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Abstract
This is an approach leading to extract the SuperLiouville theory

from the superstring action with the worldsheet supersymmetry. The
key step towards establishing such a connection is done through an
ansatz that we propose. The integrability of the obtained model is done
through superLax osp(1|2) generators that we propose.

1 Introduction

During the last twenty years, much interest has been devoted to the study of
(super) Liouville theory. This theory, essentially in two dimensions, is perma-
nently attracting much attention mainly due to its integrability and conformal
invariance. Very recently, there has been a renewal of this interest in other
important and promising contexts like string theory and its various illustra-
tions. For reviews and early works on (super)Liouville theory see for instance
[1, 2, 3, 4] and references therein. The aim of the present work is to present
an approach leading to extract the Superconformal integrable Liouville field
theory from the superstring action with the worldsheet supersymmetry. The
superLioville theory is obtained by using the following ansatz Xμ = kμϕ where
ϕ is the Liouville scalar field and allowing an extension of the superstring ac-
tion by adding the following exponential terms λ

∫
d2σ(e2ϕ + iψ̄ψeϕ). The

integrability of the model is assured by osp(1|2) Super Lax pair generators
that we propose.

2 The Liouville-Superstring action

2.1 Superstring action

Superstring theory is introduced to describe an unified theory of particle
physics and gravity. One possible way to do it consists in introducing fermionic
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states in an extension known as the Ramond-Neveu-Schwarz string (RNS
string). In this model one introduces new dynamical fields ψμ = (ψμ

α) on
the worldsheets, which are vectors with respect to space-time but spinors with
respect to the world-sheet. The action of the Ramond-Neveu-Schwarz (RNS)
model is obtained from the Polyakov action by extending it to an action with
supersymmetry on the world-sheet. Note that the world-sheet supersymmetry
is different from, and does not imply, supersymmetry in space-time. The ac-
tion of the RNS model is constructed by extending the Polyakov action to an
action with local world-sheet supersymmetry. This action also has local Weyl
symmetry, and further local fermionic symmetries which make it locally super-
conformal. The action of the superstring with the worldsheet supersymmetry
is given by

S0 = − 1

4πα′

∫
d2σ(∂aXμ∂aXμ − iψ̄μρa∂aψμ), (1)

with

ρ0 =

(
0 −i
i 0

)
, ρ1 =

(
0 i
i 0

)
, (2)

for the matrices {ρa} in the Majorana basis, and ηab = diag(−1, 1) and ημν =
diag(−1, 1, ..., 1) for the worldsheet and spacetime metrics. The equation of
motion associated to the previous superstring action are given by

∂a∂
aXμ = 0,

ρa∂aψ
μ = 0, (3)

∂aψ̄
μρa = 0.

On the other hand, we underline that the supersymmetry transformations for
the previous action are given by

δXμ = η̄ψμ, (4)

δψμ = −iρa∂aX
μη, (5)

where η is a constant infinitesimal Majorana spinor. By minimizing the vari-
ance of the action δS0 = 0, it’s easily shown that the explicit form of the
conserved supercurrent is given by

ja =
1

2
ρbρaψ

μ∂bXμ, ∂aja = 0. (6)

Our principal goal is derive the superconformal Liouville field theory from the
superstring theory associated to the action S0. For this reason we consider the
following important step:
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2.2 The ansatz

Besides the fermionic filed ψμ, we need a scalar field ϕ satisfying the super-
Liouville equations of motion as we will show later. Thus, we have to assume
first that the spacetime coordinates Xμ (string variables) can be expressed as
follows

Xμ : = kμϕ, (7)

ψμ : = kμψ (8)

where kμ is a μ-vector constant satisfying kμk
μ = k2, μ = 0, 1, ..., 9. With

respect to our assumption (7,8), the action of the superstring (1) with the
worldsheet supersymmetry transforms to

S0 = − k2

4πα′

∫
d2σ(∂aϕ∂aϕ− iψ̄ρa∂aψ), (9)

2.3 SuperLiouville field theory

2.3.1 Setup

Consider the action (9) and perform the following transformation

S0 ↪→ S0 + λ
∫
d2σ(e2ϕ + iψ̄ψeϕ). (10)

whose principal idea deals with a search of a possible perturbation of the
superstring action S0 with a weak coupling parameter λ = − k2

4πα′ . The extra
terms coupled to λ deal with the superLiouville fields (the real scalar field ϕ
and the fermionic fields ψ and ψ̄). Using standard variational computations,
one shows that the associated equations of motion are given by

∂a∂
aϕ = e2ϕ +

i

2
ψ̄ψeϕ,

ρa∂aψ = ψeϕ, (11)

∂aψ̄ρ
a = −ψ̄eϕ.

This system of equations define the superLiouville equations of motion.

2.3.2 Superfield formulation

In terms of a superfield formulation associated to an N = 1 supersymmetry
we can set

Φ = ϕ+ θψ + θψ + θθF. (12)
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We can then easily show that the system of superLiouville equations (11) can
be expressed in terms of the superderivative of the superfield Φ as follows

DDΦ = eΦ, (13)

where D = ∂θ + θ∂ and D = ∂θ + θ∂. Indeed, straightforward computations
lead to

DDΦ = −F − θ∂ψ + θ∂ψ + θθ∂∂ϕ. (14)

By virtue of (12) and expanding the exponential of the superfield Φ, we find

eΦ = eϕ
(
1 + θψ + θψ + θθ

(
−eϕ − ψ̄ψ

))
. (15)

Identifying (14) with (15) one find easily the SuperLiouville equations of mo-
tions (11). Furthermore, using the complex transformations z = σ + iτ and
z = σ − iτ one can easily rewrite the previous superLiouville equations to
become

∂∂ϕ = −e2ϕ − ψ̄ψeϕ,

∂ψ = ψ̄eϕ, (16)

∂ψ̄ = −ψeϕ,

with ∂z = ∂ and ∂z = ∂. With the equation of motion (16) and the previous
discussion, we are then able to write the Superstring-Liouville action in terms
of N = 1 superfield Φ (12) as follows

S =
∫
dθdθ̄d2σ

(
1

2
DΦD̄Φ + exp(Φ)

)
. (17)

Forgetting about the fermionic fields, the superLiouville equations reduce nat-
urally to the Liouville equation

∂∂ϕ = −e2ϕ, (18)

while the scalar superfield Φ is reduced to the scalar real field ϕ. The associated
Liouville action is

S =
1

2

∫
d2σ

(
∂ϕ∂ϕ+ exp(2ϕ)

)
, (19)

whose single constant of motion, the stress energy momentum tensor T of
weight 2, is

T2 (z) = ∂2ϕ− (∂ϕ)2 , ∂T2 (z) = 0. (20)
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2.4 The osp(1, 2) underlying symmetry

The osp(1|2) Lie superalgebra contains three bosonic (even) generators e±
and h, which form the Lie algebra sl(2), together with two fermionic (odd)
generators f±. The (anti)commutators that define the osp(1|2) superalgebra
are:

[h, e±] = ±2e±, [h, f±] = ±f±,
[e+, e−] = h, {f± , f±} = ±ie±, {f+, f−} =

−i
2
h, (21)

[f±, e∓] = −f∓, [f±, e±] = 0,

such that the superalgebra osp(1|2) is written as a Z2 graded vector space

osp(1|2) = (h, e+, e−)0 ⊕ (f+ , f−)1 (22)

with 0 and 1 referring respectively to even and odd generators.

3 The SuperLiouville Lax pair

One way to introduce the integrability of the Liouville superstring theory, we
are discussing here, is through the Lax pair formulation. A key step towards
establishing this integrability is through an explicit determination of the Lax
pair generators. The zero curvature condition is given by

DAθ +DAθ + {Aθ, Aθ} = 0, (23)

where the Lax pair (Aθ, Aθ) are defined as functions of the osp(1|2) Lie super-
algebra’s generators. One possible realization of this Lax pair is given by

Aθ = DΦh+ f+, Aθ = −2i exp (Φ) f−. (24)

Indeed, by virtue of the zero curvature condition and the commutations re-
lations of the osp(1|2) Lie superalgebra, we recover easily the superLiouville
equation of motion (16). Indeed,

DAθ̄ = −2iDΦ exp (Φ) f−
DAθ = DDΦh

{Aθ, Aθ} = −2iDΦ exp (Φ) [h, f−] − 2i exp (Φ) {f+, f−}
= 2iDΦ exp (Φ) f− − exp (Φ)h

then with respect to the zero curvature condition DAθ +DAθ + {Aθ, Aθ} = 0,
and as suspected, we recover the superLiouville equation of motion

DDΦ = exp Φ (25)
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