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Abstract 
 
The behavior of TE,TM fields is analyzed in a nano-doped dielectric when the permit-
tivity  of this structure, suopplied by the Maxwell-Garnett theory of composite materials 
is linearly periodic. Then, the wave equations satisfied by the TE, TM fields become 
Mathieu equations with Floquet modes as solutions. Approximations of these solutions 
are discussed. 
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1. Introduction 
       
The blossoming of nanotechnology during these last years [9] has generated a flow of ex-
perimental and theoretical works in different domains of physics, chemistry, biology  with of- 
ten important new results. Of particular interest is the realization of nano-doped materials [11-
13] as well as the analysis of slow light propagation in such structures [8,19,20]. Then, a na-
tural question is: how do electromagnetic fields E, H behave in a material doped with nano 
particles ? 
  To investigate this problem, we consider a dielectric doped with nano-dots. Dielectric and 
inclusions have the respective permittivity ε1, ε2 and permeability  μ = 1. Then, according to 
the Maxwell-Garnett theory of composite materials [4,15] the effective permittivity of the do-
ped dielectric is 
  ε = ε1(1+2αf)(1−αf)−1            ,             α = (ε2 −ε1) (ε2+2ε1)−1                        (1) 
the filling factor f, that is the volume fraction of inclusions (nanodots) in the host medium 
(dielectric) is f = NV° in which N and V° are respectively the number of inclusions et their 
volume per unit volume. In the present case, V° is small since one has to cope with nano-dots  
             
and also N, as suggested by the term doping. Consequently, f is very small making possible to 
use the 0(f2) approximation of the effective permittivity (1). 
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  Now, N const. leads to a classical problem, N could also be periodic N = N0 cos (2az) as 
previously assumed [5] in a different context. We suppose here N linearly periodic 
                                      N = N0 cos(av)       ,     v = x cosθ + y sinθ                   (2) 
so that the effective permittivity (1) becomes with f = 3α NV° 
                   ε(av) = ε1[1 + f cos(av)]  + 0(f2)         (3)  
  We first investigate the TE, TM solutions of Maxwell’s equations in a medium with the per- 
mittivity ε(av) = ε1cos(av). In a second step, we use the Maxwell-Garnett permittivity (3), 
transforming wave equations into Mathieu equations with Floquet modes (known as Bloch 
states in solid-state physics) as solutions for electric and magnetic fields. 
 
 
2. TE, TM waves in a medium with linearly periodic permittivity 
 
Maxwell’s equations are with exp(iωt) implicit, µ = 1 and light velocity c = 1 
                                  ∇∧Ε = iω Η            ,       ∇∧H = −iωε(av)E                                        
                                ∇.[ε(av)E] = 0         ,             ∇.H = 0                               (4) 
In addition to v = x cosθ + y sinθ, we introduce u = x sinθ − y cosθ, so that 
    
                                     ∂x = cosθ ∂v + sinθ ∂u    ,        ∂y = sinθ ∂v − cosθ ∂u                          (5) 
and we look for the solutions of Eqs.(4) in the form 
                       E(x,y,z) = Ψ(v) exp(ikzz)         ,           H(x,y,z) = Φ(v) exp(ikzz)                 (6) 
Substituting (6) into (4) and using (5), the curl equations become 
              sinθ ∂vΨz  − ikzΨy = iω Φx             ,           sinθ ∂vΦz  − ikzΦy = −iω ε(av) Ψx 
              ikzΨx − cosθ ∂vΨz = iω Φy                    ,                 ikzΦx − cosθ ∂vΦz = − iω ε(av) Ψy 
        ∂v(cosθ Ψy − sinθ Ψx) = iω Φz                 ,      ∂v(cosθ Φy − sinθ Φx) = − iω ε(av) Ψz         (7) 
and using the components 
                 {Ψv , Φv }= cosθ {Ψx , Φx }+ sinθ {Ψy , Φy }        ,   
                            {Ψu , Φu }= sinθ {Ψx , Φx }− cosθ {Ψy , Φy }         (8)          
the Maxwell equations (7) become 
     ∂vΨz − ikzΨv = iω Φu                      ,         ∂vΦz − ikzΦv = −iω ε(av) Ψu       
                 ikzΨu = iω Φv                      ,                     ikzΦu = − iω ε(av) Ψv      
                          −∂vΨu = iω Φz            (9a)      ,                   −∂vΦu = − iωε(av)  Φz         (9b) 
 They split into two decoupled sets TE, TM with respective components (Φv,Φz,Ψu) and 
(Ψv,Ψz,Φu) satisfying the divergence equations  ∂vΦv +ikz Φz = 0,    ∂v[ε(av) Ψv ]+ikz Ψz = 0, 
 while Ψu, Φ u are solutions of the wave equations (ε’= ∂vε(av) )  
     [∂v

2
 + ω2ε(av) − kz

2] Ψu(v) = 0                                             (10a) 
                 [∂v

2
 + ω2ε(av) − kz

2 −ε’/ε∂v] Φu(v) = 0                                           (10b) 
       
These equations are discussed in the frame of of the Maxwell-Garnett theory. 
 
 
3. TE field (Φv,Φz,Ψu) 
 
     Permittivity (3)transforms Eq.(10a) into a Mathieu equation [3,5,17] 
                     [∂v

2 + ω2ε1 − kz
2 + ω2ε1f cos(av)] Ψu(v) = 0       (11) 
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which becomes with the variable s = ω √ε1v 
                               [∂s

2 + 1 − χz
2 + f cos(2bs)] Ψu(s) = 0       (12) 

with  
   χz

2 = kz
2/ω2ε1        ,      b = a/(2ω √ε1)                                               (12a) 

The equation (12) has the Floquet solutions [3,17] in which ϖ is a parameter to be deter-
mined 
   Ψu(s) = ∑−∞

∞ cm exp[i(ϖ+2m)bs]       (13) 
Substituting (13) into (12) gives the recurrence relation [17] on the coefficients cm 
      cm + γm(ϖ) (cm+1 + cm−1) = 0       (14) 
with 
                 γm(ϖ) = −f/2[(ϖ+2m)2 −1 + χz

2]               (14a) 
The main difficulty is to get ϖ, function of f and χz

2 but for small f2, ϖ may be obtained  from 
the 0(f4) approximation [17] 
  cos(ϖπ) = cos[(1 − χz

2)1/2π] + [4χz
2 (1 − χz

2)−1] sin[(1 − χz
2)1/2π]                  (15) 

 and to the 0(f2) approximation consistent ith (3), we get ϖ = (1 − χz
2)1/2, waves are propaga-

ting or evanescent according that ϖ is real or pure imaginary. 
Once ϖ obtained, the cm coefficients may be obtained by numerical methods based on the re-
currence relation (17) or on some variant of it. It is shown [17], that for moderate values of χz 
and f, these relations may be transformed into convergent continued fractions Rm(ϖ) = cm/cm-1 
and Lm(ϖ) = cm/cm+1.The convergence of ∑−∞

∞ cm exp[2imbs] is certain if  ∑−∞
∞ m2cm is abso-

lutely convergent. 
Once Ψu known, the components Φv, Φz of the TE field are obtained from (9a). 
 
 
4. TM field (Ψv ,Ψz ,Φu) 
 
  Writing (10b) 
             [∂v

2
 + q(v)−ε’/ε ∂v] Φu(v) = 0          ,         q(v) = ω2ε(av) − kz

2               (16) 
we look for the solutions of Eq.(16) in the form 
                                           Φu(v) = ε1/2(av)Ω(v)        (17) 
A simple calculation gives with ε’ = ∂vε,  ε’’ = ∂v

2ε, 
      ∂vΦ(u) = ε−1/2ε’ Ω /2 + ε1/2∂vΩ 
                      ∂v

2Φ(u) = ∂v( ε−1/2ε’) Ω /2 + ε−1/2ε’ ∂vΩ + ε1/2∂v
2Ω      (18) 

so that 
                    (∂v

2
 −ε’/ε∂v] Φu =  ε1/2∂v

2Ω + ½ [∂v( ε−1/2ε’) − ε’2ε−3/2] Ω            (19) 
Substituting (17) into (16) and using (19) give the equation 
        
   [∂v

2
 + q(v) + ½ η(v)] Ω(v) = 0       (20) 

  η(v) = ε−1/2[∂v( ε−1/2ε’) − ε’2ε−3/2] = ε’’ /ε −3/2 ε’2/ ε2                        
(20a) 
With the permittivity (3), we get from (16) to the 0(f2) order 
   q(v) = ω2ε1 − kz

2 + ω2ε1f cos(av)       (21) 
Now, ε(av) has also the 0(f2) approximation: ε(av) = ε exp[f cos(av)] making negligible the 
second term in (23a) and η(v) reduces to 
     η(v) = − a2f cos(av)        (22) 
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Substituting (21, 22) into (20) gives the Mathieu equation 
                        [∂v

2 + ω2ε1 − kz
2 + f (ω2ε1 − a2/2) cos(av)] Ω(v) = 0                            (23) 

similar to (11) with ω2ε1 in the last term changed into  (ω2ε1 − a2/2), so that we may proceed 
as in Sec.3 to get the solutions Ω of Eq.(23). 
 
 
5  Discussion 
 
  This work, through a manageable but not trivial situation of a nano-doped dielectric with a 
periodic permittivity, presents the tools to be used to analyze wave propagation in doped me-
dia and paves the way for further numerical studies needed to solve wave equations (more ge-
nerally Maxwell’s equations) when there is no analytical solution . An interesting and proba- 
bly more realistic situation exists  when the Maxwell-Garnett permittivity ε(r) is a random 
funcion. Then, one may take advantage of countless works on radiowave and laser beam pro-
pagation in turbulence [6,14.]. Let n2(r)  = ε(r), the wave equation for the electric field has the 
form 
                                       ∆Ε(r) + k0

2 n2(r) − 2∇[∇n/n.E(r)] = 0                 (24) 
The last term may be neglected [6] as long as the wave length is much smaller than the dimen 
sion of the random medium. Then, n fluctuates about the average value <n> and using the 
average wave number k2 = k0

2 <n2>, Eq.(27) becomes 
    (∆ + k2 (1+nl

2)] Ε(r) = 0       (25) 
where nl represents the fluctuations of the refractive index. In a nano-doped material, we have 
according to the Maxwell-Garnett relation (1) to the 0(f2) order <n2> = n0

2 (1+3α<f>). For 
weak nl , Born and Rytov approximations [6,14] supply solutions of Eq.(24). 
   In the past, nano-doped materials were mainly composite films (dielectrics doped with sphe- 
rical or ellipsoidal nano-dots) playing an important role in near field microscope probes [7, 
10]. But recently, people became interested in the use of slow light propagating in some nano-
doped structures [1,16,18]. So, as it often happens, we may expect that theoretical works, as 
made here, on light propagation in nano-doped materials  will make possible to improve these 
experimental results. 
Incidentally, assuming null the neutrino mass, could ‘’slow’’ neutrinos [2]  propagate in some 
 some ad-hoc doped structures ?. 
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