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Abstract

We study the maximum temperature rise induced by a rotating or
dithering Gaussian laser beam on a semi-infinite body. An analyti-
cal solution is obtained by solving the transient three-dimensional heat
equation in a semi-infinite domain with insulating surface. The effect of
rotating or dithering frequency on maximum temperature rise is quan-
titatively investigated for stainless steel and carbon nanotube-alumina
composites. It is found that the maximum temperature rise can be re-
duced by increasing the frequency of the rotating or dithering beam and
by increasing the radius of the rotating or dithering trajectory. For a
fixed frequency, the maximum temperature rise induced by a rotating
beam is lower than the one induced by a dithering beam. Finally, we
give the asymptotic solution of the temperature rise for large frequency
of a rotating Gaussian beam.

1 Introduction

Laser-induced heating has been widely applied in materials processing [17].
The theoretical modeling of temperature profiles induced by laser radiation
in solids was pioneered by Lax [12, 13]. In [12] the spatial distribution of the
temperature rise induced by a stationary Gaussian laser beam in a solid sample
is modeled by a one-dimensional integral based on thermal conduction in the
material. The integral is then evaluated numerically and it is found that the
maximum temperature rise depends on the absorption depth of the laser en-
ergy. Since the closed-form solution in [12] is a steady state solution to the heat
equation, it applies only for stationary or slow moving beams. The analysis of
laser heating has been extended intensively to include temperature-dependent
thermal conductivity[13, 14], time-dependent solution for a scanning Gaussian
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beam [9], laser-melted front [4], continuous wave (cw) laser annealing of het-
erogeneous multilayer structures [8], temperature profiles induced by a moving
cw elliptical laser beam with the inclusion of the temperature-dependent sur-
face reflectivity and thermal diffusivity [15], a general analytic solution for the
temperature rise produced by scanning Gaussian laser beams [19], the Green’s
function solution to the heat equation for a two-layer structure with scanning
circular energy beams [6], the solution of the non-stationary heat equation
with mixed boundary conditions using the Laplace transform and separation
of variables method [1], analytical solution of the heat equation for moving
semi-infinite medium under the effect of time dependent laser heat source [2],
transient heat conduction in a thin metal film exposed to short-pulse laser
heating using the dual phase lag heat conduction model, and laser short pulse
heating with convective boundary condition [21]. Many of these studies are
based on semi-infinite domains and quasi-steady states for a constant source
speed. A transient, three-dimensional analytical solution of the temperature
distribution in a finite solid when heated by a moving heat source is given in
[3].

Recently laser forming of plates using a rotating or dithering beam is in-
vestigated [20]. However, to the best of our knowledge, a detailed study of the
temperature rise induced by a rotating or dithering laser beam is not in the
literature. For this reason, the present paper attempts to extend the work in
[20] in order to investigate the effect of rotating or dithering speed of the laser
beam on the maximum temperature rise. Our results will provide a quantative
relationship between them and can be used to tune the speed of rotating or
dithering beam in order to achieve a desirable temperature rise.

This paper is organized as follows. In Section 2 we review the mathematical
modeling of the temperature distributions induced by a laser beam. We present
our numerical results in Section 3 and derive the asymptotic solution in Section
4. Our main results are summarized in Section 5. Some mathematical details
in Section 2 are shown in the Appendix.

2 Mathematical Formulation of the Problem

Consider a laser beam along the z direction, hitting a solid surface in the
x-y plane and rotating in the x-y plane. This can be depicted schematically in
Figure 1. A semi-infinite geometry is a reasonably good approximation if the
laser beam is small compared to the object. In practice, the object surface can
be made highly absorbing to the laser radiation by sand blasting and coating
with collodial graphite. Heat loss from the target surface is assumed to be
negligible compared to conduction into the solid. The mass density ρ, thermal
conductivity K and specific heat C of the material are considered constant
and evaluated at an average temperature.
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Figure 1: A schematic diagram shows a rotating laser beam shining on an
object.

With all these assumptions, the governing equation is the transient three-
dimensional heat conduction equation:

∂T

∂t
= αΔT +

F (x, y, z, t)

ρ C
, (1)

where T (x, y, z, t) is the solid’s temperature rise above ambient (i.e. the differ-
ence between the object temperature and the ambient temperature) and it is a
function of space and time, Δ is the Laplacian operator, α = K

ρ C
is the thermal

diffusivity, and the heat source term F (x, y, z, t) is the energy distribution of
the laser beam described above. We assume F (x, y, z, t) has the form

F (x, y, z, t) ≡ f(x, y, t)δ(z), (2)

where the Dirac delta function δ(z) in z expresses the assumption that all the
energy is absorbed at the surface.

Assume that the initial temperature rise is zero. When the boundary con-
dition at z = 0 satisfies type 2 or Neumann condition (insulate), the solution
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of the inhomogeneous heat equation (1) for a semi-infinite medium can be
expressed as

T (x, y, z, t) =
2α

K

∫ t

0

∫
R2

f(x
′
, y

′
, s)

[4πα(t − s)]3/2
exp

[
−(x − x

′
)2 + (y − y

′
)2 + z2

4α(t − s)

]
dx

′
dy

′
ds,

(3)
where the three-dimensional Green’s function has been used.

For a rotating Gaussian beam, the energy distribution of the laser beam
f(x, y, t) takes the form

f(x, y, t) =
3Q

πr2
0

exp

⎡
⎢⎣−(x − a cos

2πt

s∗
)2 + (y + b sin

2πt

s∗
)2

r2
0/3

⎤
⎥⎦ , (4)

where Q is the power transferred into the substrate and it equals the product
of the absorptivity and the laser power [20], r0 is the characteristic beam radius
typically defined as the radius at which the intensity of the laser beam drops
to 5% of the maximum intensity, s∗ is the rotating period and the parameters
a and b are both positive. Note that (4) describes a clockwise rotating beam
in the x-y plane. If a = b, then a denotes the radius of the rotation along the
z-axis.

For a dithering Gaussian beam, f(x, y, t) is given by

f(x, y, t) =
3Q

πr2
0

exp

⎡
⎢⎣−x2 + (y + c sin

2πt

s∗
)2

r2
0/3

⎤
⎥⎦ , (5)

where c > 0 is the amplitude of every cycle.
Substituting the expression of f in (4) into the solution (3) yields the

temperature rise induced by a rotating Gaussian beam:

T (x, y, z, t) =
2αQ

K

∫ t

0

1

[4πα(t − s) + πr2
0/3]

√
4πα(t − s)

×

exp

⎡
⎢⎣− z2

4α(t − s)
−

(x − a cos
2πs

s∗
)2 + (y + b sin

2πs

s∗
)2

4α(t − s) + r2
0/3

⎤
⎥⎦ ds.

(6)

The detailed derivation of this formula is presented in the Appendix. The
corresponding solution in the case of a dithering laser beam can be obtained
from (6) by setting a = 0 and b = c.

To evaluate (6), we first make a change of variables in order to remove the
singularity in the integrand:

u =
√

4α(t − s),
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and arrive at

T (x, y, z, t) =
Q

K

∫ √
4αt

0

1

πu2 + πr2
0/3

×

exp

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
−z2

u2
−

⎛
⎜⎝x − a cos

2πt − πu2

2α
s∗

⎞
⎟⎠

2

+

⎛
⎜⎝y + b sin

2πt − πu2

2α
s∗

⎞
⎟⎠

2

u2 + r2
0/3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

du.

(7)
The solution (7) can now be calculated by any numerical integration method,
such as the composite Simpson’s rule or Romberg integration method [5].

3 Numerical Results

We consider the temperature rise induced by rotating or dithering laser
beams for two representative materials: stainless steel and carbon nanotube-
alumina (CNT-Al2O3) nanocomposites.

Stainless steel is a group of iron-based metal containing at least 10%
chromium (alloy metals). It plays an important role in our daily life with
applications ranging from cookware to aviation products. The thermophysical
properties of stainless steel are summarized in Table 1 [18].

stainless steel CNT-alumina

melting point (oC) 1500 2040

density (kg/m3) 7532 1340

specific heat (J/kgoC) 629.5 (@ 1000oC) 6090 (@ 400oC)

thermal conductivity (W/moC) 27.07 (@ 1000oC) 90.44 (@ 1550oC)

thermal diffusivity (m2/s) 5.709 × 10−6 (@ 1000oC) 13.98 × 10−6 (@ 1550oC)

For all the calculations presented in this paper, we choose the laser power
as 500J/s or 500W and the absorptivity of the material is assumed to be 80%.
The correpsonding value of Q is 400J/s. The laser beam diameter is 4mm.
From the expression (7), it is obvious that the maximum temperature rise in
the material occurs at the surface z = 0. Figure 2 gives several snapshots of
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the temperature rise at z = 0 with s∗ = 0.05s at difference times. One can
see from Figure 2 that the hottest spot is exactly where the laser beam hits
the object. In Figure 3 we plot the temperature rise at z = 0 and t = 1s
for various values of rotating period s∗ of the rotating laser beam. It is clear
from Figure 3 that the maximum temperature rise decreases as the rotating
period decreases. In other words, the slower the beam rotates, the hotter the
object is. The quantitative relationship between the maximum temperature
rise and the rotating frequency (i.e. reciprocal of the rotating period) at t = 1s
is depicted in Figure 4. Figure 5 shows the temperature rise as a function of
time at a fixed point (x, y, z) = (5, 0, 0) on the heated surface of the stainless
steel material. The temperature rise oscillates and its envelope behaves as an
increase function of time. In Figure 6 we compare the temperature rise at z = 0
for two different radii of rotating trajectory. Apparently, the temperature rise
associated with larger radius of rotating trajectory (a = 3mm) is less than
the one associated with smaller radius of rotating trajectory (a = 2mm). The
dependence of maximum temperature rise on the radius of rotating trajectory
is shown in Figure 7 which says that the maximum temperature rise is inversely
proportional to the radius of rotating trajectory.

In Figures 8-13 we show the corresponding results of a dithering Gaussian
beam on stainless steel. Similar results as above are observed for a dithering
Gaussian beam: the maximum temperature rise is a decreasing function of
the frequency of the dithering beam and the radius of dithering trajectory.
Furthermore, comparing Figure 4 and Figure 10, one can see that for a fixed
frequency, the maximum temperature rise induced by a rotating beam is lower
than the one induced by a dithering beam.

Now we extend the above studies from stainless steel to carbon nanotube-
Alumina nanocomposites which have been synthesized by direct growth of
carbon nanotubes on alumina by chemical vapor deposition. CNT-alumina is a
new generation of engineered CNT-ceramic materials with extremely improved
thermal properties. The relevant thermophysical properties of CNT-alumina
are listed in Table 1 [11]. It is clear from Table 1 that CNT-alumina has
larger values of specific heat, thermal conductivity and thermal diffusivity
than stainless steel. It is a better candidate if one wants a lower temperature
rise.

The effect of rotating or dithering frequency of the Gaussin beam on the
maximum temperature rise of CNT-Alumina is given in Figure 14. It is ob-
served as before that larger frequency leads to lower maximum temperature
rise. Eventually, the maximum temperature rise approaches an equilibrium
value as frequency increases. The equilibrium value corresponding to the ro-
tating Gaussian beam is smaller than that of the dithering Gaussin beam.
Figure 15 describes the effect of laser beam radius on the maximum tempera-
ture rise. When the laser beam radius is smaller which corresponds to a more
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focused beam, the maximum temperature rise becomes larger.

4 Asymptotic Behavior of the Temperature Rise

for Large Frequency

In this section we investigate the asymptotic behavior of the temperature
rise as the frequency of the rotating Gaussian beam goes to infinity.

Recall that the temperature rise due to a rotating Gaussian beam is given
by 6. Since we are interested in the maximum temperature rise, we consider
the case z = 0 and to facilitate our analysis, we assume a = b. Under these
conditions, the expression of temperature rise becomes

T (x, y, 0, t) =
2αQ

Kπ
3
2

∫ t

0

1

[4α(t − s) + r2
0/3]

√
4α(t − s)

×

exp

⎡
⎢⎣−x2 + y2 + a2 − 2a

√
x2 + y2 cos(

2πs

s∗
+ θ0)

4α(t − s) + r2
0/3

⎤
⎥⎦ ds,

(8)

which θ0 satisfies

cos θ0 =
x

x2 + y2
, sin θ0 =

y

x2 + y2
.

Using change of variables snew = α(t− s) and then dropping the subscript, we
write the temperature as

T (x, y, 0, t) =
2Q

Kπ
3
2

∫ αt

0

1√
4sh(s)

×

exp

⎡
⎢⎣g1(x, y) + g2(x, y) cos(

2πs

ε
− θ(t))

h(s)

⎤
⎥⎦ ds,

(9)

where
ε = αs∗, θ(t) = 2πt

s∗ + θ0, h(s) = 4s +
r2
0

3
,

g1(x, y) = −(x2 + y2 + a2), g2(x, y) = 2a
√

x2 + y2.

(10)

Our aim is to find a two-term asymptotic expansion for small ε (i.e. small
period or large frequency of the rotating beam). To achieve this goal, we start
by considering the Fourier expansion of exp(η cos(u)) as a function of u:

exp(η cos(u)) =

∞∑
k=0

ak(η) cos(ku). (11)
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The Fourier expansion defines a sequence of coefficient functions {ak(η), k =
0, 1, 2, · · ·} which are given by

a0(η) = 1
2π

∫ 2π

0
exp(η cos(u))du,

ak(η) = 1
π

∫ 2π

0
exp(η cos(u)) cos(ku)du, k = 1, 2, · · ·

(12)

We remark that the Fourier expansion (11) is valid for any value of u and
the Fourier coefficients (12) are one-dimensional functions which can be pre-
calculated.

Using the Fourier expansion (11), we write the integrand function in (9) as

integrand function =
1√

4sh(s)
exp

[
g1(x, y)

h(s)

] ∞∑
k=0

ak

(
g2(x, y)

h(s)

)
cos

(
k
2πs

ε
− kθ(t)

)
.

Introduce the variable s = u2 then the temperature can be expressed as

T (x, y, 0, t) =
2Q

Kπ3/2
I0 +

2Q

Kπ3/2

∞∑
k=1

Ik, (13)

where

I0 =
∫ √

αt

0

1

h(u2)
exp

[
g1(x, y)

h(u2)

]
a0

(
g2(x, y)

h(u2)

)
du,

Ik =
∫ √

αt

0

1

h(u2)
exp

[
g1(x, y)

h(u2)

]
ak

(
g2(x, y)

h(u2)

)
cos

(
k
2πu2

ε
− kθ(t)

)
du, k > 0.

(14)
Note that I0 is the leading term. As we will show below, all other Ik (where
k > 0) terms in the summation in (13) contribute to the second term in the
asymptotic expansion.

We use the method of stationary phase to approximate Ik terms. The
method of stationary phase is an asymptotic approximation technique which
estimates integrals whose integrands rapidly oscillate in sign over the integra-
tion range. Due to oscillations, the contributions to the integral tend to cancel
except at end points where small contributions remain. Contributions also
arise from regions where the rate of oscillation of the integrand is reduced.
Such regions are called regions of stationary phase. For a more detailed intro-
duction to the method of stationary phase, see the excellent textbook by Bush
[7]. We now turn to the evaluation of Ik. There is a single point of stationary
phase occurring at u = 0. Applying the standard method of stationary phase,
we find

Ik =
1

h(0)
exp

[
g1(x, y)

h(0)

]
ak

(
g2(x, y)

h(0)

) ∫ ∞

0

cos

(
k
2πu2

ε
− kθ(t)

)
du + o(

√
ε).

(15)
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The integral requires results from Calculus, namely

∫ ∞

0

cos(
2πk

ε
u2)du =

∫ ∞

0

sin(
2πk

ε
u2)du =

1

4
√

k

√
ε + o(

√
ε). (16)

Substituting the expressions (16) into (14) leads, after some manipulation, to
the equation

Ik =
3

r2
0

exp

[
3g1(x, y)

r2
0

]
ak

(
3g2(x, y)

r2
0

)
[cos(kθ(t)) + sin(kθ(t))]

1

4
√

k

√
ε + o(

√
ε)

=
3
√

ε

r2
02
√

2
√

k
exp

[
3g1(x, y)

r2
0

]
ak

(
3g2(x, y)

r2
0

)
cos(kθ(t) − π

4
) + o(

√
ε).

(17)
where we have used (10) to get h(0) = r2

0/3.
Returning to (13), we have

T (x, y, 0, t) =
2Q

Kπ3/2

∫ √
αt

0

1

h(u2)
exp

[
g1(x, y)

h(u2)

]
a0

(
g2(x, y)

h(u2)

)
du

+
6Q

√
ε

2
√

2Kπ3/2r2
0

exp

[
3g1(x, y)

r2
0

] ∞∑
k=1

1√
k
ak

(
3g2(x, y)

r2
0

)
cos(kθ(t) − π

4
) + o(

√
ε).

(18)
The first term on the right-hand side of this expression corresponds to the lead-
ing O(1) term whereas the second term is of the order O(

√
ε). Furthermore,

θ(t) = 2πt/s∗ + θ0 gives the time dependence of the temperature rise. Nu-
merical experiments show that the infinite sum in (18) converge very quickly
so in numerical computations only a small number of terms are needed in
approximating the sum.

The asymptotic result (18) predicts that the temperature behaves like c0 +
c1/

√
frequency for large frequency of the rotating beam where c0 and c1 are

some constants. In Figure 16 we use the least square method to fit the curve
in Figure 4 by a function c0 + c1/

√
frequency where c0 = 577 and c1 = 2698.

The excellent fitting in Figure 16 validates the asymptotic result.

5 Conclusions

In this paper we have given a quantative study on the temperature rise
induced by a rotating or dithering Gaussian laser beam for stainless steel and
CNT-alumina nanocomposites. The maximum temperature rise can be re-
duced by increasing the frequency of a rotating or dithering beam and by
increasing the radius of the rotating or dithering trajectory. Furthermore, for
a fixed frequency the maximum temperature rise induced by a rotating beam
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is smaller than the one induced by a dithering beam.
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(a) (b)

(c) (d)

Figure 2: Snapshots of the temperature rise of stainless steel induced by a
rotating Gaussian beam at the surface z = 0.
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(a) (b)

(c) (d)

Figure 3: Temperature rise of stainless steel induced by a rotating Gaussian
beam with different rotating period s∗ at the surface z = 0: (a) s∗ = 0.0125s;
(b)s∗ = 0.025s; (c) s∗ = 0.05s; (d) s∗ = 0.1s. Here the rotating radius is
a = b = 5mm and time t = 1s.
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Figure 4: The maximum temperature rise of the stainless steel versus the
frequency of the rotating Gaussian beam.
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Figure 5: The temperature change with time at a fixed point (x, y, z) = (5, 0, 0)
on the material of stainless steel where the laser is a rotating Gaussian beam
with period s∗ = 0.05s.
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(a) (b)

(c) (d)

Figure 6: Temperature rise of stainless steel induced by a rotating Gaussian
beam at time t = 0.5s and z = 0 with different radius of rotating trajectory.
Here s∗ = 0.05s.
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Figure 7: The maximum temperature rise versus the radius of rotating trajec-
tory of the Gaussian beam. Here a = b, t = 0.5s and s∗ = 0.05s.
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(a) (b)

(c) (d)

Figure 8: Snapshots of the temperature rise of stainless steel induced by a
dithering Gaussian beam at the surface z = 0.
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(a) (b)

(c) (d)

Figure 9: Temperature rise of stainless steel induced by a dithering Gaussian
beam with different period s∗ of each cycle at z = 0: (a) s∗ = 0.0125s; (b)s∗ =
0.025s; (c) s∗ = 0.05s; (d) s∗ = 0.1s. Here the amplitude of dithering is
c = 5mm.
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Figure 10: The maximum temperature rise of stainless steel versus the fre-
quency of the dithering Gaussian beam.
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Figure 11: The temperature change with time at a fixed point (x, y, z) =
(0, 5, 0) on the material of stainless steel where the laser is a dithering Gaussian
beam with period s∗ = 0.05s.
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(a) (b)

(c) (d)

Figure 12: Temperature rise of stainless steel induced by a dithering Gaus-
sian beam at time t = 0.5s and z = 0 with different amplitude of dithering
trajectory. Here s∗ = 0.05s.
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Figure 13: The maximum temperature rise versus the amplitude of dithering
trajectory of the Gaussian beam. Here t = 0.5s and s∗ = 0.05s.
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Figure 14: The maximum temperature rise of CTN-Alumina versus the fre-
quency of the (a) rotating (b) dithering Gaussian beam with two different laser
powers. Here r0 = 2mm.
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Figure 15: The maximum temperature rise of CTN-Alumina versus the fre-
quency of the (a) rotating (b) dithering Gaussian beam with different beam
radius. Here Q = 400W .
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Figure 16: The numerical result from Figure 4 (dotted) vs the asymptotic
prediction (solid line) given in Equation (18). Here the solid line is described
by Tmax = 577 + 2698/

√
frequency.
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Appendix. Derivation of Formula (6)

In this appendix we give a simple derivation of formula (6).

For the reader’s convenience, we recall that the general solution of the
two-dimensional initial value problem

ut = α(uxx + uyy), u(x, y, 0) is known and (x, y) ∈ R2, t > 0 (19)

is the convolution of the Green’s function and the initial condition [10]:

u(x, y, t) =

∫
R2

(
1√

4παt

)2

exp

[
−(x − x

′
)2 + (y − y

′
)2

4αt

]
u(x

′
, y

′
, 0)dx

′
dy

′
.

(20)
Choose a special initial value u(x, y, 0) = δ(x−x0, y− y0) where δ is the Dirac
delta function and (x0, y0) is a fixed arbitary point. Then the solution at time
Δt becomes

u(x, y, Δt) =
1

4παΔt
exp

[
−(x − x0)

2 + (y − y0)
2

4αΔt

]
. (21)

Now use u(x, y, Δt) given in (21) as the initial value and go forward from
time = Δt to time = t + Δt. Then using (20) we have

u(x, y, t + Δt) =

∫
R2

1

4παt
exp

[
−(x − x

′
)2 + (y − y

′
)2

4αt

]
×

1

4παΔt
exp

[
−(x

′ − x0)
2 + (y

′ − y0)
2

4αΔt

]
dx

′
dy

′
.

(22)

On the other hand, we know from (21) that

u(x, y, t + Δt) =
1

4πα(t + Δt)
exp

[
−(x − x0)

2 + (y − y0)
2

4α(t + Δt)

]
. (23)

It immediately follows from (22) and (23) that

∫
R2

1

4παt
exp

[
−(x − x

′
)2 + (y − y

′
)2

4αt

]
exp

[
−(x

′ − x0)
2 + (y

′ − y0)
2

4αΔt

]
dx

′
dy

′

=
Δt

t + Δt
exp

[
−(x − x0)

2 + (y − y0)
2

4α(t + Δt)

]
.

(24)
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Since Δt is arbitrary, one can denote σ2 ≡ αΔt. Then (24) is rewritten in the
form∫

R2

1

4παt
exp

[
−(x − x

′
)2 + (y − y

′
)2

4αt

]
exp

[
−(x

′ − x0)
2 + (y

′ − y0)
2

4σ2

]
dx

′
dy

′

=
σ2

αt + σ2
exp

[
−(x − x0)

2 + (y − y0)
2

4(αt + σ2)

]
.

(25)
Now we consider the temperature rise induced by a rotating Gaussian beam.

Combining (3) and (4), we find

T (x, y, z, t) =
6αQ

πr2
0K

∫ t

0

∫
R2

1

[4πα(t − s)]3/2
exp

[
−(x − x

′
)2 + (y − y

′
)2 + z2

4α(t − s)

]
×

exp

⎡
⎢⎣−(x

′ − a cos
2πs

s∗
)2 + (y

′
+ b sin

2πs

s∗
)2

r2
0/3

⎤
⎥⎦ dx

′
dy

′
ds

=
6αQ

πr2
0K

∫ t

0

1

[4πα(t − s)]3/2
exp

[
− z2

4α(t − s)

]

⎧⎪⎨
⎪⎩

∫
R2

exp

[
−(x − x

′
)2 + (y − y

′
)2

4α(t − s)

]
exp

⎡
⎢⎣−(x

′ − a cos
2πs

s∗
)2 + (y

′
+ b sin

2πs

s∗
)2

r2
0/3

⎤
⎥⎦

⎫⎪⎬
⎪⎭ dx

′
dy

′
ds

=
6αQ

πr2
0K

∫ t

0

4πα(t − s)

[4πα(t − s)]3/2
exp

[
− z2

4α(t − s)

]
r2
0/12

α(t − s) + r2
0/12

×

exp

⎡
⎢⎣−(x − a cos

2πs

s∗
)2 + (y + b sin

2πs

s∗
)2

4α(t − s) + r2
0/3

⎤
⎥⎦ ,

(26)
where in the last step the double integral is evaluated by using (25). After
some straightforward algebra, (26) is simplified to:

T (x, y, z, t) =
2αQ

K

∫ t

0

1

[4πα(t − s) + πr2
0/3]

√
4πα(t − s)

×

exp

⎡
⎢⎣− z2

4α(t − s)
−

(x − a cos
2πs

s∗
)2 + (y + b sin

2πs

s∗
)2

4α(t − s) + r2
0/3

⎤
⎥⎦ ds,

(27)

which is exactly formula (6).
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