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Abstract

The normal modes of the Dirac field equation are determined in the
flat Robertson-Walker space-time by the use of an elementary covariant
scalar product. A quantization of the Dirac field is proposed that is a
generalization of the Minkowski situation. A second set of normal modes
is obtained by time translation of the first one. The corresponding
Bogolubov coefficients are determined and interpreted. The number of
one mode particles produced at time t per unit of time is calculated
and results proportional to the Hubble parameter Ṙ(t)/R(t), R(t) the
radius of the universe. The result predicts the creation (annihilation) of
an infinite number of particles of arbitrary mode. A positive aspect is
that it has the same expression of that of spin 0 and spin 1 field cases,
previously obtained on the base of a different notion of scalar product.
The result seems to be of interest in the formulation of a cosmological
model as already pointed out elsewhere.
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Keywords: Friedmann-Lemâitre-Robertson-Walker metric; Dirac field quan-
tization; Bogolubov coefficients; Particle production

1 Introduction

It is known that the effect of field quantization in curved space-time combined
with universe expansion is the creation and annihilation of particles. The
result was originally put into evidence by Parker [13, 14] and it is now a
widely developed argument [4, 6, 15]. Recently, one-mode particle production
per unit of time has been calculated at every time for spin 1 and spin 0 field
in the context of the Robertson-Walker (RW) space-time [20, 23, 21]. The
results do not involve consideration of infinitely past times (as often assumed
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in many exemplifications, e.g., [4, 12, 15]). It is therefore coherent with the
generally admitted big bang origin of the universe. In the last mentioned
studies the balance of created and annihilated one-mode particles per unit
time is proportional to Ṙ(t)/R(t), R(t) the radius of the universe and it is
independent of any other physical parameter. Moreover it is the same for both
spin 0 and spin 1 field [20, 21, 23]. (The results [20, 21] has been proved
only in flat RW space-time). The mentioned coincidence suggests to extend
the study to arbitrary spin field. This requires the quantization of the scheme
through the determination of the normal modes of the field equation. Even if
the solution of arbitrary spin field equation in RW metric has been recently
obtained [22], the determination of the corresponding normal modes seems in
general a difficult task.

In the present paper we study the case of the Dirac field in RW metric be-
cause it represents a fermionic case, in contrast to the bosonic cases previously
studied, and for the intrinsic interest. Solutions to the Dirac equation in RW
metric are known. To mention only those closer to the present point of view
see, e.g., [3, 7, 10, 18, 19, 22]. Here we will refer to the solutions given in [19]
and will consider only the flat space-time case. (Normal modes of the Dirac
equation in RW space-time have indeed been given, via a conserved current,
for every value of the curvature parameter [11]. Their expression is however
quite involved and their use becomes rapidly cumbersome).

The Dirac equation is formulated in the two spinor form. The 4-spinor
form is then considered for a clearer correspondence with the Minkowskian
case. Normal modes are determined by covariant ortho-normalization of the
4-spinors. The quantization of the scheme is performed by developing the
operator wave function in terms of creation and annihilation operators, with
coefficients given by the normal modes, in analogy to the Minkowski space-
time case. A second set of normal modes is then considered that is essentially
the time translated of the first one. The corresponding Bogolubov coefficients
(e.g., [4]) are calculated. The number of one mode created and annihilated
particles per unit time are calculated by the expectations of the particle number
operators. The balance per unit time of one mode created and annihilated
particles is finally obtained. It seems not negligible the fact that the result is
again of the form Ṙ(t)/R(t), as for spin 0, 1. The possibility that the same
result could hold for arbitrary spin seems therefore a plausible suggestion.
Against these positive aspects, there is the unpleasant consequence that the
total number of created particles per unit of time is infinite.

If the result obtained has a physical counterpart, it is clear that the pro-
duced particles modify the gravitational dynamics of the universe, in particular
near a big bang. The corresponding back reaction should therefore be included
in any cosmological model. A possibility in this sense has been sketched in [21]
by a slight modification of the Standard Cosmological Model.
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2 Assumptions and preliminary developments.

The Dirac field equation in curved space-time can be written in spinor form
as [8, 16]

∇A
Ẋ
φA + iμ�χẊ = 0, ∇Ẋ

AχẊ − iμ�φA = 0 (1)

μ�

√
2 = m0 the mass of the particles of the field. It is known that the equation

(1) can be separated in the Robertson-Walker (RW) space-time of metric [17]

ds2 = dt2 − R2(t)[
dr2

1− ar2
+ r2(dθ2 + sin2 θdφ2)] (a = 0,±1) (2)

Among possible methods of solution (see e.g. [3, 7, 10, 18, 19]) we adopt here
the one proposed in [19] that we presently summarize and improve. (Note that
in [19] the Dirac equation was given the form adopted in [5], that is a slightly
different but equivalent form of (1)). Variables can be separated by setting

(χ0�, χ1� ) ≡ − eimϕ

rR(t)

(
H1(r, t)S1(θ), H2(r, t)S2(θ)

)
(3)

(φ1�, φ0� ) ≡ eimϕ

rR(t)

(
H2(r, t)S1(θ), −H1(r, t)S2(θ)

)
(4)

H1 = F (r)T (t) +G(r)s(t), H2 = F (r)T (t)−G(r)s(t) (5)

m = 0,±1,±2, . . .. By inserting (3), (4), (5) in the equation (1), there results
that the separated angular solutions are essentially given by Jacobi polyno-
mials [1], are of the form S1 = S1lm(θ), l = |m|, |m| + 1, |m| + 2, . . . with
S1lm = S2l−m , and satisfy the ortho-normalization conditions

∫
dΩ

(
eimϕSjlm(θ)

)∗
eim′ϕSjl′m′ = δmm′δll′, (j = 1, 2) (6)

Instead the separated time solutions satisfy the coupled equations (Ṙ = dR/dt)

ṪR + T (
Ṙ

2
− iμ∗

√
2R) = k1S, ṠR + S(

Ṙ

2
+ iμ∗

√
2R) = k2T (7)

k1, k2 being the constants relative to the separation of the time and radial
dependence. By combining eqs. (7) one has further

d

dt
{R(t)[T (t)T �(t)− S(t)S�]} = T �(t)S(t)[k1 − k2] + T (t)S�(t)[k�

1 − k�
2] (8)

Therefore by choosing k1 = k2 = ik, as it is assumed hereafter, the solutions
satisfy

R(t)
[
Tk(t)T

�
k (t)− Sk(t)S

�
k(t)

]
= const. = −1

4
(9)
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and have the property Sk(t) = T �
−k(t). (The value of the constant in (9) has

been fixed for later covenience). The constant k can be interpreted to represent
the energy of the system on account of the characteristic form of the equations
(7). The separated time and angular solutions do not depend on the curva-
ture parameter a = 0,±1. Instead the separated radial solutions do depend.
There explicit expression (see [19]) is in terms of hypergeometric functions. As
mentioned, we will confine to the flat space-time case a = 0. Accordingly the
radial solutions reduce to confluent hypergeometric functions [1] and can be
put into the form

G = Gλk = rλe−ikrM(λ; 2λ;−2ikr) ≡ r1/2 Jl(kr) (10)

F = Fλk = G−λk ≡ r1/2 Jl+1(kr) (11)

λ2 = l(l + 1)− s(s− 1) = (l +
1

2
)2, (s =

1

2
; a = 0) (12)

(λ = l+ 1/2). M is Kummer’s function. λ2 is the eigenvalue of the eigenvalue
problem into which the angular equations can be put. The expression (12),
that holds for arbitrary spin s in RW space-time [22], is then specialized to
the present case. The last right hand results in (10), (11) follow from special
cases of Kummer’s function and from the given expression of λ. By the closure
relation of the Bessel functions [2] and by a suitable choice of the normalization
factor, the radial function can be assumed to satisfy

∫ ∞

0
drG�

klGk′l =
∫ ∞

0
drF �

klFk′l = δ(k − k′) (13)

The properties (6), (13) will be used to define normal modes of the field equa-
tion.

3 Normal modes and quantization scheme.

In view of the quantization of the Dirac field it seems useful to establish some
correspondence with the 4-dimensional formalism. To that end note that the
eq. (1) can be written in the operator matrix form

[∇AẊ −iμ�

iμ� ∇AẊ

] [
φA

χẊ

]
=

[
0
0

]
(14)

whose adjoint reads, with obvious notations,

[χ�
A, −φ�Ẋ ]

[←−∇AẊ
iμ�

−iμ�
←−∇AẊ

]
= [ 0, 0 ] (15)
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Therefore, by denoting the spinor field by ψ =
[
φA

χẊ

]
(e.g. [8]) it is natural to

define the complex conjugate, the Hermitean conjugate and the adjoint spinors
respectively, by

ψ� =
[
χ�A

φ�
Ẋ

]
, ψ+ = [χ∗

A, φ∗Ẋ ] , ψ̄ = [χ∗
A, −φ∗Ẋ ] (16)

The definition of ψ∗ follows by reinterpreting the complex conjugate equation
of (1); ψ+ is nothing but ψ∗T while the definition of ψ̄ follows from (15). Note

that ψ̄ = [χ∗
A, φ

∗Ẋ ]
[
12 02

02 −12

]
= ψ+γ4 as in the conventional formulation of

Dirac equation in Minkowski space-time. With the above notations one has
ψ+ · ψ′ = χ∗

Aφ
′A + φ∗Ẋχ′

Ẋ
.

The normal modes can now be obtained by the covariant scalar product of
spinor fields

(ψ, ψ′) =
∫
d3x|g| 12ψ+(x) · ψ′(x) = (ψ′, ψ)∗ (17)

g the determinant of the metric tensor of (2). Indeed, when applied to the
solutions (3)-(5) of the Dirac equation this gives (i ≡ (klm))

(ψi, ψi′) =
∫
d3x|g| 12 (− χ1∗

i φ
0
i′ + χ0∗

i φ
1
i′ − φ0∗

i χ
1
i′ + φ1∗

i χ
0
i′) (18)

= −2R
∫ ∞

0
dr[H1klH

∗
2k′l′ +H2klH

∗
1k′l′ ]δmm′δll′ (19)

= −4R
∫ ∞

0
dr[FklF

∗
k′lTkT

∗
k′ −GklG

∗
k′lSkS

∗
k′]δmm′δll′ (20)

= −4R(t)[TkT
∗
k − SkS

∗
k ]δmm′δll′δ(k − k′) (21)

= δii′ (22)

where also (10) has been used. Define now

uklm = ψklm, vklm = ψ−klm, k > 0 (23)

Then, by proceeding as for (22), one finds that u, v have the properties

(ui, ui′) = −(vi, vi′) = δii′ (ui, vi′) = −(vi, ui′) = 0 (24)

Similarly, since ψ̄+ · ψ̄′ = −ψ′+ · ψ,

(ūi, ūi′) = −(v̄i, v̄i′) = −δii′ (ūi, v̄i′) = −(v̄i, ūi′) = 0 (25)

Therefore {ui, vi} can be interpreted as a set of normal modes, suitable for
the quantization of the Dirac equation in flat RW space-time. This is sup-
ported also by the fact that, as mentioned, the integration constant k can be
interpreted as the energy of the system.
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We propose now the quantization of the field by mimicking in the main
aspects, the situation of the Minkowski space-time [9]. The spinor field oper-
ator ψ and its adjoint spinor field can be developed on the annihilation and
creation operators ci, di, c

+
i , d

+
i (in the present scheme

∑
i ≡

∑
lm

∫
dk)

ψ(x) =
∑

i

[ciui + d+
i vi] (26)

ψ̄(x) =
∑

i

[c+i ūi + div̄i] (27)

{ci, c+j } = {di, d
+
j } = δij (28)

{ci, cj} = {di, dj} = {ci, dj} = {c+i , c+j } = {d+
i , d

+
j } = 0 (29)

The decompositions define the empty state |0 > for which ci|0 >= di|0 >= 0.
Let now {ûl, v̂l} another set of “normal modes” such that

(ûl, ûi) = ±δil, (v̂l, v̂i) = ∓δil, (ûl, v̂i) = 0 (30)

It is understood that only the upper or the lower signs have to be taken in (30),
so that we infact consider two possible schemes. We denote the corresponding
annihilation and creation operators by ĉi, d̂j , ĉ

+
i , d̂

+
j and with |0̂ > the empty

state so that ĉj |0̂ >= d̂l|0̂ >= 0. One can as well have the representations

ψ(x) =
∑

l

[ĉlûl + d̂+
l v̂l], ψ̄(x) =

∑
l

[¯̂ulĉ
+
l + d̂l

¯̂vl] (31)

From the definitions, the ui, vj’s can be expressed in terms of the ûi, v̂j’s and

the operators ci, di, c
+
i , d

+
i in terms of ĉi, d̂i, ĉ

+
i , d̂

+
i , and vivce-versa, through

the Bogolubov coefficients (see, e.g., [4])

ûi =
∑
j

[αijuj + βijvj], v̂i =
∑
j

[γijuj + εijvj ] (32)

ui =
∑
j

[± α∗
ij ûj ∓ γ∗ij v̂j], vi =

∑
j

[∓ β∗
ij ûj ± ε∗ij v̂j ] (33)

αij = (ui, ûj), βij = −(vi, ûj), γji = (ui, v̂j), εij = −(vi, v̂j) (34)

The Bogolubov coefficients result to be subjected to the constraints:

∑
j

[± αijα
∗
lj ∓ βijβ

∗
lj] = δli,

∑
j

[αijγ
∗
lj − βijε

∗
lj ] = 0 (35)

∑
j

[∓ γijγ
∗
lj ± εijε∗lj ] = δli,

∑
j

[γijα
∗
lj − εijβ∗

lj ] = 0 (36)

∑
j

[± αijα
∗
lj ∓ γ∗jiεjl] = δli,

∑
j

[α∗
jiβjl − γ∗jiεjl] = 0 (37)

∑
j

[∓ β∗
jiβjl ± ε∗jiεjl] = δli,

∑
j

[β∗
jiαjl − ε∗jiγjl] = 0 (38)
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while the annihilation and creation operators are related by

cj =
∑
k

[αij ĉi + γijd̂
+
i ], d+

i =
∑
j

[βjiĉj + εjid̂
+
j ] (39)

ĉj =
∑

i

[± α∗
ijci ∓ β∗

jid
+
i ], d̂+

j =
∑

i

[∓ γ∗jici ± ε∗jid+
i ] (40)

The Bogolubov coefficients are an useful tool to calculate the expectations
of the one mode particle number operators Nci = c+i ci, Ndi = d+

i di, N̂ci =
ĉ+i ĉi, N̂di = d̂+

i d̂i for which

< 0̂|Nci|0̂ >= ||ci|0̂ > ||2 = ||∑
j

γijd̂
+
j |0̂ > ||2 =

∑
j

|γij|2 (41)

< 0|N̂ci|0 >= ||ĉi|0 > ||2 =
∑
j

|βij |2 (42)

< 0̂|Ndi|0̂| >= ||di|0̂ > ||2 =
∑
j

|βij |2 (43)

< 0|N̂di|0 >= ||d̂i|0 > ||2 =
∑
j

|γij|2 (44)

The expressions (41), (43) represent the number of c- particle modes present
in |0̂ > but not in |0 >. Similarly the expressions (42), (44) represent the
number of d-particle mode present in |0 > and not in |0̂ >

4 Particle production from universe expansion.

As an application of the previous scheme let us consider the functions

v̂i =
R

3
2 (t+ τ)

R
3
2 (t)

[
φA(t + τ, r, θ, ϕ)
χẊ(t+ τ, r, θ, ϕ)

]
, ûi =

R
3
2 (t + τ)

R
3
2 (t)

[
φ̂A(t+ τ, r, θ, ϕ)
χ̂Ẋ(t + τ, r, θ, ϕ)

]

(45)
with φA, χẊ as given in (3)-(5) and φ̂A, χ̂Ẋ again the expressions (3)-(5) but
with the substitutions Tk(t)→ T−k(t), Sk(t)→ S−k(t). One then has

(v̂i, v̂i′) =
∫
d3x|g| 12 (χ∗

Aiφ
A
i′ + φ∗Ẋ

i χẊi′) (46)

= −4R(t+ τ)[Tk(t+ τ)T ∗
k (t + τ)− Sk(t+ τ)S∗

k(t+ τ)]δii′ (47)

= δii′ (48)

by (10). By taking into account that T ∗
−k = Sk, one has further

(ûi, ûi′) = −δii′ , (ûi, v̂i′) = 0 (49)

Therefore {ûi, v̂i} is a set of functions that satisfy the lower signs case of the
previous scheme. The Bogolubov coefficients relative to the pair {ui, vi} and
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{ûi, v̂i} can be explicitly calculated from (34) and one obtains (i ≡ (klm))

γji = −4[R(t)R(t+ τ)]
1
2 [Tk(t)T

∗
k (t+ τ)− Sk(t)S

∗
k(t+ τ)]δij = Ciδij (50)

αji = −4[R(t)R(t + τ)]
1
2 [Tk(t)Sk(t+ τ)− Sk(t)Tk(t+ τ)]δij = Aiδij (51)

One can then check, e.g., that the constraint (37) are fulfilled. Indeed it suffices
to note that, by using again (10)

|Ci|2 − |A|2i = 16R(t)R(t+ τ)[T ′
kT

′∗
k − S ′

kS
′∗
k ][TkT

∗
k − SkS

∗
k ] = 1 (52)

where T ′
k = Tk(t + τ), Tk = Tk(t) and similarly for Sk. Moreover βij =

−γ∗ij , εij = −α∗
ij . For what concerns the expectation of the particle number of

mode operators, one has from (41),

N+
cj =

∑
i

|γji|2 = 16R(t)R(t + τ)|Tk(t)T
∗
k (t+ τ)− Sk(t)S

∗
k(t + τ)|2 (53)

This expression can be interpreted as the number of c-particle i-mode present
in |0̂ > that where not present in |0 > (created particles). Conversely the
annihilated particles can be obtained from N−

ci =
∑

l |βil|2. We give here two
possible ways to do this:

N−
1ci = 16

R7(t+ τ)

R5(t)

∣∣∣Tk(t)T
∗
k (t+ τ)− Sk(t)S

∗
k(t+ τ)

∣∣∣2 (54)

N−
2ci = 16

R(t+ 2τ)R6(t)

R5(t+ τ)

∣∣∣Tk(t+ τ)T ∗
k (t+ 2τ)− Sk(t+ τ)S∗

k(t+ 2τ)
∣∣∣2 (55)

The expression (54) is obtained by considering g at time t+ τ and v̂, û at time
t in evaluating the coefficient βil in (34) through (17). In case of (55), g is
evaluated at time t and v̂, û at time t+ τ .

The surviving particles of i-mode per unit of time are then respectively

n1i = lim
τ→0

N+
c −N−

1c

τ
= −6

Ṙ(t)

R(t)
(56)

n2i = lim
τ→0

N+
c −N−

2c

τ
= +6

Ṙ(t)

R(t)
(57)

Similar results follows for the production of d-particles.

5 Remarks and comments.

In the previous Sections the quantization of Dirac field in flat RW space-time
has been proposed based on an elementary ortho-normalization of particular
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solutions of the field equation previously determined. As an application, by
using the formalism of the Bogolubov coefficients, it has been shown the pos-
sibility of particle production due to the universe expansion or contraction.
The number of one-mode particle production per unit of time results to be
of the form Ṙ(t)/R(t). The result seems interesting for two reasons. On the
one hand it is essentially the same of that obtained for the spin 0 and spin 1
particles [23, 21] (and it is guessed to hold for arbitrary spin value). On the
other hand the results in [23, 21] were obtained under a completely different
notion of scalar product as induced by a conserved current.

What makes the results (56), (57) problematic, is their independence on
any parameter because this imply the creation of an infinite number of particles
of arbitrary mode. A way to by-pass this implausible consequence would be
of considering a weighted integration over to all possible modes of eqs. (54),
(55). The weight function should take into account the physical context in
which particles are produced and (possibly) make the integral converge. One
could then apply to the results the considerations in that led to eqs. (56), (57).
This possibility is a pure suggestion and it is however beyond the scope of the
present paper. Finally we note that the result should be taken into account in
the formulation of a Cosmological model. A possibility in this sense has been
skeched in an elementary way in [21].

Acknowledgements. It is a pleasure to thank Prof. G. Prosperi for
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