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Abstract

We find an inequality which is fulfilled by all pure uncorrelated quan-
tum states of N -qubits. The inequality is violated by a factor exponen-
tial in the number of qubits if we assume that quantum correlations
are describable in terms of nonlocal hidden variables. Hence, N -qubit
pure uncorrelated quantum states violate nonlocal realistic theories by
a factor of 2N . We find the violation factor 2N when the measurement
setup is an arbitrary number of n-setting for each of the observers. We
see that the violation factor 2N is independent of the number of settings
n.

PACS: 03.65.Ud

1 Introduction

Realistic theory is as follows: [1, 2]. Realism states that there exist the elements

of physical reality [3] independent of whether it is observed or not. On the other

hand, Einstein, Podolsky, and Rosen (EPR) locality condition says that space-

like separated measurement choices are mutually independent. Some quantum

predictions violate Bell inequalities [4], which form necessary conditions for

local realistic theories for the results of measurements. Thus, some quantum

predictions do not accept a local realistic interpretation.

Leggett-type nonlocal realistic theory [5] is experimentally investigated

[6, 7, 8]. The experiments report that the quantum theory does not ac-

cept Leggett-type nonlocal realistic interpretation. These experiments are

performed by using entangled states (two parties). The measurement setup
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classifies realistic theories [7, 8, 9]. In this paper, we assume that the mea-

surement setup is n-setting (n ≥ 2) for each of the observers when we consider

nonlocal realistic theories.

So far, complete understanding between a multiqubit system and nonlocal

realistic theories has not been reported. For a finite-dimensional space, Werner

theoretically discusses that all separable states admit local realistic theories

[10]. However, the discussion does not coexist with the result presented in

Ref. [11]. That is, some separable states do not admit local realistic theories

if all quantum observables in a realistic theory must commute simultaneously

[12]. As for the difference between quantum separability and local realistic the-

ories, Roy derives [13] so-called ‘Roy inequalities’ with two-orthogonal-settings

for each of the observers. Greenberger, Horne, and Zeilinger (GHZ) state [14]

violates the inequality by a factor of 2(N−1). The assumption to derive the

Roy inequality is that the system is in separable states. The inequality is

also derived by another quadratic entanglement witness inequality presented

in Ref. [15]. On the other hand, the GHZ state violates standard Bell inequal-

ities [16, 17, 18, 19, 20, 21] by a factor of 2(N−1)/2 [17]. Roy concludes that

the Roy inequality exponentially stronger than standard Bell inequalities by

a factor of 2(N−1)/2. The Roy inequality is important since it reveals the cru-

cial difference between the notion of quantum separability and local realistic

theories. That is, local realistic theories violate the Roy inequality whereas all

separable states satisfy the inequality (See also Refs. [22, 23, 24]).

Therefore, a fundamental question is addressed in conjunction with the

difference between quantum theoretical correlations and realistic theoretical

correlations. Can multiqubit pure uncorrelated states violate nonlocal realis-

tic theories? This question is not answered by the reports of the experiments

[6, 7, 8] mentioned above. Surprisingly, we shall show that multiqubit pure

uncorrelated states violate nonlocal realism with a magnitude that grows ex-

ponentially with the number of particle.

In this paper, we show that N -qubit pure uncorrelated quantum states

violate nonlocal realistic theories by a factor of 2N . We find the violation

factor 2N when the measurement setup is an arbitrary number of n-setting for

each of the observers. We see that the violation factor 2N is independent of

the number of settings n.

2 Uncorrelated states and nonlocal realism

Assume that we have a set of N spins 1
2
. Each of them is a spin-1/2 pure

state lying in the x-y plane. Let us assume that the source of N uncorrelated
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spin-carrying particles emits them in a state, which can be described as a

multiqubit pure uncorrelated state. Let us parameterize the settings of the jth

observer with a unit vector �nj (its direction along which the spin component is

measured) with j = 1, . . . , N . One can introduce a correlation function which

satisfies nonlocal realistic theories if it can be written as

ENLR(�n1, �n2, . . . , �nN ) =

∫
dλρ(λ)I(�n1, �n2, . . . , �nN , λ)

(1)

where λ denotes a set of hidden variables, ρ(λ) is their distribution, and I is

the predetermined ‘hidden’ result, ±1 (in (�/2)N unit), of the measurement of

the dichotomic observables parameterized by directions of �n1, �n2, . . . , �nN .

Also one can introduce a quantum correlation function with the system in

such a pure uncorrelated state

ESep(�n1, �n2, . . . , �nN) = tr[ρ�n1 · �σ ⊗ �n2 · �σ ⊗ · · · ⊗ �nN · �σ] (2)

where ⊗ denotes the tensor product, · the scalar product in R3, �σ = (σx, σy, σz)

is the vector of Pauli operator, and ρ is a pure uncorrelated state,

ρ = ρ1 ⊗ ρ2 ⊗ · · · ⊗ ρN (3)

with ρj = |Ψj〉〈Ψj| and |Ψj〉 is a spin-1/2 pure state lying in the x-y plane.

Thus,

|Ψj〉 =
|+〉j + eiφj |−〉j√

2
. (4)

Here, the states |±〉j are the eigenstates of the σz observable, φj is a phase.

One can write the observable (unit) vector �nj in a plane coordinate system as

follows:

�nj(θ
kj

j ) = sin θ
kj

j �x
(1)
j + cos θ

kj

j �x
(2)
j , (5)

where �x
(1)
j = �x and �x

(2)
j = �y are the Cartesian axes. Here, the angle θ

kj

j takes

n values:

θ1
j = 0, θ2

j =
π

n
, . . . , θn

j =
(n − 1)π

n
. (6)

We shall derive a necessary condition to be satisfied by the quantum cor-

relation function with the system in a pure uncorrelated state given in (2). In

more detail, we shall derive the value of the square of the quantum correlation
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function, ESep given in (2), i.e., (ESep, ESep). We use decomposition (5). We

introduce simplified notations as

Ti1i2...iN = tr[ρ�x
(i1)
1 · �σ ⊗ �x

(i2)
2 · �σ ⊗ · · · ⊗ �x

(iN )
N · �σ] (7)

and

�cj = (c1
j , c

2
j ) = (sin θ

kj

j , cos θ
kj

j ). (8)

Then, we have

(ESep, ESep)

=

n∑
k1=1

· · ·
n∑

kN=1

(
2∑

i1,... ,iN=1

Ti1...iN ci1
1 · · · ciN

N

)2

=
(n

2

)N
2∑

i1,... ,iN=1

T 2
i1...iN

≤
(n

2

)N

, (9)

where we use the orthogonality relation
∑n

kj=1 cα
j cβ

j = n
2
δα,β. The value of∑2

i1,... ,iN=1 T 2
i1...iN

is bounded as
∑2

i1,... ,iN=1 T 2
i1...iN

≤ 1. We have

N∏
j=1

2∑
ij=1

(tr[ρj�x
(ij )
j · �σ])2 ≤ 1. (10)

From the convex argument, all separable states must satisfy the inequality (9).

Therefore, it is a separability inequality. It is important that the separability

inequality (9) is saturated iff ρ is a multiqubit pure uncorrelated state such

that, for every j, |Ψj〉 is a spin-1/2 pure state lying in the x-y plane. The

reason of the inequality (9) is due to the following quantum inequality

2∑
ij=1

(tr[ρj�x
(ij )
j · �σ])2 ≤ 1. (11)

The inequality (11) is saturated iff ρj = |Ψj〉〈Ψj| and |Ψj〉 is a spin-1/2 pure

state lying in the x-y plane. The inequality (9) is saturated iff the inequality

(11) is saturated for every j. Thus we have the maximal possible value of the

scalar product as a proposition

(ESep, ESep)max =
(n

2

)N

. (12)

when the system is in such a multiqubit pure uncorrelated state.
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Assume the quantum correlation function with the system in a pure un-

correlated state given in (2) admits ‘n-setting’ nonlocal realistic theories with

respect to the n measurement directions. One has the following proposition

concerning nonlocal realism with respect to the n measurement directions:

ESep(�n1, �n2, . . . , �nN ) =

∫
dλρ(λ)I(�n1, �n2, . . . , �nN , λ).

(13)

In what follows, we shall show that we cannot assign the truth value “1” for

the proposition (13) concerning nonlocal realism with respect to the n mea-

surement directions. We use an established mathematical method presented

in Refs. [25, 26, 27, 28, 29, 30, 31, 32].

Assume the proposition (13) is true. By changing the label λ into λ′, we

have the entirely same proposition

ESep(�n1, �n2, . . . , �nN ) =

∫
dλ′ρ(λ′)I(�n1, �n2, . . . , �nN , λ′).

(14)

An important note here is that the value of the right-hand-side of (13) is equal

to the value of the right-hand-side of (14) because we only change the label.

Hence one has

(ESep, ESep)

=

n∑
k1=1

· · ·
n∑

kN=1

∫
dλρ(λ)I(�n1, �n2, . . . , �nN , λ)

×
∫

dλ′ρ(λ′)I(�n1, �n2, . . . , �nN , λ′)

=
n∑

k1=1

· · ·
n∑

kN=1

∫
dλρ(λ)

∫
dλ′ρ(λ′)

I(�n1, �n2, . . . , �nN , λ) × I(�n1, �n2, . . . , �nN , λ′)

≤
n∑

k1=1

· · ·
n∑

kN=1

∫
dλρ(λ)

∫
dλ′ρ(λ′)

|I(�n1, �n2, . . . , �nN , λ) × I(�n1, �n2, . . . , �nN , λ′)|

=

n∑
k1=1

· · ·
n∑

kN=1

∫
dλρ(λ)

∫
dλ′ρ(λ′) = nN . (15)

We use the following fact

|I(�n1, �n2, . . . , �nN , λ) × I(�n1, �n2, . . . , �nN , λ′)| = +1. (16)
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It is obvious that the inequality (15) can be saturated since

{λ|I(�n1, �n2, . . . , �nN , λ) = 1}
= {λ′|I(�n1, �n2, . . . , �nN , λ′) = 1},
{λ|I(�n1, �n2, . . . , �nN , λ) = −1}
= {λ′|I(�n1, �n2, . . . , �nN , λ′) = −1}. (17)

Hence one has the following proposition concerning nonlocal realism with re-

spect to the n measurement directions

(ESep, ESep)max = nN . (18)

Clearly, we cannot assign the truth value “1” for two propositions (12) con-

cerning the quantum theory and (18) concerning nonlocal realism with respect

to the n measurement directions, simultaneously, when the system is in a mul-

tiqubit pure uncorrelated state. Of course, each of them is a spin-1/2 pure

state lying in the x-y plane. Therefore, we are in the contradiction when the

system is in such a multiqubit pure uncorrelated state. Thus, we cannot accept

the validity of the proposition (13) concerning nonlocal realism with respect to

the n measurement directions if we assign the truth value “1” for all quantum

propositions. In other words, such multiqubit pure uncorrelated states violate

nonlocal realism with a magnitude that grows exponentially with the number

of particle. We see a violation factor of 2N by comparing two propositions (12)

and (18).

3 Conclusions

In conclusion, we have shown that N -qubit pure uncorrelated quantum states

violate nonlocal realistic theories by a factor of 2N . We have found the violation

factor 2N when the measurement setup is an arbitrary number of n-setting for

each of the observers. We have seen that the violation factor 2N is independent

of the number of settings n.
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