of position.  
      
 
2 Electric Field Distribution in Photonic Crystal 
 
   Coherent states are the quantum mechanical equivalent of classical 
monochromatic electromagnetic waves [2,7]. The classical electric field 
distribution in a photonic crystal can be evaluated as the expectation value of 
quantum mechanical electric field operator using coherent states. Considering one 
dimensional photonic crystal with periodicity p the susceptibility becomes a 
periodic function of z , i.e., ( ) ( )l lz z pχ χ= +  and coherent state of field is given 
as  

 21
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0

exp( )
!

n

n

n
n
αα α

∞

=
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with a α α α=  and ie θα α= . The expectation value of the electric field 
operator  
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with coherent states is obtained as 
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Here ( )lk z is a periodic function of same period as that of ( )l zχ and equation (6) 
gives the electric field distribution in the photonic crystal. The procedure can be 
easily extended to two and three dimensional cases and dispersion can be included 
by taking lχ as a function of lω . The terms ( )l zχ and ( )lk z inside the sine 
function cause the fluctuations in the electric field at the interface of two media 
and it is possible that with these two terms of same periodicity, the argument of 
the sine function can be made equal to nπ where 0, 1, 2,...n = ± ±  for same 
frequencies. This results in zero electric field for these frequencies which means a 
bandgap is formed for a periodic structure. With the expectation value of square 
of electric field given as  
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the fluctuations in electric field can be determined as  
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This is same as for vacuum state which means it contains only the noise of the 
vacuum.  
 
 
3 Conclusions 
         
The electric field distribution inside a photonic crystal or any structured media can 
be determined the Hamiltonian constructed from microscopic approach with 
adiabatic-following and continuum approximations. The form of Hamiltonian is 
simple in that it consists of medium susceptibility and field operators. The 
expectation value of electric field operators with coherent states of field taken 
gives the field distribution inside the media. When the media is rarer or the 
refractive index contrast in photonic crystal is smaller the evolution equations of 
field operators describe the quantum properties of the field. 
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