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Abstract

The Stern-Gerlach (SG) experiment reported in 1922 was an impor-
tant milestone in the history of physics. The passing of a collimated
neutral beam of silver atoms through a long, strong and asymmetrical
magnet caused the atoms of silver out of a horizontal slit to split roughly
into two separate beams forming a hollow lip figure (as seen on a plate
held normal to the beam) instead of being a filled-in lip figure as sug-
gested by some theoretical calculations. The SG results were thought
to indicate that the observed phenomenon can not be explained using
classical physics. Following a classical numerical approach by the author
using a double-slit geometry, results are given for a 3D numerical SG
type experiment showing clearly that a binary beam splitting is possible
for certain conditions using an inverse square relation as the only source
of forces- thus giving the possibility of a classical interpretation to the
problem. For simplicity, we use what is mathematically equivalent- a
dipole of charges to represent the magnetic dipole of the atom, and sets
of fixed charges or potential surfaces around the path of the beam to
represent the poles of a magnet. Although not exactly following the
SG setup, the present results, nonetheless, are useful in showing the
clear discrete behavior that can be caused by the combination of a fixed
boundary, a strong field asymmetry and the highly nonlinear mapping
of the inverse square law of forces coupled with the spin direction of a
particle.
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1 Introduction

Following the predictive successes of the atomic models of Bohr and Summer-
field and the suggestions of quantized atomic energy levels, atomic orbits and
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spin, Stern and Gerlach (SG) conducted an experiment in 1922 in Germany [5]
to test if the angular momentum of a neutral atom is quantized as predicted by
the theory. In their experiment, silver metal, evaporated in an evacuated oven,
was collimated by a number of horizontal slits and the resulting neutral beam
of silver atoms was allowed to pass through a long and strongly asymmetric
magnet that has a specially shaped non-uniform gap between the pole pieces
(in the direction normal to the beam) resulting in considerable variations in
the magnetic field components.

The silver atom was chosen because it is charge-neutral but not spin-
neutral, as it has a single unpaired electron in its outermost orbit. The inter-
action of the atomic dipole with the strong poles of the magnet were expected
to push the atoms, and the beam as a result, upward or downward (towards
or away from the poles of the magnet) depending on the initial direction of
the dipole axis, as the beam entered the magnet. The initial direction of the
atom’s dipole is expected to be random (as it emerges from the oven) and the
amount of terminal deflection at the end of flight is expected to vary contin-
uously as a consequence, and in accordance with the initial orientation of the
dipole. The deflection of the beam could therefore take any value between two
maximum possible up and down deflection positions. These are decided by the
strength of the magnet, the dipole and the initial velocity of the beam. What
was observed is that the atoms landed roughly on only two extreme edges up
and down and nothing in-between on a plate held normal to the beam just
after the magnet. Combined with the special shape of the magnet and the line
shaped beam of atoms, this produced a lip shaped figure hollow in the inside,
not filled-in as expected from some calculations using classical physics.

The results of the SG experiment, like the double slit experiment for par-
ticles before, caused a continuing controversy and many suggested that the
classical laws of physics are not applicable to the atomic world, and that new
rules and laws are needed to explain the results. One such new method is
’Quantum Mechanics’- based on an idea that particles behave like waves in
some cases and particles in others- the ’wave particle duality principle’. With
the added wave properties of diffraction and interference to particles, the ex-
planation of the double slit and SG results and others became possible and
calculation methods were perfected and simplified using other wave methods
like the ’path integral’ of Feynman [4] and others.

In a previous work by the author on the double-slit geometry [1], it was
shown that the dual particle wave behavior is in fact true, but resulting not
necessarily from some inherent particle duality property but rather from a local
interaction of the beam with the fixed barrier particles under the classical laws
of physics. The wave behavior was found to be simply the result of a local
bound state phenomenon. The SG setup like the double slit setup create
temporary bound states and as such can exhibit a wave like behavior with
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true diffraction and interference. The appearance of waves in fluids is the
clearest example of the idea, wherein a body of fluid is composed of a large
number of smaller particles all interact under the inverse square law and its
derivatives like the Van-der-Wall forces and interacting with a fixed boundary
which, in turn, is composed of constituents that interact under the same laws.

In the SG geometry, quantization comes not only from the fixed boundaries
of the magnet, but also from other naturally quantized geometry conditions-
like you can have only two directions for a dipole- when it is aligned along the
line of motion for example- giving either left handed or right handed types of
circulation (polarization). And when considering the magnet axis, there are
only two directions for the dipole along this direction- with the field or against
it. The poles of the magnet- and hence the forces on the dipole, are naturally
quantized too. These can be north-south and south-north when different, or
north-north and south-south when they are the same. The strong asymmetry
of the magnet in the vertical direction and the symmetry in the horizontal
direction produces one preferred direction caused by the asymmetry and two
possibilities on the other direction due to symmetry in the horizontal direction.

The findings of the present work are in support of the observed spatial
quantization of angular momentum and the appearance of wave-particle du-
ality behavior. At the same time, the present results show that all this is
predictable using classical forces alone. As Feynman in his lectures on physics
[4] states: ”there are many seemingly unrelated ways of predicting the outcome
of one experiment”. The challenge of course is in how to relate the different
methods. This situation is similar to the prediction of the outcome of the
throw of a die using probability rules (not involving any classical mechanics)
with good accuracy, when the outcome is equally predictable using the well
known laws of mechanics. Another related situation is that of the motion of a
single electron behaving classically when free and in a quantum manner when
bound to the atom. Quantization comes from the fixed boundaries (or equiv-
alently when some parts of the system move very little) as given in [1]. In the
silver atom we have the nucleus playing such part and in the larger SG setup
we have the fixed magnet.

2 Theory

One of the distinct features of the SG setup is its complicated geometry. This
must have been one obstacle against attempts of a full classical treatment of
the problem. One pole piece in the SG setup is pointed in shape with axis
normal to the beam direction, while the other is flat. This is to produce a
strong variation in the magnetic field within the gap resulting in a lateral force
on the dipole of the (charge neutral) atoms. These forces push the atoms off
course towards or away from the poles of the magnet. The amount of deflection
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is a function of the force between the atomic dipole and that of the magnet
and thus expected to be random (within a maximum possible deflection) for
an expected random initial starting orientation of the atomic dipoles. With a
beam of atoms along a horizontal line, as it comes out of a slit, and combined
with the particular magnet configuration, the trace made by the beam on a
plate held normal to the beam direction is expected to produce a filled-in lip
shaped figure according to this logic. Instead, the experiment have produced
only a hollow lipped figure.

For simplicity and because the expected speed of of atoms is low, the mag-
netic dipole of an atom may be replaced with an electrostatic one, and the
magnet poles with a string of charges or potential surfaces on the two sides
of the beam. Mathematically, electric and magnetic dipoles have the same
behavior [7]. In both cases the basic interaction force is of the inverse square
type acting on the individual poles. Three rotational and three translational
degrees of freedom to the motion of the silver atom are required to track the
motion. In the present work, also for simplicity, we shall not solve the linear
and angular momentum equations but rather treat the atomic dipoles as com-
posed of two separate point charges of different polarity joined with a strong
spring. The spring restores the distance between the two charges against ex-
ternal forces from the magnet and keeps the two charges close to each other
at all times. Perhaps the spring idea is even more true to the physics of the
problem than a rigid link would be. In what follows we shall continue to speak
of a magnet and a magnetic dipole in reference to the static charge substitutes
in order to make the discussion easier to follow and to compare with the results
of the original SG setup.

The passage of a dipole through a magnet introduces oscillations or res-
onances (in most cases) that never die because of the absence of dissipative
forces. In the real world this is not quite the same and some energy would
be radiated out. This is not considered in the original SG analysis and few
subsequent studies of that experiment spoke of the detection of eddy currents
in the body of the magnet as an indication of energy loss in the setup [8].
One can introduce energy loss by adding a dashpot of suitable strength to the
spring in the numerical solution.

Representing the internal structure of neutral particles with masses and
springs is well known, and has proved very successful in the prediction of
many phenomena in physics in the past. Radiation, energy levels, material
properties like conductivity and others all benefited from this approach. In [1]
it was shown that a spring force law can result from a simple inverse square
force law if some of the interacting elements behaved like a fixed (or very
slowly moving) boundary in a region where there is a near balance in the
forces affecting the particle motion. The force of a spring in a dipole may be
taken to be resulting from such configurations. The spring is not a material
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object of course, and point charges can pass through it as they move around
in space.

With the above simplifications, the mathematics needed to predict the
motion of a dipole in a field is reduced to simple interactions of the inverse
square law forces between the charges of a dipole and those of the magnet in
addition to a spring force between each two dipole charges. Following a similar
treatment given earlier in [1] we write;

vj = voj + (dt)aj; rj = rj0 + (dt)vj0; aj = amj + adj (1)

amj =
∑

i

kmj
(rj − ri)

|rj − ri|3
, i = 1 : Nm, j = 1 : 2, i 6= j (2)

adj =
∑

i

kdj(rj − ri), i = 1 : 2; j = 1 : 2, i 6= j (3)

Where rj0, vj0, and aj are the initial position, velocity and acceleration of the
dipole charges (j = 1, 2) respectively.Subscripts m,k refer to the magnet and
dipole respectively. kmj is the coupling constant between each dipole and the
magnet points, kdj is the spring coupling constant between the two charges
of the dipole which are d0 apart. dt is a time step and Nm is the number of
points representing the magnet. It can be any number. One on each side is
the minimum (a point magnet) was found informative in most cases.

The magnet points do not move, while the motion of the dipole points takes
the sum of the forces from the magnet and from the other dipole points as an
inverse square or as a spring force. The dipole charges are one positive and one
negative, while those of the magnet can be of any polarity as required. Some
results are also given for the case of a dipole of the same polarity- or a monopole
in effect. The algorithm needed to implement all the above calculations is
simple and very similar to that used in [1] with the substitution of a spring
force for the inverse square force between the charges of a dipole.

3 Results

The values chosen for the various dimensions, such as the distance between
the dipole charges, the gap between the magnet poles, and for charges, masses
and coupling constants for the the magnet and between the two dipole charges
are all given. Care, however, is not taken for these values to correspond to any
actual physical properties but rather chosen so as to magnify the effects under
consideration. That is to show that the deflection of a neutral beam in strongly
asymmetric magnetic field can appear discrete under certain circumstances and
appear to be split for a random collection of the initial orientation of the dipole
axes. The direction of the dipole at the entrance of the magnet is defined in
terms of two angles φ and θ. φ is the angle made with the beam direction
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Fig. 1: Symmetric point magnet; a) dipole starts along z-axis. b) dipole starts along y-axis.
c)& d) two different angle settings and two exotic resonances.

(along the x-axis), and θ is between the dipole and the horizontal axis (the
z-axis). The third axis, the vertical or y-axis is along the main magnetic field
direction normal to the other two axes. Thus φ = 0 is a dipole along the beam
and φ = 90o is a dipole normal to the beam. The dipole has the initial axial
and angular velocities v0 and ω0 respectively.

Few magnet geometries are considered- namely, point poles, one curved
pole along x and one curved pole along z with flat opposite lower poles. The
last configuration resembles a cross section in the SG magnet. For a long
and continuous magnet, the expression of force is integrated along the magnet
direction and only the y and z variables remain in the expression of force.
The polarity and strength of the two poles can be chosen at will and the
actual values are given. The polarity vector P combines information about
the polarity and strength of the atomic dipole and those of the magnet. Thus
P = [1 -1 2 -1] represents an upper positive and lower negative charges of
unity (compared to other runs) to make up an atomic dipole, and positive
strength of (2) upper pole and a lower pole of strength (-1). The actual values
for charges, extensions and coupling constants are;

For cases in figs 1-5 and 6b use (km = 1x10−6, kd = 1x106, d0 = 5x10−6).
In the rest of cases accept 7d use (km = 5x10−3; kd = 8x107; d0 = 3x10−9) and
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Fig. 2: Asymmetric point magnet; a) dipole starts along z. b) dipole starts along x.
c) dipole spring off and magnet on. d) spring off and magnet off.

in 7d we used (km = 1x10−4; kd = 8x107; d0 = 3x10−9). In Fig 1a we show the
trace of a beam of dipoles that starts horizontal and pass through a symmetric
point magnet. The dipole charges are pulled apart by the magnet thus starting
a continuous oscillation placing the dipole in a higher resonance state. The
oscillation in this case is three dimensional because of the original position of
the dipole being normal to the field and subject to a rotational torque exerted
by the magnet. Fig 1b is for the same setup with the dipole starting from a
vertical position- that is along the magnetic field lines. In this case oscillation is
also induced in the dipole but the motion stays in the vertical plane as expected
with all forces being in the y-direction. In both cases the center-line of the
dipole does not depart from the main horizontal beam direction as the forces
are fully in balance because of symmetry and remains so over the flight length.
The robustness of the numerical solution is clearly demonstrated here, with
no detectable momentum diffusion to directions that are free of action. Figs
1c,d show two exotic resonances in a symmetric magnet with initial dipole
angles as indicated on top. Figs 2a,b show the case for asymmetric point
magnets for two initial starting positions of the dipole- normal and along the
beam. Compared to the previous two symmetric cases, a marked deflection
of the beam occurs upwards in addition to the oscillation in the position of
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Fig. 3: Beam in asymmetric curved magnet, Nm = 10; a) curved along x-axis. b)
curved along z-axis. c) beam of monopoles and point magnet.

the charges around their center of mass. An opposite beam deflection occurs
only when the magnet is turned 180 degrees so that the strong pole is at the
bottom. This continues to be the case for all beams starting at z = 0, i.e. at
the vertical plane of symmetry of the magnet independent of the initial dipole
orientation.

Figs 2c,d show an expected behavior of the dipole charges when the re-
taining spring force is removed and when the magnet is turned off. The red
line is a negative charge, at the lower end of the dipole, attracted upward by a
positive pole piece and the blue line for a positive top dipole charge attracted
to the negative pole at the bottom half of the magnet. In Figs 3a,b we show
traces for the case of a curved magnet along x for one (arbitrary) choice of the
dipole angles and two magnet strengths. Fig 3c shows the case of a monopole.
When the charges are the same polarity and positive say, deflection is away
from the positive pole and with no resonance despite the presence of the dipole
spring.

The beam-end trace given in Figs 4a,b show beam splitting for the case
of two asymmetric one point magnet and one curved along x magnet. The
magnet type have a clear effect on the distribution the trace. Initial dipole
position is random over 25 shots collected in the two cases. The two clustering
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Fig. 4: Beam splitting in asymmetric magnets with field reversal; a) P1−12=[1 -
1 2 -1], P13−25=[1 -1 -1 2]. b)Nm=10 along x, P1−12=[1 -1 0 1], P13−25=[1 -1 1
0]. c)Nm=10 along z, P1−12=[1 -1 0 1], P13−25=[1 -1 1 0]. d) P1−12=[1 -1 0 10] ,
P13−25=[1 -1 10 0].

positions correspond to the two (up and down fields) magnet polarities. The
results show clear clustering at two small spots despite the fact that the initial
position of the dipole is random. The strong asymmetry of the field in the
y-direction is seen to be mainly responsible for this behavior. It should be
remembered here that we are using an inverse square force law which is a
highly nonlinear mapping function. An example of a nonlinear mapping is
found in optical and other lenses as in the mapping of the two points on the
diameter of the moon into the size of the aperture of a human eye with a
telescope.

In Figs 4c,d we see beam splitting for the case of a curved magnet along
z and for a very strong point magnet. Splitting is stronger and less scattered
with a very strong point magnet compared to a distributed (curved) magnet.
In Fig 5a we use a curved along z symmetric magnet resulting in a complete
vertical scatter in the beam landing positions rather than a grouping at small
regions as in the cases of the asymmetrical magnets. The trace becomes more
and more localized as the asymmetry of the magnet increases producing a
highly non linear mapping function as in Figs 5b,c. The small scatter in the
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Fig. 5: Symmetric and asymmetric magnets; a) symmetric and curved along z mag-
net with field reversal, P1−12=[1 -1 -10 10] ; P13−25=[1 -1 10 -10]. b) asymmetric
point magnet with randomized dipole velocity and field reversal, P1−12=[1 -1 3
0]; P13−25=[1 -1 0 3]. c) asymmetric line magnet along x-axis with field reversal,
P1−12=[1 -1 2 -1]; P13−25=[1 -1 -1 2]. d) fixed polarity symmetric point magnet with
two beam z-offsets, P1−25 =[1-1 4 4].

trace position in 5b is due to randomness introduced in the dipole velocity.
In 5c we use a line magnet along x which produces a stronger grouping in
the beam trace. In Fig 5d we use a symmetric point magnet with no reversal
in polarity but with small offset in the beam in the z-direction. There is a
similar splitting now- not in the vertical direction but rather in the horizontal
direction where the asymmetry is caused by the beam offset. The offset atoms
do see an asymmetric field. This affects only the z-direction, with the vertical
y-split remaining absent. This demonstrates clearly the importance of magnet
asymmetry on the beam behavior. In Figs 6a,b we see again vertical beam
splitting as the field is made asymmetric in the vertical direction keeping two
z offsets. As the field of an asymmetric extended magnet in 5b is effectively
stronger, we see stronger splitting in the vertical direction compared to that
produced by the offset in horizontal direction and the two separated upper
spots (resulting from the offset) tend to become one.

In all the above cases, the beam is found to concentrate in small spots
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Fig. 6: Beam splitting at two z-offsets and two spins; a) asymmetric point magnet
with z-offsets; Nm=1, P1−50=[1 -1 4 0]. b) asymmetric extended along z magnet
with z-offsets, Nm=3, P1−50=[1 -1 4 0]. c) asymmetric magnet and two spins,
Nm=3, ω0 = ±107; P1−50=[1 -1 1 1]. d) symmetric magnet and two spins, Nm=2,
ω0 = ±107; P1−50=[1 -1 1 1].

despite the randomness of the initial orientation of the dipoles. The spot
position changes up or down with a change in the direction of field. In the
next set of figures- Figs 6c,d and 7a,b,d we increase the initial dipole spin
ω0 many orders of magnitudes so as to make the tangential velocity of the
dipole charges comparable with its axial velocity v0 (despite the small value
of the diameter of rotation d0). In a symmetric magnet as in 7a we see no
appreciable splitting. When the magnet is asymmetric as in 7b,d we see the
beam curving resulting in a clear split in the trace of the beam. In Fig 7d we
use a continuous extended magnet along x to simulate the SG setup. The split
in this case starts much earlier as the dipole feels the magnet earlier and a
small wave appears along the path.The field strength to achieve this is orders
of magnitude smaller due to the cumulative effects of a continuous magnet as
opposed to point sources. If the spin is switched off as in 7c (keeping all other
conditions the same), the split disappears. Thus Figs 7a,c confirm the two
important features of the SG setup- spin and field asymmetry.(see discussions
on this in [8]).
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Fig. 7: Symmetric and asymmetric magnets with two spins; ω0 = ±107 accept in (c),
Nm =2, P1−50=[1 -1 1 1]; a) point symmetric magnet; b) point asymmetric magnet.
c) point asymmetric magnet and no spin. d) SG geometry: long asymmetric magnet.

4 Conclusion

Using electrostatic dipoles and charges to represent the magnetic dipole of a
neutral atom and the magnetic poles of the SG experiment, we have been able
to show that it is possible to give classic explanations to the SG results. The
justification for using electric rather than magnetic dipoles can be found in [7]
and we quote from sec 7-11 in this reference ”Hence L = m×B is the simple
expression for the torque (on a magnetic dipole) in complete analogy with the
torque on an electric dipole p in an electrostatic field E [Eq. (1-57)]”.

A distinctive two way beam splitting is found to occur as a consequence of:
1- vertical asymmetry in the magnet and 2- the masked horizontal asymmetry
of the beam due to the symmetry of the magnet in the horizontal direction
and the large linear extension of the beam in that direction and also 3- the
direction of spin of in the atom coupled with a long magnet.

The beam is found to deflect and collect in small spots regardless of the
initial dipole orientation as a result of the highly nonlinear inverse square
mapping relation combined with magnet asymmetry ( magnetic lens in effect).
When the magnet is symmetric, beam deflection is reduced by many orders
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of magnitudes and the beam appears not deflected for any initial beam ori-
entation. The clearest cases of beam splitting are those caused by the initial
positive or negative spins of the dipole.

The amount of split in the beam trace is shown to increase with the strength
of the field and this produces the mainly hollow lipped shape trace of a linear
beam as the field becomes weaker away from the center of the magnet causing
smaller and smaller beam splitting at the edges. As the initial velocity, rotation
and direction of the dipoles are made random in the present work, we are left
with only the fixed geometry of the magnet to be carried through from one shot
to the other to form the final trace picture. Coupled with the other naturally
discrete variables of the geometry, like the two directions of spin, the direction
of field asymmetry, the +/- pole division, the orientation of the dipole, with
respect to the field direction and beam direction, all cooperate to produce the
discrete picture in the output of the SG experiments. The presented results
demonstrated that the removal of field asymmetry or the two spin directions,
removes the discreteness in the results as it should.

The treatment of spin in a classical way is not new. We quote from a
’Wikipedia’ article ”the Einstein-de-Haas effect [3] demonstrates that spin an-
gular momentum is indeed of the same nature as the angular momentum of
rotating bodies as conceived in classical mechanics. This is remarkable, since
electron spin, being quantized, cannot be described within the framework of
classical mechanics”. Also see ref [2] on the same point.

The robustness of the numerical solution has been demonstrated by the var-
ious tests made when switching the magnet off, reversing the polarity, removing
the dipole spring, removing the magnet, removing asymmetry, removing spin
and the strict conservation of momentum when particles are shown to vibrate
violently in two dimensions without leakage to the third dimension when there
are no forces in that direction. Other robustness tests were also made (not
reported) as for the case when the masses of the dipole are not equal or even
vastly different.

The research tool used in the present work is simple and accessible to any-
one with the minimum computer skills to use and investigate other important
cases including complex dipoles, different masses of the different constituents
of the atom, and the case of energy modes in molecules and crystals. The
algorithm used can also be sent on demand to anyone caring to write to the
author on the address given.
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