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Abstract

Recently, separability inequalities are derived with multiqubit states
[S. M. Roy, Phys. Rev. Lett. 94, 010402 (2005)]. We introduce
new kind of entanglement, which is rotationally invariant. We de-
rive quadratic separability inequalities with multipartite states. The
quadratic separability inequality can be used as a witness of rotationally
invariant two-partite entanglement. We discuss that the quadratic sep-
arability inequality implies standard Bell inequalities. It is also proved
that when the two measured observables are assumed to precisely an-
ticommute, a stronger quadratic inequality can be used as a witness
of rotationally variant two-partite entanglement. We discuss that the
stronger quadratic inequality implies an inequality stronger than stan-
dard Bell inequalities. Our argumentations imply that standard Bell
inequalities are derived under the assumption that every quantum state
is rotationally invariant. We discuss the implication of anticommute
along with rotational invariance.

PACS: 03.67.Mn, 03.65.Ca

1 Introduction

The results contained in this paper are minor modifications of another paper

[1] where the presenter of this paper is one of the co-authors.
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We explain what are the main progress in comparison to the paper [1] is

done as follows.

The paper [1] mainly aimed to present argumentation to detect full n-

partite entanglement. This paper adds how to present argumentation to detect

two-partite entanglement.

We discuss the relation between the Roy work [2] and the paper [1]. We

discuss that we can derive the Roy inequality from the argumentation presented

in [1].

We discuss importance of the Roy work by using rotational invariance.

So we distinguish entanglement. One is rotationally invariant entanglement.

Another is rotationally variant entanglement.

We discuss the implication of anticommute. It means that the quantum

theory is described by space with the existence of the orientation of reference

frames. We agree. Therefore we can consider rotationally variant entangle-

ment. If the quantum theory would be described by space without the existence

of the orientation of reference frames, we doubt the validity of anticommute

proposition. In this case, only rotationally invariant entanglement exists.

Quantum information theory [3, 4] relies on utilizing entangled state. Also

there is much research of nature of entangled states related to local realistic

theories [5, 6, 7]. Separable state and entangled state were defined in 1989

[8]. And it was discussed very much which state is separable or entangled

[9, 10, 11, 12, 13, 14, 15, 16, 17].

The enormous research of quantum information theory [3, 4] relies on uti-

lizing rotationally variant entangled pure state (See (1)). The method of de-

tection of this kind of entanglement is discussed very much (cf. [18]).

Assume ρ is usual rotationally variant n-partite entangled state along with

the quantum theory. Then,

U1 ⊗ U2 ⊗ · · · ⊗ UnρU1† ⊗ U2† ⊗ · · · ⊗ Un† �= ρ, (1)

where U j is some local unitary operator with respect to party j. Therefore, ρ

does depend on the orientation of reference frames of each of local observers.

Here, we introduce new kind of entanglement. Assume ρ is rotationally invari-

ant n-partite entangled state. Then,

U1 ⊗ U2 ⊗ · · · ⊗ UnρU1† ⊗ U2† ⊗ · · · ⊗ Un† = ρ, (2)

where U j is any local unitary operator with respect to party j. Therefore,

ρ does not depend on the orientation of reference frames of each of local ob-

servers.
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Much experimental data reports detection of both kind of entanglement

successfully [19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30].

Recently, it is shown [2] that separability of n-qubit quantum states implies

new inequalities on Bell correlations which are stronger than standard Bell

inequalities [31, 33, 34, 35, 36, 32] by a factor of 2(n−1)/2. The assumption to

derive such inequalities is that the system is described by rotationally variant

separable state. Thus, a violation of such inequalities implies rotationally

variant entanglement even though it is not full multiqubit rotationally variant

entanglement. We see that these separability inequalities are useful to detect

rotationally variant two-partite entanglement.

In most of the real experiments, we have to deal with higher dimensional

systems rather than qubit systems. For example, when polarizations of photons

from a nonideal source are measured by imperfect detectors, it is difficult

to claim strictly that the observed correlations are obtained by measuring

subsystems with only two-dimensional Hilbert spaces, due to the ambiguity

in the number of photons. The arguments about higher dimensional systems

will thus be necessary in order to establish tests applicable to real experiments

without making auxiliary assumptions as to the dimension of the measured

space or as to measured observables [1].

In this paper, we introduce new kind of entanglement, which is rotation-

ally invariant. We derive quadratic separability inequalities with multipar-

tite states in an arbitrary dimensional space. Our methodology enables us

to derive a quadratic separability inequality as tests for rotationally invariant

two-partite entanglement in various Bell-type correlation experiments on the

systems that may not be identified as a collection of qubits, e.g., those involv-

ing photons measured by incomplete detectors. We discuss that the quadratic

separability inequality implies standard Bell inequalities. It is also proved that

when the two measured observables are assumed to precisely anticommute, a

stronger quadratic inequality can be used as a witness of rotationally variant

two-partite entanglement. We discuss that the stronger quadratic inequality

implies an inequality stronger than standard Bell inequalities. Our argumen-

tations imply that standard Bell inequalities are derived under the assumption

that every quantum state is rotationally invariant. Further, we see the im-

plication of anticommute. It means that the quantum theory is described by

space with the existence of the orientation of reference frames. If the quantum

theory would be described by space without the existence of the orientation of

reference frames, we doubt the validity of anticommute proposition.
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2 Detection of multipartite rotationally invari-

ant entanglement

In what follows, we derive tight quadratic inequalities for hybrid separable-

inseparable states with respect to partition α1, . . . , αk of an arbitrary dimen-

sional space. We assume that for each particle j, either of two observables Aj

or A′
j is chosen and is measured, where −1 ≤ Aj , A

′
j ≤ 1, ∀j.

The Bell-Mermin operators take a simple form when we view on a complex

plane using a function f(x, y) = 1√
2
e−iπ/4(x + iy), x, y ∈ R. Note that this

function is invertible, as x = �f − �f, y = �f + �f . The Bell-Mermin

operators BNn and B′
Nn

are defined by [34, 35, 36, 31, 32]

f(BNn ,B′
Nn

) = ⊗n
j=1f(Aj, A

′
j), (3)

where Nn = {1, 2, . . . , n}. We also define Bα for any subset α ⊂ Nn by

f(Bα,B′
α) = ⊗j∈αf(Aj , A

′
j). (4)

It is easy to see, when α, β(⊂ Nn) are disjoint, that

f(Bα∪β,B′
α∪β) = f(Bα,B′

α) ⊗ f(Bβ,B′
β), (5)

which leads to

Bα∪β = 1/2(BαB′
β + B′

αBβ) + 1/2(BαBβ − B′
αB′

β),

B′
α∪β = 1/2(BαB′

β + B′
αBβ) − 1/2(BαBβ − B′

αB′
β). (6)

We calculate an upper bound of 〈BNn〉2 + 〈B′
Nn

〉2 for states of the form

⊗k
i=1ρ

αi . We then conclude [1] that, for any state ρ that is k-separable with

respect to α1, . . . , αk,

(tr[ρBNn ])2 + (tr[ρB′
Nn

])2 ≤ 2n+m−2k+1. (7)

Here m is the number of particles which are not entangled with any particles.

The maximum depends only on two parameters k and m but not on the detailed

configuration of the partition. Clearly, the bound (7) is optimal.

The inequality for testing full n-partite entanglement for n ≥ 3 is obtained

by maximizing the right-hand side of (7) under the condition k ≥ 2. Noting

that m ≤ k − 1 when k < n, we obtain

〈BNn〉2 + 〈B′
Nn

〉2 ≤ 2n−2. (8)

Violations of the inequality (8) imply rotationally invariant full n-partite en-

tanglement. The same inequality (8) was derived in Ref. [37].
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3 Detection of rotationally invariant entangle-

ment

The inequality for testing rotationally invariant two-partite entanglement is

obtained by specific case of the right-hand side of (7) under the condition

k = n and m = k − 1. We have

〈BNn〉2 + 〈B′
Nn

〉2 ≤ 1 (9)

Violations of the inequality (9) imply rotationally invariant two-partite entan-

glement.

The inequality (9) also implies

|tr[ρBNn ]| ≤ 1. (10)

It is known that |tr[ρBNn ]| ≤ 1 when the system is fully separable [34, 35, 36].

This inequality on Bell correlations is same as standard Bell inequalities [31,

33, 34, 35, 36, 32]. Hence, a violation of a Bell inequality implies rotationally

invariant two-partite entanglement.

4 Detection of rotationally variant entangle-

ment

In previous section, we derived the threshold value (i.e., 1) of 〈BNn〉2 + 〈B′
Nn

〉2
for use as rotationally invariant two-partite entanglement witness over all ob-

servables satisfying −1 ≤ Aj , A
′
j ≤ 1. Now, let us consider an additional

assumption that the two measured observables anticommute, i.e., {Aj , A
′
j} =

0∀j. This assumption introduces the orientation of reference frames in mea-

surement setting apparatus. This assumption is approximately fulfilled within

the accuracy of the measurement apparatus in the common experimental situa-

tions, e.g., when we measure Pauli operators σx and σy for each particle. With

this assumption, the threshold value of 〈BNn〉2 + 〈B′
Nn

〉2 becomes as small as

21−n as is shown below. This implies that we can use a stronger quadratic

inequality as tests for rotationally variant two-partite entanglement in this

case.

Suppose that {Aj, A
′
j} = 0 and −1 ≤ Aj , A

′
j ≤ 1, ∀j. We obtain

〈Bα〉2 + 〈B′
α〉2 ≤ 2|α|−1, (|α| ≥ 1). (11)
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Similar to the argument that derives (7), applying the relation (11), we con-

clude [1]

(tr[ρBNn ])2 + (tr[ρB′
Nn

])2 ≤ 2n−2k+1. (12)

The inequality for testing rotationally variant two-partite entanglement is

obtained by the specific case of the right-hand side of (12) under the condition

k = n. We obtain

〈BNn〉2 + 〈B′
Nn

〉2 ≤ 21−n. (13)

We give an example that the relation (13) is stronger than (9) as a witness

of rotationally variant two-partite entanglement for multiqubit systems. We

assume that Aj = �aj ·�σ,A′
j = �a′

j ·�σ, where �aj and �a′
j are normalized vectors in

R3 and �σ is the vector of Pauli matrices, i.e., �σ = (σx, σy, σz). The condition

{Aj , A
′
j} = 0 leads to �aj · �a′

j = 0. Let us consider the following multiqubit

states [10]:

ρ = x|Φn〉〈Φn| + 1 − x

2n
I, (14)

where I is the identity operator for the 2n-dimensional space and |Φn〉 is an

n-qubit GHZ state [38], i.e.,

|Φn〉 =
1√
2
(|+1, +2, . . . , +n〉 + |−1,−2, . . . ,−n〉). (15)

It is easy to see that the maximum of 〈BNn〉2 + 〈B′
Nn

〉2 is 2n−1x2 with �aj · �a′
j =

0∀j (See [34, 35, 36]). Hence, assuming that x is in the range of

2(1−n) < x ≤
√

21−n, (16)

we can confirm rotationally variant two-partite entanglement from (13), which

cannot be confirmed by (9). Hence if the measurement setups are precisely

chosen as {Aj, A
′
j} = 0∀j, then one can use a stronger inequality as tests for

rotationally variant two-partite entanglement in comparison with the relation

(9). The strength grows exponentially with the number of particles n.

The inequality (13) also implies

|tr[ρBNn ]| ≤
√

21−n. (17)

This inequality on Bell correlations is stronger than standard Bell inequalities

[31, 33, 34, 35, 36, 32] by a factor of 2(n−1)/2.
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5 Conclusions

In conclusion, we have introduced new kind of entanglement, which is rota-

tionally invariant. We have derived quadratic separability inequalities with

multipartite states in an arbitrary dimensional space. Our methodology has

enabled us to derive a quadratic separability inequality as tests for rotationally

invariant two-partite entanglement in various Bell-type correlation experiments

on the systems that may not be identified as a collection of qubits, e.g., those

involving photons measured by incomplete detectors. We have discussed that

the quadratic separability inequality implies standard Bell inequalities. It has

been also proved that when the two measured observables are assumed to pre-

cisely anticommute, a stronger quadratic inequality can be used as a witness

of rotationally variant two-partite entanglement. We have discussed that the

stronger quadratic inequality implies an inequality stronger than standard Bell

inequalities. Our argumentations have implied that standard Bell inequalities

are derived under the assumption that every quantum state is rotationally in-

variant. Further, we have seen the implication of anticommute. It has meant

that the quantum theory is described by space with the existence of the ori-

entation of reference frames. If the quantum theory would be described by

space without the existence of the orientation of reference frames, we doubt

the validity of anticommute proposition.

In real experimental situations, we cannot claim that {Aj, A
′
j} = 0 with

arbitrary precision. The relevance of the bounds claiming two-partite entan-

glement assuming that |〈{Aj, A
′
j}〉| ≤ ε, where ε means experimental errors,

would be worth further investigations.
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