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Abstract

One of the most longstanding unsolved issues in electrodynamics
is the equation of motion of a charged particle in an electromagnetic
field. When the self force due to the radiation field is included, bizarre
results, such as runaway solutions and non-causal effects are manifested.
A recent solution to this problem is used to solve the infamous problem
of a charged particle in a constant, uniform electric field. The solution
is presented here first for the low velocity limit, and then the ultra-
relativistic case.
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“The old and much-debated question, whether a charge in uniform accel-
eration radiates, is discussed in detail and its implications are pointed out.”[1]
This was the assessment of Fulton and Rohrlich 50 years ago, and although it
is now generally believed that such a particle does radiate, the actual equa-
tion of motion, as well as exactly what it radiates, is still an open question.
The controversy ignited with von Laue[2] and Pauli’s[3] claim that a particle
under constant acceleration does not radiate, but Drukey[4] showed that such
a particle does in fact radiate. That did not quite settle the argument, and
the Principle of Equivalence was sometimes invoked to show that the parti-
cle did not radiate. The fallacious argument was stated along these lines: A
charged particle at rest in a gravitational field is “equivalent” to a particle in
a uniformly accelerating frame. Since the particle at rest does radiate, neither
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does the accelerating particle. Bondi and Gold[5] showed that the PE does
not apply to this case, and recently this was explained in detail.[6] In the past
the entire question of radiation reaction was considered by some to be of only
theoretical interest, since such effects could not be observed. But today there
are several reasons that bring this question to the forefront of investigation.
First of all, laser intensities of 1022 W cm−2 have been reached, and it has
been shown how important radiation reaction is.[6] Wakefield acceleration in
a uniform field have produced GeV electrons.[7] In addition the acceleration
of UHECRs, cosmic rays with energies of 1020 eV and higher, is still a much
debated issue. These current problems make the problem of radiation reaction
a pressing one.

And so, the main question simmers unanswered: What is the correct equa-
tion of motion? This question is really a subset of the much bigger question
concerning the general equation of motion of a charged particle in any elec-
tromagnetic field. The root of the trouble can be unearthed by looking at the
starting point for many approaches, the Lorentz-Abraham-Dirac equation:[8]

m
dvμ

dτ
=

e

c
F μσvσ + mτ0

(
v̈μ +

vμ

c2
v̇σv̇

σ
)

(1)

where τ0 = 2e2/3mc3 and dots indicate differentiation with respect to proper
time τ . The self force (von Laue four vector or the Abraham vector) is the
term with τ0, while the first part of this term is called the Schott force and the
other part the radiation reaction force, although in the literature the entire
Abraham vector is often called the radiation reaction. The power radiated by
an accelerating charge is P = −mτ0v̇σv̇σ and the metric (+ - - -) is used.

The Schott term gives rise to an extraordinary solution–the so-called run-
away solution. With no forces acting, this term leads to a self force that pro-
pels the particle forward in an extremely short time (while the four-velocity
is unbounded).[9] To counter this, at least in the low velocity limit, one may
integrate the equation using an integrating factor and apply a boundary con-
dition to render it a second order differential equation. But in this case the
solution is non-causal.[9] For these reasons the LAD equation is not considered
to be the correct physical description, and for decades the correct solution has
been sought. There is a long list of contributors to this, and a recent review
may be found in the literature.[6]

We may gain insight into this issue by integrating the time (zero) compo-
nent of (1) (and multiply by c). The result is K = WF − WR − mτ0cv̇

0 where
K is the change in kinetic energy, WF is the work done by the external force,
WR is the energy radiated, and the last term is evaluated at the initial and
final times. Often, one assumes that v̇0 vanishes at the endpoints, so we have
conservation of energy. But for a free particle trapped in a magnetic field, or a
particle in uniform acceleration, this term never vanishes, and energy is never
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conserved. The conventional argument is that the energy is stored in an “in-
duction field,” and somehow given back to the particle, but such a scenario is
problematic with the examples just given. In fact, this quandary is so irksome
that some authors conclude that rest mass is not conserved.[10][11]

Equally disconcerting is the problem we started with, the physics of a
particle in a constant electric field (the field depends neither on space nor time).
Consider first the case with no radiation. The motion is called hyperbolic
motion, named after the well-known solutions (for a particle initially at rest)
v1 = c sinhΩτ and v0 = c cosh Ωτ where Ω = eE/mc. The surprise is that this
is a solution of the LAD equation as well! In fact, Gupta, looking for solutions
that do not have a self force, solved for these solutions by equating the self
force to zero. He found the resulting motion to be described by the hyperbolic
solution given above. This put a severe burden on physicists, who now had
to explain how a charged particle in a constant field can radiate energy while
experiencing no self force. For example, suppose we could “turn off” radiation
reaction and accelerate a particle from rest to some arbitrary speed with kinetic
energy K. Evidently we have K = WF , the kinetic energy that the particle
acquires is equal to work done by the external field. Now we turn on radiation
reaction and redo the experiment. Even though the particle radiates all the
while it accelerates, the result is the same K = WF . This paradoxical result is
hard to justify, and gave further ammunition to fuel the campaign to find an
expression to replace the LAD equation.

This, along with the problems of the LAD equation stated earlier, initiated
a longstanding search for the “correct” equation. I will briefly mention two that
have been used in the past. The most widely known is the Landau Lifschitz[12]
equation, which can be derived from the LAD equation in a series expansion
based on τ0.[6] One may be wary about an equation that is derived from a
poorly behaved one, but the result has been used widely over the years, which
is,

dvμ

dτ
= (e/mc)F μσvσ (2)

+τ0[(e/mc)Ḟ μσvσ + (e/mc)2(F μγF φ
γ vφ

+F νγvγF
φ

ν vφvμ)].

Besides the problem that it is only valid if the self force is small, it suffers the
same unacceptable behavior as the LAD equation, the self force vanishes for a
uniform electric field.

The other equation to be mentioned is the Ford O’Connell equation, which
is,[14]
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This has been shown to be equivalent to the LL equation to order τ0[13] and it,
too, fails for the case of a constant uniform electric field–the self force (the term
multiplied by τ0 in (3)) vanishes. However, the present a case for a “nearly
constant field.”[15]

A table of the most well know putative equations may be found in the
recent review.[6]

Recently, a method has been developed that is based upon the explicit
conservation of energy so that K = WF − WR.[16] The equation is

m
dvμ

dτ
=

e

c
F μσvσ − fμ (4)

where fμ = −φ,μ + vμ/c2φ̇. The scaler φ is interpreted as the potential of the
self force. As it stands, (4) is obviously covariant. To find the self force we
pick a frame, the frame in which the electric field is E, which is called the lab
frame, and integrate the time component as before to find,

f 0 = v0P/c2 (5)

and assuming that the self force is antiparallel to the velocity we are able
to find fn. The equations were solved for the case of an electron in a high
intensity laser field. It was shown, for example, that radiation reaction becomes
important as the intensity goes above 1022 W cm−2, a goal that is expected to
be reached soon.

Before proceeding with the actual problem it is worthwhile to solve a toy
problem in which an exact solution exists. Consider the low velocity limit
where (4) becomes mv̇ = F − f and vf = P in the 1D case. If the force F is
mV e−t2μ2

(4t2τ0μ
4 − 2tμ2) then the velocity is v = V e−μ2t2 . The kinetic energy

is K = mv2/2 and by direct integration one readily shows that K = WF −
WR. Now, if we ignore radiation reaction, using the same force F , we obtain
the solution v0 = 2V μ2

(
e−t2μ2

(
1

2μ2 − tτ0

)
+
√

πτ0(erf(tμ) + 1)/2μ
)
. These are

plotted in Fig. 1 with m = V = μ = 1, τ0 = 0.1.
The solutions are just as we would expect, the velocity with the self force is

less than the velocity without it. There is no runaway solution, no non-causal
effects, and energy is conserved.

Now we may proceed to the constant force F = qE. Again the equations
are v̇ = g − f/m and fv = P where g = qE/m and P = mτ0v̇

2. Since
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Figure 1: (Color online) The velocity v0 (red, top) with no radiation reaction
and v (blue, bottom) with radiation reaction.
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Figure 2: (Color online) The velocity with no radiation reaction (red, top
right), and v (blue, bottom), the numerical solution with radiation reaction.
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numerical results will be used, the equation will be non-dimensionalized by
letting t → tg/v and x → xg/c2 so that we have, combining the equations,

vv̇ = v − bv̇2 (6)

where b = τ0g/c.
The numerical solution is given in Fig. 2 along with the result without

radiation reaction. The solution is what we expect, with the velocity reduced
due to the energy that is radiated away.

While this problem is important from an historical point of view, it is of
little practical value since, in order for the self force effects to be observed, the
acceleration must be so large that the relativistic equation must be used. For
this reason, the high energy situation is now analyzed. The most appropriate
regime is the extremely high energy situation, in which the relativistic factor
γ >> 1. In this case the equations of motion become

v̇0 = v1 − b′sv0 (7)

v̇1 = v0 − b′s1

(8)

where b′ = τ0Ω, Ω = qE/mc, and s = −v̇σ v̇σ. The numerical solution for
γin = 5 is displayed in Fig. 3 along with the result without the self force. Again
the result is sensible, showing the velocity calculated with radiation reaction
is less than that found without it. As a final check we may integrate the zero
component of (4). Dividing each term by mc2 this gives, in dimensionless
units,

γ − γin =
∫

vdτ + b
∫

v̇σv̇σdτ, (9)

which tells us K = WF − WR. These quantities are shown in Fig 4. The
numerical work was done using Mathematica, and the sum K − WF + WR is
zero to six significant figures.

In summary, the longstanding problem of a charged particle in a uniform
electric field has been solved. The results are free of all known pathologies
including runaway solutions and non-causal behavior. The solution was pre-
sented in the non-relativistic and the extreme relativistic case where γ >> 1.
The solutions are all sensible and energy is conserved without invoking the
need of an induction field.
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Figure 3: (Color online) The velocity v0 (red, top) with no radiation reaction
for a constant force in for γ >> 1and v (blue, bottom) with radiation reaction.
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Figure 4: (Color online) The kinetic energy (red, middle), WF (green, top)
and the energy radiated WR (blue, bottom).
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