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Abstract. This paper deals with the surface effect and size dependence on the energy 
release due to a nano InAs inclusion expansion in a plane GaAs matrix under 
uni-axial or bi-axial loadings. It is concluded that the surface effect inhibits the 
M-integral significantly and the M-integral may be either positive corresponding to 
the energy release or negative corresponding to the energy absorbing. This is because 
the mutual interaction between the external loading and the surface effect yields an 
additional contribution to the M-integral, which is always negative and proportional to 
the external loading.  
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1. Introduction 
 
Nanotechnology involves analysis, design, and fabrication of devices and structures 
with at least one of the overall dimensions in the nanometer range. In recent years, 
quantum dot and wire structures have attracted considerable attention due to their 
potential application in nanotechnology[1-20]. This is because the mechanical and 
optoelectronic properties of nanocomposites are significantly influenced by the elastic 
field of the inhomogeneity. Thus, the elastic field of a nanoscale inhomogeneity in a 
matrix material has been well addressed by a number of researchers. For example, 
Tain and Rajapakse [14] obtained an analytical solution for the nano void or inclusion 
problems, from which the hoop stress along the void/inclusion as influenced by the 
surface parameters was well discussed. 
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2. The M-integral and energy release rate 
 
In this paper, unlike the previous studies[1-20], attention will be focused on another 
topic: the energy release due to a nano InAs inclusion expansion in a plane GaAs 
matrix material as represented by the M-integral (see Fig. 1), which was classical used 
in macro elasticity[21-23]:  

( )  ,i i k k ,i iC
M wx e T u x ds= −∫                         (1) 

where C is a counterclockwise contour enclosed the whole nanosized inclusion as 
shown in Fig. 1, w=σijεij/2 denotes the strain energy density; and Tk is the traction 
acting on the outside of a closed contour C, xj with j=1, 2 represents a rectangular 
plane coordinate system, ei refers to the outside normal component of the contour C 
and s is the arc length of the contour C. 
Because the M-integral is a global parameter while the surface tension and the surface 
Lamẻ constants are local parameters, physically, it is worth studying how the local 
parameters influence the global parameter, e.g., increase it or decrease it? 
By using the Gurtin and Murdoch’s model[24,25] that accounts for the surface tension 
and the surface Lamẻ constants, the M-integral for the InAs inclusion in a plane GaAs 
matrix material could be formulated as follows 
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where R is the radius of the inclusion, and xx yyσ σ∞ ∞  are the applied loadings at 

infinity, κ  and μ  are elastic constants of the matrix GaAs, and 
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with (1) (2)
1 0 0 1 1 0 1 1 0(2 ) / (4 ),  0.25 / ,  0.25 /R R Rη μ λ η η σ η η σ= + = + = − , 1λ  and 1μ  

are elastic constants of the inclusion InAs, 0σ , 0μ and 0λ  are the surface tension 

and the two surface Lamẻ constants along the interface between InAs and GaAs 
bi-material, respectively.  
Note that the Lamé constants for InAs: λ1=50.66 GPa, μ1=19.0 GPa are much smaller 
than those for InAsλ=64.43 GPa, μ=32.9 GPa for GaAs [13,14]. Therefore, Fig. 1 shows 

a soft inclusion problem. As the surface Lamẻ constants 0μ and 0λ  have some  
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anisotropic feature in general[13,14] and they always appear together in the coefficient 

1η  of Eq. (3), it is convenient to introduce a new parameter KS = 0λ +2 0μ  varying 

between -10N/m and 10N/m [14], whereas the surface tension 0σ  is assumed to be 

either zero or 0.72N/m for making comparison[13,14].   
    
 

3. Numerical results and discussions 
 
Numerical results for a 5nm InAs inclusion in the GaAs matrix material under a 
uni-axial tensile loading, a bi-axial tensile loading, and a bi-axial tensile-compression 

loading are plotted in Figs. 2(a,b,c), respectively. Here, the surface tension 0σ  is 

chosen to be 0.72N/m and the surface parameter KS are chosen to be -10N/m, 0, and 
+10N/m, respectively. It is found from Fig. 2(a) that the black curve without any 

surface effect is far apart from the other three curves labeled by ■, thin curve and △, 

respectively, as the tensile loading varies from zero to 300MPa. Thus, the surface 

tension 0σ  influences the M-integral significantly, while the positive value of KS 

slightly decreases the M-integral and the negative value of KS slightly increases the 
M-integral, especially when the tensile loading is higher. This means that the 

parameter KS = 0λ +2 0μ  yields a small influence on the M-integral when the tensile 

loadings is relatively lower, say, 100yy MPaσ ∞ < . However, the relative errors induced 

from the three values of KS : -10, 0, and +10, become larger and larger when the 
tensile loading increases. The negative value of KS always yields larger values of the 
M-integral as compared with those of KS =0, while the positive value of KS always 
yields smaller values of the integral. After comparing the black curve without any 
surface effect to the three curves with different kinds of the surface effect, it is 
concluded that the surface effect significantly inhibits the M-integral or the energy 
release due to the nano inclusion expansion under the tensile loading. Moreover, 
Fig.2(a) clearly reveals a significant physical phenomenon that, unlike those in 
classical defect mechanics without the surface effect, the M-integral could be either 
positive (as it would be in macro defect mechanics with a soft inclusion) or negative, 
depending on the tensile loading levels. For example, it is seen from Fig. 2(a) that as 
the tensile loading increases from zero, the M-integral decreases from zero either,  
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showing a negative feature rather than a positive feature. This is contrary to the 
previous understanding on the energy release due to a soft inclusion expansion. This 
again clearly reveals that the expansion of the InAs inclusion under the tensile loading 
does absorb energy, rather than release energy. As the tensile loading increases 
monotonically, a neutral loading point reaches in Fig. 2(a), i.e., around 175MPa, at 
which a transformation of the M-integral from a negative value to a positive value 
occurs. Physically, this is an energy balance point, at which the expansion of the InAs 
inclusion in GaAs matrix could neither absorb nor release energy. Moreover, as the 
tensile loading increases monotonically further, the M-integral becomes positive and 
then the expansion of the InAs releases energy as it would be in classical macro defect 
mechanics.      
Fig. 2(b) shows the numerical results of the M-integral against the bi-axial tensile 

loading with 0yyσ ∞ > and xx yyσ σ∞ ∞= . It is found that the black curve without any 

surface effect is far apart from the other three curves labeled by ■, thin curve and △ 

either. Moreover, the variable tendencies of the three curves are quite different from 

those under the uni-axial tensile loading shown in Fig.2(a). As both loadings xxσ ∞  and 

yyσ ∞  increase from zero simultaneously, the M-integral always decreases from zero 

showing negative values and representing the energy absorbing due to the expansion 
of the InAs inclusion in the GaAs matrix. It is concluded that the bi-axial tensile 
loading significantly increases the inhibiting effect of the surface effect on the 
M-integral. 
Fig. 2(c) shows the numerical results of the M-integral against the bi-axial tensile 

compression loading with 0yyσ ∞ > and xx yyσ σ∞ ∞= − . It is found that variable 

tendencies are quite different from the above two cases shown in Figs.2(a,b). As the 
magnitudes of both the tensile loading and the compression loading increase from 
zero simultaneously, the M-integral always increases from zero showing positive 
values and representing the energy release induced from the expansion of the InAs 
inclusion in the GaAs matrix. It is concluded that the bi-axial tensile compression 
loading significantly decreases the inhibiting effect of the surface effect on the 
M-integral. From the physical point of view, different kinds of the external loadings 
may yield quite different results for the energy release or absorbing due to the 
expansion of the InAs inclusion as influenced by the surface effect.  
The influence of inclusion radius on the M integral is plotted in Figs.3(a,b,c) under the 
three different kinds of external loadings. It is seen that as the radius decreases from 
20nm to 1nm, the M-integral decreases very sharply under each of the three different 
kinds of the loadings. This again demonstrates that the surface effect inhibits the  
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M-integral. That is, the surface effect could change the physical feature from release 
energy to absorbing energy due to the expansion of the InAs inclusion in the 
matrix-inhomogeneity system. 
It is very surprised that why so small surface parameters with an order of N/M (i.e., 
10-10 less than the elastic moduli of InAs or GaAs) could influence the global 
parameter M-integral significantly?  
From the physical point of view, a detailed explanation is needed. This can be done by 
dividing the M-integral into two distinct parts: (1) (1,2)M M M= +  which represent the 
contribution induced merely from the external loading and the contribution induced 
from the mutual effect between the external loading and the surface parameters 

0 0.72 /N mσ =  and KS = -10, 0, +10N/m, respectively. As plotted in Figs. 4(a,b), 

5(a,b) and 6(a,b) under the three different kinds of loadings, respectively, it is seen 
that the first part, (1)M  , always shows a quadratic feature with respect to the 

external loading yyσ ∞ (see the curves with ● or 〇), while the second part, (1,2)M , 

always shows a negative and proportional feature with respect to yyσ ∞  (see the curves 

with ▲and △. Therefore, whether the overall M-integral with ■ or □ is positive 

depends on the difference between the two parts: (1)M  and (1,2)M .  It is concluded 
that the reason as why the surface effect inhibits the M-integral significantly is clearly 
because of the mutual interaction between the external loading and the surface effect, 
which yields an additional contribution to the M-integral, (1,2)M , which is always 
negative and proportional to the external loading.  
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Figures Captions 
 
FIG.1. A circular InAs nano-inclusion in a GaAs matrix material under bi-axial 
loadings. 
 
FIG.2. The variable features of the M integral: (a) uni-axial tension loading, (b) 
bi-axial tension loading, (c) bi-axial tension-compression loading. 
 
FIG. 3.  The influence of inclusion radius on the M integral: (a) uni-axial tension 
loading, (b) bi-axial tension loading, (c) bi-axial tension-compression loading. 
 
FIG.4. Values of M, M(1) and M(1,2) against the uni-axial tension loading: (a) with 
surface tension and positive surface modulus. (b) with surface tension and negative 
surface modulus. 
 
FIG.5. Values of M, M(1) and M(1,2) against the bi-axial tension loading: (a) with 
surface tension and positive surface modulus. (b) with surface tension and negative 
surface modulus. 
 
FIG. 6. Values of M, M(1) and M(1,2) against the bi-axial tension compression loading: 
(a) with surface tension and positive surface modulus. (b) with surface tension and 
negative surface modulus.  
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