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Inertial Repulsive Potential of the Sun
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Abstract

Inertial repulsive potential is introduced into the theory of gravity
to stop gravitational collapse at the nuclear density and thus prevent
singularities. Effective gravity is considered which includes Newtonian
potential and inertial repulsive potential. Footprints of the effective
gravity in the solar system are investigated. The inertial repulsive po-
tential of the sun allows to explain the anomalous acceleration of Pioneer
10 and 11, both the constant and oscillatory terms, the anomalous in-
crease of the Astronomical Unit, the anomalous increase in the lunar
semi-major axis.
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1 Basic idea

The theory of gravity [1] faces the problem of singularities. In particular, sin-
gularities may arise as a result of the gravitational collapse of massive stars [2].
A body contracted to the nucleus density resembles the neutron star. There
is a maximum mass for the neutron star of order of the mass of the sun,
mmax ∼ m�. For the neutron star with the mass less than the maximum mass,
the pressure due to the degenerated neutron Fermi gas balances the gravity of
the star. For the neutron star with the mass more than the maximum mass,
the gravity of the star overcomes the pressure due to the degenerated neutron
Fermi gas, and the star goes to the singularity.

As known the nucleus of atom consists of elementary particles, protons and
neutrons. Minimum radius associated with proton (neutron) is its Compton
radius

rc =
h̄

2mpc
(1)

where h̄ is the Planck constant, mp is the mass of proton, c is the speed of light.
As follows from eq. (1) quantum mechanics and special relativity do not allow
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the radius of proton less than its Compton radius. The problem is referred to
as microscopic causality [3] which requires localization of observables separated
by distances greater than their Compton wavelength. The Fermi state equation
for the degenerated neutron Fermi gas cannot be valid for neutrons separated
by a distance shorter than their Compton wavelength. Hence, it is reasonable
to consider proton incompressible at the Compton radius. Note that the radius
of proton (neutron) in the nucleus is r0 = 1.1 × 10−13 cm while the Compton
radius of proton (neutron) is rc = 1.1 × 10−14 cm. Hereafter we suppose that
the radius of proton (neutron) in the nucleus is a limiting one.

So, elementary particles are incompressible hence the neutron star consist-
ing of elementary particles is incompressible. Then, a body stops its contrac-
tion at the nuclear density, with the radius of neutron star for a body is a
limiting one. Incompressibility of the neutron star means that the total force
at the radius of neutron star must be equal to zero. There must be a force
due to the pressure of incompressible fluid to balance the force of gravity at
the radius of neutron star. Suppose that the body contracted to the radius of
neutron star produces repulsive potential to balance the gravitational potential

ΨNS =
4π

3
GρNSr2

NS (2)

where G is the Newtonian constant, ρNS is the density of neutron star (nuclear
density), rNS is the radius of neutron star for the body. The repulsive potential
eq. (2) prevents singularities under the gravitational collapse of the body. At
the density ρ > ρNS, one can introduce the quantum multi-particle state of all
atomic nuclei of the body. One can construct the multi-particle state such that
the individual states of all atomic nuclei of the body be within the radius rNS.
This state represents the virtual neutron star which produces the repulsive
potential eq. (2). The pressure of the incompressible fluid of the virtual neutron
star is specified within the volume r3

NS. One should respecify this pressure
within the volume of the body r3, and the resultant potential being a function
of the density of the body

Ψ = ΨNS
ρ

ρNS
=

4π

3
Gρr2

NS. (3)

Thus, we come to the repulsive potential of the body due to incompressibility
of the atomic nuclei of the body.

One can treat the repulsive potential eq. (3) as an inertial potential of a
body

Ψ =
1

2
v2
Ψ (4)

where vΨ is the effective outward velocity. The sum of the effective outward
velocities over all directions is equal to zero thus keeping the body at rest.
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However, for a test particle being at rest in any point of space the body has the
effective velocity vΨ towards the particle. This means that the body produces
inertial repulsive potential throughout the space which reduces gravitational
potential of the body.

We arrive at the effective gravity which includes Newtonian potential and
inertial repulsive potential

Φ = −Gm

r
+ Ψ. (5)

Suppose that the inertial repulsive potential is constant in all the space except
the centre of the gravitating body where it equals to zero. One can take
differential between the point at a distant r and the centre of the gravitating
body as dΨ = Ψ, and differentiation of the inertial repulsive potential with
respect to radius yields the inertial outward acceleration. Then, the effective
gravitational acceleration is given by

w =
dΦ

dr
= −Gm

r2
+

Ψ

r
(6)

where the first term is the Newtonian acceleration due to gravity, the second
term is the inertial acceleration due to the inertial repulsive potential. Thus,
introduction of the inertial repulsive potential produces the inertial repulsive
acceleration. It is worth noting that the inertial repulsive acceleration does
not modify Newtonian gravity. Therefore, the effective gravity considered is
consistent with the Newtonian mechanics.

2 Inertial repulsive potential of the sun

Let the sun along with the Newtonian potential produce the inertial repulsive
potential. Estimate the inertial repulsive potential of the sun. Calculate the
density of neutron star as ρNS = 3mp/4πr3

0 = 3.0 × 1014 g/cm3 where mp is
the mass of proton. Then, the radius of neutron star for the sun is equal to
rNS = (3m�/4πρNS)1/3 = 1.2×106 cm. In view of eq. (3), the inertial repulsive
potential of the sun is equal to Ψ� = 5.3 × 105 cm2/s2.

In the Newtonian limit, the equation of motion for a test particle of unit
mass in the gravitational field of the sun is given by, we shall consider only the
gravity of the sun neglecting the gravity of the other planets,

−Gm�
r2

+
Ψ�
r

+
1

2

dr

dt2
+

L

r3
= 0 (7)

where L is the angular momentum of the particle per unit mass. Introduction
of the potential Ψ� gives rise to the reduction of the kinetic energy or centrifu-
gal energy of the test particle to balance the gravity of the sun. When dealing
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with the gravity at a fixed radius there is no observable effects because we may
include the inertial repulsive potential of the sun in the effective mass of the
sun such as −Gm� + Ψ�r. However, when comparing the gravity at different
radii one may see deviation from the Newtonian potential.

In ranging, in addition to the equation of motion, one needs to solve the
relativistic light propagation equation [1], we shall consider only the gravity of
the sun neglecting the gravity of the other planets,

Δt =
l

c
(1 + 2ΔΦ/c2)1/2 +

2Gm�
c3

ln

[
r1 + r2 + l

r1 + r2 − l

]
(8)

where c is the speed of light, r1 and r2 are the coordinates of the source and
receiver of light respectively, l is the distance between the source and receiver.
Here the second term is the time delay due to the Shapiro effect. The time
is counted by the clock in the frame of receiver. The relativistic second order
correction to the first term is due to the difference in potential ΔΦ between
the source and receiver.

3 Anomalous acceleration of Pioneer 10 and

11

So, we suppose that the sun along with the Newtonian potential produces the
inertial repulsive potential Ψ�. Consider the difference in potential at a radius
r and at the radius rSE being the distance between the sun and earth. We
shall obtain the value first from the equation of motion and then from the light
propagation equation. By solving the equation of motion one can obtain the
effective potential of the sun at a radius r

Φ(r) = −Gm�
r

+ Ψ� (9)

and at the radius rSE

Φ(rSE) = −Gm�
rSE

+ Ψ�. (10)

When regarding this potential as a Newtonian one ∝ 1/r we can transform it
from a radius r to the radius rSE as follows

Φ∗(rSE) =
[
−Gm�

r
+ Ψ�

]
r

rSE

= −Gm�
rSE

+ Ψ�
r

rSE

. (11)

By subtracting eq. (11) from eq. (10) one obtains the anomalous addition to
the difference in potential at a radius r and at the radius rSE

ΔΦ∗ = −Ψ�
(r − rSE)

rSE

. (12)
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From the light propagation equation one can obtain the difference in potential
at a radius r and at the radius rSE by subtracting eq. (10) from eq. (9), and
the anomalous addition to the difference in potential at a radius r and at the
radius rSE is equal to zero

ΔΦ = 0. (13)

Thus, the anomalous addition to the difference in potential at a radius r and at
the radius rSE is seen in the equation of motion and not in the light propagation
equation.

In ranging to distant spacecraft one determines the difference in potential at
a radius r where the spacecraft is located and at the radius rSE. With regards
to the light propagation equation, one measures zero anomalous addition to the
difference in potential eq. (13). With regards to the equation of motion, one
expects the anomalous addition to the difference in potential eq. (12). Hence,
in ranging to distant spacecraft one determines the anomalous addition to the
gravitational potential

V = ΔΦ − ΔΦ∗ = Ψ�
(r − rSE)

rSE
. (14)

The potential eq. (14) yields the shift of the frequency of light between the
distant spacecraft and the earth, Δω/ω ≈ V/c2. While interpreting the shift
as a first order effect due to the radial motion this mimics the velocity of the
spacecraft towards the sun, vsc = 2V/c, and correspondingly the acceleration,
wsc = 2V/ct.

Analysis of radio Doppler and ranging data from distant spacecraft [4]
indicated that an anomalous inward acceleration is acting on Pioneer 10 and 11,
wP = (8.74± 1.25)× 10−8 cm/s2. Assume that the inertial repulsive potential
of the sun is a reason of the Pioneer effect. In view of eq. (14), calculate
the inertial repulsive potential of the sun from the anomalous acceleration of
Pioneer 10 and 11. When deriving the acceleration wsc = 2V/ct from the
potential eq. (14) we can identify the value (2Ψ�/rSE)(r − rSE)/ct with the
anomalous acceleration of Pioneer 10 and 11. Then, for ct = r = 20 AU we
obtain Ψ� = wP rrSE/2(r − rSE) = 6.9 × 105 cm2/s2.

In addition to the constant anomalous acceleration term acting on Pioneer
10 and 11 there is an oscillatory term with the amplitude ∼ 1.6×10−8 cm/s2 [4].
In the acceleration wsc = 2V/ct derived from the potential eq. (14) we have
the constant term 2Ψ�/rSE and the oscillatory term (r − rSE)/ct due to the
motion of the earth around the sun. When assuming that the light travels along
a radial line of the sun, the travel time changes from 2(r − AU) to 2(r + AU)
during the period of revolution of the earth. For the spacecraft at 20 AU this
yields the amplitude of oscillation 4 AU/20 AU = 1/5. From this it follows that
the amplitude of acceleration oscillation is ΔwP = wP/5 = 1.7 × 10−8 cm/s2.
This estimate is in accord with the experimental value.
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An anomalous radial acceleration wA yields a perturbation of the orbital
radius of a planet r. In the circular orbit limit the orbital radius is perturbed by
Δr = −rwA/wN where wN is the Newtonian acceleration at r. Mars ranging
data [4] limit unmodeled radial acceleration acting on earth and mars to no
more than 0.1 × 10−8 cm/s2. The Pioneer effect interpreted as a constant
acceleration of the spacecraft is not seen in mars ranging data. The inertial
repulsive potential of the sun does not produce gravitational acceleration hence
does not perturb the orbit of a planet thus cannot be seen as a shift of planets
radii in ranging data. Therefore, explanation of the Pioneer effect with the
inertial repulsive potential of the sun may resolve the problem why the Pioneer
effect is not seen in the planet ranging.

4 Secular increase of Astronomical Unit

Under the motion of a planet along the Keplerian orbit the inertial repulsive
potential can be seen as an anomalous variation of the gravitational potential
with radius. Consider the motion of the earth in the effective potential of the
sun. Taking the effective mass of the sun −Gm� + Ψ�p at the radius p and
assuming the Newtonian behaviour of the potential ∝ 1/r one can write down
the effective potential of the sun at a radius r as

Φ∗ =
−Gm� + Ψ�p

p(1 + e cosϕ)
(15)

where p is the latus rectum, e is the eccentricity, ϕ is the angle (longitude) of
the earth’s orbit. The real potential at a radius r is given by

Φ = − Gm�
p(1 + e cosϕ)

+ Ψ�. (16)

Then, one measures the anomalous addition to the gravitational potential

VE = Φ − Φ∗ = Ψ�e cosϕ. (17)

The potential eq. (17) is obtained from the equation of motion. The light
propagation equation yields no anomalous potential. Hence, in ranging one
determines the anomalous value −VE . This gives contribution into a second
order relativistic shift of the reference frequency in the planet ranging, Δω/ω ≈
VE/c2. While interpreting the shift as a first order effect due to the radial
motion this mimics the velocity of the earth outward the sun

vE =
2Ψ�e| cosϕ|

c
(18)
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where | | stands for the modulus of the function. After averaging over the
period of revolution the effective velocity takes the form

vav
E =

√
2Ψ�e

c
. (19)

Krasinsky and Brumberg reported [5] the anomalous positive secular trend
in the Astronomical Unit (d/dt)AU = 15 ± 4 m/cy obtained from analysis of
the data on ranging to the major planets (mars, venus, mercury). Pitjeva gets
the smaller value about 5 metres per century, see discussion to the talk by
Standish [6]. In view of eq. (19), calculate the anomalous velocity of the earth
adopting the inertial repulsive potential of the sun Ψ� = 6.9 × 105 cm2/s2.
Then, we obtain vE = 5.4 × 10−7 cm/s = 17.4 m/cy that may explain the
anomalous secular trend in the Astronomical Unit.

5 Increase in the lunar semi-major axis

Under the motion of the moon around the earth the inertial repulsive potential
of the sun can be seen as an anomalous variation of the gravitational potential
with radius. Consider the motion of the moon in the effective potential of the
sun as seen by an observer at the earth. Taking the effective mass of the sun
−Gm� + Ψ�rSE at the radius rSE and assuming the Newtonian behaviour of
the potential ∝ 1/r one can write down the effective potential of the sun at
the radius rSM as

Φ∗ =
−Gm� + Ψ�rSE

rSE

(
1 − rEM

rSE
cos ΩMEt

)
(20)

where rSM is the distance between the sun and moon, rEM is the distance
between the earth and moon, ΩME is the angular velocity of the moon. The
real potential at the radius rSM is given by

Φ = −Gm�
rSE

(
1 − rEM

rSE
cos ΩMEt

)
+ Ψ�. (21)

Then, one measures the anomalous addition to the gravitational potential

VM = Φ − Φ∗ =
Ψ�rEM

rSE

cos ΩMEt. (22)

The potential eq. (22) is obtained from the equation of motion. The light
propagation equation yields no anomalous potential. Hence, in ranging one
determines the anomalous value −VM . This gives contribution into a sec-
ond order relativistic shift of the reference frequency in lunar laser ranging,
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Δω/ω ≈ VM/c2. While interpreting the shift as a first order effect due to the
rotational motion this mimics the velocity of the moon outward the earth

vM =
Ψ�rEM

crSE

| cosΩMEt|. (23)

After averaging over the period of revolution the effective velocity takes the
form

vav
M =

Ψ�rEM√
2crSE

. (24)

There is a difference in the rate of the lunar semi-major axis increases ob-
tained from telescopic observations and from lunar laser ranging, (d/dt)aLLR−
(d/dt)atel = 1.29 cm/yr = 4.1 × 10−8 cm/s [7]. Telescopic observations of the
secular deceleration of the proper angular velocity of the earth are used from
which the rate of the lunar semi-major axis increase is determined. In view
of eq. (24), calculate the anomalous velocity of the moon adopting the iner-
tial repulsive potential of the sun Ψ� = 6.9 × 105 cm2/s2. Then, we obtain
vM = 4.1× 10−8 cm/s that may explain the difference in the rate of the lunar
semi-major axis obtained from telescopic observations and from lunar laser
ranging.

6 Conclusion

We have considered effective gravity which includes Newtonian potential and
inertial repulsive potential. We have investigated footprints of the inertial
repulsive potential of the sun which allows to explain the anomalous accel-
eration of Pioneer 10 and 11, both the constant and oscillatory terms, the
anomalous increase of the Astronomical Unit, the anomalous increase in the
lunar semi-major axis. The theoretical estimate of the inertial repulsive po-
tential of the sun is Ψ� = 5.3× 105 cm2/s2. The inertial repulsive potential of
the sun determined from the anomalous acceleration of Pioneer 10 and 11 is
Ψ� = 6.9 × 105 cm2/s2, from the anomalous increase in the lunar semi-major
axis Ψ� = 6.9 × 105 cm2/s2. Also, the inertial repulsive potential of the sun
may explain the anomalous increase of the Astronomical Unit, although now
we can speak about the rough estimate due to the lack of the robust observa-
tional data. Thus, the data from the above observations may be considered as
a support for the effective gravity with the inertial repulsive potential.

It is worth noting that the inertial repulsive potential of the sun does not
produce the gravitational acceleration hence does not perturb the orbital ra-
dius of a planet. It may be seen as an anomalous behaviour of the gravitational
potential in ranging data. Now the foregoing anomalous effects, the anoma-
lous acceleration of Pioneer 10 and 11, the anomalous increase in the lunar
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semi-major axis, the anomalous increase of the Astronomical Unit, are inter-
preted in terms of velocity or acceleration. However, such an interpretation
faces difficulties because admits perturbation of planets radii that is not seen
in ranging data. Explanation of the three effects with the inertial repulsive
potential of the sun may resolve this problem.
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