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Abstract

The generalized equation of Blasius arises in the boundary layer
problems of hydrodynamics. We consider the decomposition solutions
[10] of the Blasius equation u′′′ + auu′′ = 0 and compare them to our
numerical solutions.
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1 Introduction

The generalized Blasius equation arises in various boundary value problems
in fluid mechanics of laminar flows. The equation takes the form [8,10]

u′′′ + auu′′ = β
[
(u′)2 − 1

]
(1)

The equation (1) in general should be solved numerically [1 ,3, pp. 400 - 445,
6, 7]. The equation describes a two dimensional boundary layer of laminar
flow of fluid that forms on a semi-infinite plate, which is parallel to a uniform
flow u [2]. So much toward the analysis of the Blasius has been achieved by
various researchers [4, 5, p. 91].
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We are particularly interested in the solution obtained by Ranasinghe and
Majid [9] by the method of decomposition, which can be found in many related
works [1,4,5, p. 91].

2 Solution by Decomposition

We consider the case β = 0 and a = 1/2 subjected to the following bound-
ary conditions

u(0) = u′(0) = 0 (2)

Then the decomposition solution is

u =
∞∑

n=0

un (3)

where

u0 =
1

6
x2 and un =

(
−1

2

)n

kncn+1 x3n+2

3n(3n + 1)(3n + 2)
; n ≥ 1

and

kn+1 = kn
(3n + 1)(3n + 2) + 2

3n(3n + 1)(3n + 2)
+

1

9

n−1∑
i=1

kikn−i

i(3i + 1)(3i + 2)(n − i)
; n ≥ 2

with k0 = 1, k1 = 2 and k2 = 11/30. The velocity field is given by
u′ =

∑∞
n=0 u′

n.
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Figure 1: u(x) against x for odd and even n. As x → ∞ u′ will not converge
in either case.

3 Comparison between Decomposition and Nu-

merical Solution Profiles

The analytical solution to the Blasius equation is consistent with the ana-
lytical solutions given in [1,3]. Numerically we find that u(x) has two classes
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Figure 2: u(x) against x for x ≤ 3. The decomposition series solution and the
numerical solution are indistinguishable from one another. The two solutions
agree well in this regime.
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Figure 3: The relative error of the decomposition solution with respect to the
numerical solution as a function of x is plotted. The error diminishes steadily
until x = 2.8 and then rises sharply. Yet, the agreement is excellent with the
error < 0.4% for the practical region of x ≤ 3.

of solutions, namely for odd and even n. Figure(1) shows these two distinct
classes.

If n is even, i.e., the series solution of (3) has even number of terms, then
u(x) has a local maximum around x = 5.

For odd n, u(x) diverges quite rapidly beyond x > 3. As seen in Figure (1),
the two classes of solutions diverge from each other too much beyond x = 3
making the decomposition solution is substantially inaccurate beyond x = 3.
For odd n, series solution diverges for large x. For even n, the series solution
has a local maximum.

Figure(2) shows that the agreement between the decomposition solution
and our numerical calculation is excellent upto x = 3. Almost all practical
problems in fluid motions described by the Blasius equation falls in the region
x ≤ 3 making the decomposition is still an excellent approximation.
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We calculated the relative error of the decomposition solution with respect
to our analytical solution. Our results are sown in Figure (3). We note that
the relative error decreases steadily up to x = 2.8 and then rapidly increases
making the analytical approach too inaccurate beyond x > 3.

4 Conclusions

We analyzed the solution of decomposition of the Blasius equation obtained
by Ranasinghe and Majid [9] and compared it to our numerical results. We
observe that for all practical purposes x ≤ 3 and in this region the decompo-
sition solution has a relative error with respect to the numerical solution of
< 0.4%. Thus, the decomposition is an excellent approximation to the nu-
merical solution of the Blasius fulfilling all the boundary conditions for the
practical region x ≤ 3.
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