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Abstract

We present a study to obtain the Complex Band Structure in one-
dimensional photonic heterostructure using a supercell method based
on the Transfer Matrix formalism and the Bloch theorem. Usually the
(complex) band structure is obtained via a well-know analytical expres-
sion. However, this expression is only valid for an unit cell composed
of two different materials. Here we present a treatment that allows the
calculation of the complex band structure for any number of layers in
the unit cell.

Keywords: Complex Band Structure, Photonic Crystal, Photonic Het-
erostructure

1 Introduction

There has been a growing interest and investigation in recent years in a the-
oretical and experimental study of Photonic Crystals (PC) in one-, two- and
three-dimensional periodic structures that exhibit gaps for the propagation of
electromagnetic waves in different ranges of frequency. [1, 2] Research in PCs
is oriented in several directions, one is to find structures with the largest pos-
sible Photonic Band Gap (PBG). [3, 4, 5, 6] By introducing defects in these
systems, one can construct photonic devices such as waveguides, [7] monochro-
matic filters [8] or micro-lasers. [9]

The PC is made by the periodic repetition of an unit cell and the PBGs
are result of the propagation periodic modulation of the electromagnetic field
within the PC. In particular, the one-dimensional PC (1D-PC) is composed
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of alternate stacks of slabs having different dielectric constant and thickness.
Usually, in the case of 1D-PC the photonic band gaps are obtained using an
analytical formula derived by Yeh et al. [10, 11]

cos(KD) = cos(k1d1) cos(k2d2)−
1

2

(
n1

n2

+
n2

n1

)
sin(k1d1) sin(k2d2). (1)

This formula takes account of the existence of two different materials, n1
and n2 of thickness d1 and d2 , respectively. However, as a result of the
recent progress in micro-fabrication technology, now it is possible to create
complex photonic structures with more than two materials in the unit cell. [5,
7, 12, 13, 14, 15, 16, 17] For example, for 1D-PC recently has been reported
the fabrication and modeling of ternary-PC composed with three materials in
the unit cell. [5, 7, 15, 16, 17] Others possible configurations are the chirped
mirrors, [18, 19, 20, 21] Gaussian profile structures [22, 23] and Fibonacci
multilayers. [24]

A key step in the study of 1D-PC heterostructure is the determination of
the Complex Band Structure (CBS) to determine the real and imaginary wave
vector of propagation in the 1D-PC heterostructure. The imaginary part of
the wave vector determines the penetration amount of an impinging wave into
the PC [25] and in this manner can be optimized the thickness of the PC
heterostructure.[26] On the other hand, it has been demonstrated that when
absorption is present, the wave vector becomes complex and the only criteria to
discriminate the existence of a band gap is a numerical cutoff in the imaginary
part of the wave vector. [28]

Most of the recent studies in 1D-PC heterostructures has been restricted
to the analysis of the reflection and transmission, mostly with the idea to de-
termine the position and width of the PBGs. [3, 4, 5, 7, 8, 16, 17] However,
the CBS can give additional understanding of the electromagnetic waves prop-
agation. In this work we present an application of the supercell method [29] to
determine the CBS for a 1D-PC heterostructure with more than two materials
in the unit-cell in order to be able study structures that can not be treated
with Eq. (1).

The rest of the paper is organized as follows. Section 2 presents the theory
to calculate CBS in 1D-PC heterostructures. Section 3 presents several nu-
merical examples of CBS in heterostructures. Finally, in Section 4 we present
our conclusions.

2 Theory

We consider a periodic medium which is made of alternating layers of different
materials. In Fig. 1 is presented a schematic drawing of this medium. In panel
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Figure 1: Schematic drawing of a periodic layered medium consisting of N
different materials. Panel (a) shows the infinite structure that is made by the
repetition of an unit cell shown in panel (b).

(a) we illustrate the infinite structure, which is composed by the repetition of
an unit cell that we present in panel (b). The layered medium consists of N
different materials with a refractive index profile given by

n(x) =



n1 x0 < x < x1

n2 x1 < x < x2
...
nN xN−1 < x < xN

n1 xN < x < xN+1,

(2)

here xN = x0+D. The periodicity of the structure is defined by the relation

n(x) = n(x+D), (3)

where D is the period of the supercell. We consider an electric field per-
pendicular to the x axis which is described by the wave equation

∂2

∂x2
E(x) = −ω2

c2
n2(x)E(x) (4)

The general solution of the wave equation in each medium can be written
as

E(x) = E+e+ikx + E−e−ikx, (5)

where k = nω/c is the wave vector of propagation, which remains constant
in each medium. The electric field is expressed as the sum of right-traveling
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(+) and left traveling (-) plane waves. In each homogeneous layer the fields
are given by the relation

E(x) =



E+
1 e

+ik1(x−x0) + E−
1 e

−ik1(x−x0) x0 < x < x1

E+
2 e

+ik2(x−x1) + E−
2 e

−ik2(x−x1) x1 < x < x2
...
E+

Ne
+ikN (x−xN−1) + E−

Ne
−ikN (x−xN−1) xN−1 < x < xN

E+
N+1e

+ik1(x−xN ) + E−
N+1e

−ik1(x−xN ) xN < x < xN+1

(6)

The asociate magnetic field is

H(x) =



n1[E
+
1 e

+ik1(x−x0) − E−
1 e

−ik1(x−x0)] x0 < x < x1

n2[E
+
2 e

+ik2(x−x1) − E−
2 e

−ik2(x−x1)] x1 < x < x2
...
nN [E

+
Ne

+ikN (x−xN−1) − E−
Ne

−ikN (x−xN−1)] xN−1 < x < xN

n1[E
+
N+1e

+ik1(x−xN ) − E−
N+1e

−ik1(x−xN )] xN < x < xN+1

(7)

2.1 The Bloch condition

We consider the Bloch condition for the electric field

E(x+
0 +D) = eiKDE(x+

0 ), (8)

and for the magnetic field

H(x+
0 +D) = eiKDH(x+

0 ), (9)

where x+
0 denotes the right side of the boundary at x0, as it is illustrated

in Fig. 1. Taking account the geometry on Fig. 1, and the fields given in eqs
(6) and (7) we can write the matricial relation

M1

[
E+

1

E−
1

]
= M1e

iKD

[
E+

N+1

E−
N+1

]
, (10)

where

M1 =

[
1 1
n1 −n1

]
. (11)

If we eliminate the matrix M1 in both sides of eq. (10) we have obtain[
E+

1

E−
1

]
= eiKD

[
E+

N+1

E−
N+1

]
, (12)
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2.2 The Transfer Matrix

In this section we consider the boundary conditions for the tangential electric
and magnetic fields at each interface xi (i = 1, N) in the form

MiFi

[
E+

i

E−
i

]
= Mi+1

[
E+

i+1

E−
i+1

]
, (13)

Where the matrices Mi and Fi are

Mi =

[
1 1
ni −ni

]
(14)

Fi =

[
eikidi 0
0 e−ikidi

]
(15)

Using a set of boundary conditions we can relate the fields in the medium
nN+1 to the fields in the medium n1 using the relation[

E+
N+1

E−
N+1

]
= M

[
E+

1

E−
1

]
, (16)

where the matrix M is given by the multiplication of matrices

M = M−1
1

(
i=2∏
i=N

MiFiM
−1
i

)
M1F1. (17)

2.3 The eigenvalue equation

If we compare eqs. (12) and (16) we can write the eigenvalue equation

M

[
E+

1

E−
1

]
= λ

[
E+

1

E−
1

]
, (18)

where λ = e−iKD. The eigenvalues are obtained by solving

|M − λI| = 0. (19)

To find the eigenvalues it is necessary to solve the determinant∣∣∣∣∣ m11 − λ m12

m21 m22 − λ

∣∣∣∣∣ = 0. (20)

This equation has two analytical solutions,

λ+ =
1

2
(m11 +m22) +

1

2

√
(m11 +m22)2 − 4∆ (21)
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Figure 2: Drawing of three different possibilities of unit cell in a binary one-
dimensional Photonic Crystal. In panel (a), (b) and (c) we present the unit
cell of width D = d, D = 2d and D = 3d, respectively.

and

λ− =
1

2
(m11 +m22)−

1

2

√
(m11 +m22)2 − 4∆, (22)

where

∆ = m11m22 −m12m21 (23)

2.4 The complex relation dispersion

The complex relation dispersion can be obtained by solving the equation

e−iKD = λ+ (24)

However, K and λ+ are complex numbers in the form

K = kr + iki (25)

and

λ+ = λ+
r + iλ+

i (26)

Taking account the complex notation for K and λ+, the eq. (24) is
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Figure 3: Complex band structure for a binary one-dimensional Photonic Crys-
tal. Panels (a), (b) and (c) [(d), (e) and (f)] show the real [imaginary] part of
the wave vector for an unit cell of D=d,D=2d and D=3d, respectively.

λ+ = λ+
r + iλ+

i = e−ikrDekiD (27)

For a given λ+, this equation has two unknown variables, kr and ki. To
solve it we take the complex conjugate

(λ+)∗ = λ+
r − iλ+

i = eikrdekiD (28)

Multiplying λ+(λ+)∗ we obtain

e2kiD = (λ+
r )

2 + (λ+
i )

2 (29)

Now it is possible to find the value of imaginary part of the Bloch vector,

kiD =
1

2
ln[(λ+

r )
2 + (λ+

i )
2] (30)

To find the real part of the Bloch vector we write eq. (27) in the form

cos(−krD)− i sin(krD) = e−kiD(λ+
r + iλ+

i ). (31)

kr can be found taking in consideration the parity of the real part

krD = cos−1(e−kiDλ+
r ) (32)



766 J. Manzanares-Martinez et al

Figure 4: Drawing of the unit cell of a ternary-PC
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Figure 5: Band structure of a ternary-PC. In panel (a) and (b) we present the
real and imaginary part of the wave vector, respectively.

3 Numerical examples

In this section we consider several examples of CBS for 1D-PC heterostruc-
tures. In a first example, we present a binary photonic crystal, composed of
only two different materials. In a second example we take the case of a ternary
photonic crystal. Finally, we consider the case of a defect in a supercell.

3.1 Binary Photonic Crystal

We consider a binary one-dimensional photonic crystal composed by two dif-
ferent materials n1 and n2 of widths d1 and d2, respectively. The drawing of
the system is presented in Fig. 2, where we show three different possibilities
of unit cell of width D = d (d = d1 + d2), D = 2d and D = 3d in panels
(a), (b) and (c), respectively. In the right side of each panel we present the
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Figure 6: Drawing of a supercell of width D=10d. In panel (a) we present
a perfect supercell structure and in panel (b) we illustrate the presence of a
defect

corresponding First Brillouin Zone (FBZ). We observe that in the case of panel
(b) the FBZ is a half of the case in panel (a). In the same manner, the FBZ
of panel (c) is three times smaller than the case of panel (a).

The CBS for a binary-PC is shown in Fig. 3. We consider two materials
of refractive index n1 = 2.35 and n2 = 1.46, respectively. The width of each
layer is d1 = 0.66d and d2 = 0.34d. In panels (a) and (d) we show the real and
imaginary part of the band structure for a unit cell of width D = d. For this
case, the calculation can be made by two methods; the analytical formula of
eq. (1) (with circles) and our numerical treatment of eqs. (30) and (32) (with
lines). We observe a perfect agreement between both methods.

Now we consider the case of a supercell of width D = 2d in panels (b) and
(e). We observe in panel (b) that the real part of the wave vector foldings
two times. This is due to the choice of a unit cell two times greater than the
precedent case. We observe that the imaginary part of the wave vector in panel
(e) remains the same. Even if now we plot in a scale two times smaller, we can
appreciate that the value is two timer bigger than panel (d). Now we present
in panels (c) and (f) the band structure for a unit cell of width D = 3d, for
the cases of real and imaginary wave vector, respectively. We observe in panel
(c) that now the real part of the wave vector is folded three times.

3.2 Ternary Photonic Crystal

In this section we consider a ternary-PC composed by three different materials
in the unit cell, as it is illustrated in Fig. 4. We take a ternary-PC composed by
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Figure 7: Complex band structure for a supercell of width D = 10d. In panels
(a) and (b) [(c) and (d)] we present the real and imaginary part of the band
structure for the case of the supercell without [with] defect.

the three materials of indices n1 = 1.37, n2 = 4.35 and n3 = 3.6, in according
to Ref. [15] The thickness of each material is d1 = 90nm, d2 = 20nm and
d3 = 90nm. The period of the unit cell is D = d1 + d2 + d3 = 200nm. In
Fig. 5 we present the band structure with the real and imaginary part in the
left and right side, respectively. We observe that for the ternary-PC the band
structure is similar to the case of a binary-PC and the band structure does not
foldings by the presence of three materials in the unit cell.

3.3 Photonic Crystal with a defect

As an last example, we present the CBS for a Photonic Crystal with a defect.
Defect structures are useful as lasers cavities or waveguides. [8, 17] We present
in Fig. 6 panel (a) the supercell of width D = 10d. The refractive indices for
the high and low material are nH = 2.35 and nL = 1.46 in a sequence (HL)10.
The layers width is dH = 0.66d and dL = 0.34d, respectively. In panel (b) we
present a defect structure, where we have switch the first slab from high to
low index, obtaining a sequence (LL)1(HL)9. The CBS is presented in Fig. 7
in panels (a) and (b) for the structure without defect. In panels (c) and (d) is
presented the CBS for the system with defect. The defect exist in the first and
the second band gap in a specific frequency. We observe that the existence of
the defect is better defined in the imaginary part of the wave vector, panel (d).
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4 Conclusions

In this work we presented a study of one-dimensional photonic heterostructures
using a supercell formalism based on the Transfer Matrix Method and the
Bloch condition. We derived a formulation to calculate the complex band
structure for an arbitrary number of slabs in the unit cell in order to be able
to study structures that can not be treated with eq. (1). In addition, the
method was applied to three different cases. First, for the binary crystal we
have found that even for different choices of unit cell, it is possible to obtain
the same information for the band gap. Second, for the ternary crystal we have
found that the band diagram have a standard structure. Finally, we present
the complex band structure for a crystal with a defect where we have observed
the importance of the CBS to discriminate the frequency of the defect states,
and their propagating characteristics given by the imaginary part of the wave
vector.

This analysis may be useful for the design of photonic crystal heterostruc-
tures, as well as for the understanding of their properties.
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