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Abstract

We use the presentation of D=11 supergravity theories introduced
in [11] for solving a special class of Cauchy type super-symmetric differ-
ential equations in all orders in superspace. We then show that Killing
spinors are generators of an isometric action of the one dimensional
super-Poincaré group on the total superspace.
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Introduction. The superspace formulation of supergravity theory has
been constructed and studied in various dimensions [3]. Among diffetrent
dimensions, eleven and ten dimensional supergravity theories are of special
interest because of their relation with M theory and superstring theories in
low energy limits. In physics literature the classification of eleven dimensional
supergravity in superspace is accomplished through Bianchi identities and by
imposing appropriate torsion constraints (see [4] for a classification of d=11
supergravity with the most general torsion constraints ).

Investigating geometric properties of torsion constraints and supersymme-
try in super-space has been the subject of several efforts among which we can
quote the review of J.Lott [12] on super-gravity and the lectures of Deligne
and Freed on super Yang-Mills theories [7]. However as far as we know in spite
of a large amount of work on supersymmetric theories in physics literature,
the bosonic part of these theories have been more studied and mathematically
better understood than the whole theory in the super-space. The reason is
that from one hand the bosonic part usually contains all the physically mean-
ingful information of the whole theory and on the other hand a complete study
of the theory in the total space seems to be more complicated. The bosonic
supersymmetric configurations of D=11 super-gravity has been classified in
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local form by J. P. Gauntlett and S. Pakis [10]. The lectures of Deligne and
Freed [7], [9] as well as other more recent works like [8] deal more seriously
with basic super-structures behind supersymetric theories and have provided
an appropriate framework for mathematical results in different areas (see e.g.
Q. Chen, J. Jost, J. Li, G. Wang [5] where the notion of Dirac harmonic map is
introduced inspired by super-symmetric Sigma-models). The notion of super-
embedding introduced by Sorokin, Sezgin, Howe and others gives a geometric
meaning to a special and somehow mysterious symmetry that appeared in dif-
ferent super symmetric theories under the title of kappa symmetry. In D=11
supergravity this notion has found a deep relationship with membranes and re-
veals structural properties of membranes in the total superspace (see e.g. [11]).
Clearly a complete study of ”supersymmetric” branes in superspace requires
an interpretation of supersymmetry in the whole super-space. In this letter
we would like to provide a natural interpretation for Killing spinors in terms
of the existence of Killing vector fields in the total space of the eleven dimen-
sional supergravity backgrounds. Thus we associate a geometric meaning to
the notion of supersymmetry in d=11 supergravity. To this end we first study
the solvability of a special class of Cauchy type supersymmetric differential
equations in all orders in the total superspace of the ordinary eleven dimen-
sional supergravity background. We will then show how a super-isometry of
the superspace can be constructed from the initial data of a parallel spinor
along an even submanifold.

Let us begin with a very brief review of the essential objects needed for
describing eleven dimensional supergravity in superspace according to [2] and
[11]. The basic fields in the superspace formulation of supergravity are the
supervielbein (moving frame), and the superconnection. From these are con-
structed two covariant tensors: the supertorsion and the supercurvature. For
each theory one has to find a suitable set of constraints on the supertorsion
tensor, which allow using the Bianchi identities to eliminate most of the com-
ponent superfunctions by expressing them in terms of a small number of in-
dependent superfields. In 11 dimension a minimal theory can be obtained by
imposing the following constraints:

T a
αβ = 2Γa

αβ, T
γ
αβ = T γ

aβ = T c
ab = 0 (1)

This will lead to the standard supergravity initiated by Howe, Ferrara, Lechner
et al. Let M be an 11 dimensional Lorentz spin manifold. Let S → M be a
32 dimensional spin bundle and M11|32 be the associated super-manifold. We
adopt the setting of the supermanifolds of Berezin which is equivalent to the
category of H∞ supermanifolds often used in physics literature [13].
Assume that the tangent space TM11|32 = F ⊕B is decomposed into even and
odd subspaces, B and F , respectively. Let Eα, α = 1, ..., 32 be a local basis for
F and Ea, a = 1, ..., 11 be a local basis for B. We denote by π : TM11|32 → B
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the bundle map projection parallel with F . Candielo et al. [2] have shown
that the relations

π([Eα, Eβ]) = 2Γa
αβEa (2)

are sufficient for solving the equations of motion of 11 dimensional super-
gravity background. This means that by fixing a real closed 4-form W on
M , and upto a redefinition of even vectors as E ′

a = Ea + Uα
a Eα, a unique

super-connection can be found such that the associated super-torsion satisfies
(1). This 4-form is needed for determining the spin 3/2 component T α

ab of the
torsion tensor T .
As is well-known in physics literature, type IIA, N=1 supergravity backgrounds
are constructed on manifolds admitting a globally defined spinor θp : M → S
parallel with respect to the Levi-Civita connection induced on the spin bun-
dle. Our main theorem shows that this geometric property of M leads to the
existence of superisometries on the total superspace M11|32.

Theorem 1 (Main theorem) Assume that the leading (space time) component
of the supergravity 4 form W is set to be zero. Then there exists a unique
extension ξ of ∂/∂θp|M11|0 to the total space M11|32 generating a superisometric
action

A : R
1|1 × M11|32 → M11|32

on the super-gravity background.

In order to prove this theorem we first study a class of differential equations
which could be be considered as a supersymmetric version of ordinary Cauchy
type equations.

On a Class of Supersymmetric Cauchy Type Equations. Here we
introduce a method for discussing the solvability in all orders of a special class
of Cauchy type supersymmetric differential equations with initial data along
the even submanifold M11|0. We begin with the case of a flat super-vector
bundle over R

1|1:

Lemma 1 Let π : V → R
1|1 be a (p|q) super-vector bundle. Let ξ0 be a super-

section of V defined along R
1|0. Suppose that f is a super section of End(V ).

Consider the following Dirichlet equation:

DXξ = f(ξ), ξ|�1|0 = ξ0 (3)

where X = ∂/∂θ + θ∂/∂x in (x, θ) coordinates on R
1|1. A necessary and

sufficient condition for the existence of a solution to (3) is that the equation

∂

∂x
ξ0 = (X.f)(ξ0) + f ◦ f(ξ0) (4)

hold in R
1|0.



34 Alireza Bahraini

Proof. We claim that the solution of the following differential equation,

∂

∂θ
ξ = f(ξ) − θ(X.f)(ξ) − θf ◦ f(ξ), ξ|�1|0 = ξ0 (5)

satisfies (3). This is due to the identities

θ(X.f)(ξ) + θf ◦ f(ξ) = θ(X.f)(ξ0) + θf ◦ f(ξ0) = θ
∂

∂x
ξ0

where the the first equality is obvious and the second one is a result of (4).
Therefore ξ =

∫
f(ξ)dθ solves (5).�

Now it is straightforward to generalize the above result to the case where
V is equipped with a superconnection ω:

∇ω
Xξ = f(ξ), ξ|�1|0 = ξ0

To see this it suffices to move the zero order part of the covariant derivative
to the right hand side which leads to an equation like ∇Xξ = fω(ξ). We can
now use the previous lemma with a constraint that should be stated in terms
of the new right hand side fω. The next proposition gives an explicit formula
for this constraint in the case of the 11 dimensional supergravity background.
To this end we need the following commutator equality from [15]:

[∇ω
X ,∇ω

Y ] = ∇ω
T (X,Y ) + 1/2R̃(X, Y ) (6)

where R̃(., .) is an operator valued 2-tensor obtained from the super-curvature
tensor.

Proposition 1 Let M11|32 be a super-gravity background in the above sense.
Let f be a super-section of Hom(F ⊗ T 11|32M, F ). Consider the following
differential equation in M11|32

∇ω
Xξ = f(X, ξ), ξ|M = ξ0 (7)

Then a necessary and sufficient condition for the existence of a unique solution
for (7) is that ξ satisfies

∇ω
T (X,Y )ξ + 1/2R̃(X, Y )ξ = (∇ω

Y f)(X, ξ) − (∇ω
Xf)(Y, ξ)

+f(∇ω
Y X −∇ω

XY, ξ)
+f(X, f(Y, ξ)− f(Y, f(X, ξ)))

along M11|0 and for all odd vector fields X, Y in F . Note that due to a very
special form of torsion constraints (1), the right hand side as well as the left
hand side of this equation depend only on ξ0.
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Proof. In view of the topological structure of super-manifolds it suffices to
prove the theorem locally in DeWitt topology. Consider the collection S of
all vector fields obtained by a rotation from the odd part of our moving frame
{Eα}32

α=1. For each element E ∈ S one can find a unique vector field ∂
∂θE

which

is tangent to the (1|1) sub-manifold generated by E and satisfying [ ∂
∂θE

, ∂
∂θE

] =

0 and E|M11|0 = ∂
∂θE

|M11|0. Applying the same phenomena as in lemma 1 one

can produce a new system of equations in terms of the vector fields ∂
∂θE

and

equivalent with our initial system of equations. One can see that ∂
∂θE

generates

in some sense a (0|1) foliation of M11|32 \ M11|0. The super-differentiability of
solutions is straightforward. �

Proof of Main Theorem. To prove theorem 1, first note that the vanish-
ing of super-gravity 4 form along with Bianchi identities implies Rb

αβa = T α
ab =

T βγ
a = 0. If {EA}A denote the supervielbein associated to the moving frame

of M11|32 then according to [14] we have:

δξE
A = −∇ωξA − iξT

A

Thus we should solve the following system of equations subject to the initial
condition ξ|M11|0 = ∂/∂θp:

∇ω
αξ = −T (ξ, Eα), α = 1, ..., 32 (8)

∇ω
aξ = −T (ξ, Ea) = 0, a = 1, ..., 11 (9)

Using the equation (8), the commutator relation (6) and torsion constraints
we obtain:

∇ω
T (Eα,Eβ)ξ + 1/2R̃(Eα, Eβ)ξ = 0 (10)

The restriction of this equation to M11|0 yields:

2Γa
αβ∇aξ0 = 0, ∀α, β

which is satisfied since the spinor ∂/∂θp is chosen to be parallel. Therefore
according to proposition 1 there exist a unique solution of (8) admitting this
initial condition. Equation (9) follows now from (10) and the vanishing of
R̃(Eα, Eβ). This completes the proof of theorem 1. �

Remark. It seems worthy to emphasize that the vector field ξ does not
necessarily belong to F . To see this consider the following equation:

dξA = −iξT
A − EBiξφ

A
B
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where φA
B is the superconnection of the theory. Clearly the vanishing of dξa

depends on the vanishing of certain components of the superconnection φ,
which may not happen in general.
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