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Abstract

The standard quantization of spin 1 field in flat Robertson-Walker
(RW) space-time is considered to evaluate the number of particles cre-
ated in an expanding universe. The study is based on an improved
form of the normal modes, previously determined, of the spin 1 field
equation in flat RW space-time. A second system of normal modes is
considered that is the time translated of the given one. The correspond-
ing Bogolubov coefficients are calculated and the expectation value of
the number of created particles calculated. The results are obtained
for a general evolution of the cosmological background. They are ex-
emplified for the linear, the exponential and the radiation dominated
Standard Cosmology expansion laws. In all cases particle production is
non zero. A detailed study is done in all cases for large time. In case of
the exponential expansion the number of the created particle remains
very small for long time. The creation of particle is possible if the mass
of the particle of the field and the Hubble constant satisfy 2m0 > H, a
condition widely satisfied by the experimental data.
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1 Introduction

One of the main consequence of field quantization in curved space-time is the

effect of particle creation in an expanding universe. The property has been

originally put into evidence by Parker [11, 12, 13] in case of spin 0, 1/2 fields in

flat Robertson-Walker (RW) space-time. In that context it has also been shown

that the effect does not exist for massless fields of non zero spin. The possibility

of particle creation lies on the fact that, in curved space-time, the empty

state and the creation and annihilation operators cannot be unequivocally

defined [2]. The annihilation operators at a given time do not necessarily

annihilate the empty state relative to another time. The number of created

particles can then be calculated from the Bogolubov coefficients that connect

the normal modes at different times (e.g. [2]).

The mechanism of particle creation has been studied in specific and general

space-time models, mainly for spin 0, 1/2 fields. Attention has been paid

to the RW space-time metric both because it is the base of the Standard

Cosmology and because, due to the relative simplicity, it is a case where the

calculations can be carried out very far [3, 4, 5, 8, 14, 16]. Explicit application

of the mechanism of particle creation is discussed in [2] and references therein

(recently, see, e.g., [10]). Of course particle creation produce a back reaction

on the gravitational dynamics that, in the context of a cosmological model,

cannot be neglected. This is a wide and complex problem for the treatment of

which one can refer to [2] and References therein.

In the present paper we are interested in the problem of creation of parti-

cles of non zero spin in explicit model of space-time. The example considered

here is that of the spin 1 field equation in RW space-time for which the normal

modes have been determined in the flat case [19]. We calculate the Bogolubov

coefficients relating two set of normal modes at different times. The number of

created particle is zero for static universe. On account of the conformal invari-

ance, it vanishes also for the massless field [12]. Its value is then calculated

for a general form of dynamical evolution of the universe in the massive field

case. The number of created particle is calculated for the linear, the exponen-

tial and the radiation dominated Standard Cosmology expansion laws. There

are non trivial result in all cases. Due to the involved time dependence of the

expression of the number of created particles, the results are further explicited

for large time in the three cases. In the exponential law expansion, particle

production for large ? time is possible only if the mass of the particle and the

Hubble constant satisfy 2m0 ≤ H , a condition that is widely verified by the

existing experimental data. The number of the created particles is however
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very small.

2 Preliminary results and assumptions.

The spin 1 field equation can be formulated in curved space-time [6, 18] by

means of four spinors φAB = φBA, χAẊ , θAẎ , ξẊẎ ≡ ξẎ Ẋ , satisfying the spinor

equations

∇A
Ẋ
φ AB + iμ�χBẊ = 0, ∇Ẋ

AχB Ẋ − iμ�φAB = 0 (1)

∇Ẋ
A θẊB + iμ�ξAB = 0, ∇A

Ẋ
ξAB − iμ�θẊB = 0 (2)

2μ2
� = m2

0, m0 the mass of the particle of the field. The pair of spinors (θ, ξ)

satisfies the complex conjugate equation satisfied by (φ, χ). The equation (1)

can be separated [17] by variable separation in RW space-time of metric tensor

in polar coordinates [15]

gμν = diag
{
1, − R(t)2

1 − ar2
, −R(t)2r2,−R(t)2r2 sin θ2

}
(3)

By setting

φ00 = α(t)φ0(r)S
0(θ, φ), χ00̇ = A(t)φ1(r)S

1(θ, φ) = −χ11̇

φ01 = φ10 = α(t)φ1(r)S
1(θ, φ), χ10̇ = A(t)φ2(r)S

2(θ, φ) (4)

φ11 = α(t)φ2(r)S
2(θ, φ), χ01̇ = −A(t)φ0(r)S

0(θ, φ)

The separated angular solutions are of the form Sh(θ, φ) = Sh
lm = Sh,lm(θ)eimϕ,

(h = 0, 1, 2) with m = 0,± ±2, .., l = |m|, |m|+1, |m|+2, ... The separated ra-

dial solutions are of the form φj,kl(r) (j = 0, 1, 2, while k denotes the separation

constant of the time and radial dependence). The solutions can be explicitly

obtained for a = 0 [17]. The expression of the angular and radial solution

can be found as a special case of the general treatment [20] and do not depend

on the particular time evolution of the cosmological background. Instead the

separated time solution, do depend on it through the coupled equations

ikα = −α̇ R− 2αṘ+ im0RA, ikA = Ȧ R+ AṘ− im0 Rα. (5)

A constant expression that can be deduced from the time equations and that

will be used in the following is [19]

R3 (Akα−k + A−kαk) = constant (6)
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We will denote ψklm ≡ (φklm, χklm), ψ′
k′l′m′ ≡ (θk′l′m′ , ξk′l′m′) and choose θ̄ẊA

k′l′m′ =

χAẊ
k′l′−m′ , ξ̄AB

k′l′m′ = φAB
k′l′−m′ . It is possible to define a covariant scalar product

between solutions of the field equation by means of the conserved current [17]

JAẊ(ψ, ψ′) = i
[
φA

Bθ
ẊB

+ χ Ẋ
B ξ

AB − (φ
Ẋ

Ẏ θ
AẎ + χ A

Ẏ
ξẎ Ẋ)

]
(7)

Therefore, by proceeding as in [19], a covariant scalar product can be defined

in the flat space-time case (a = 0) that assumes the expression

(ψklm, ψ
′
k′l′m′) =

∫
d3x|g|1/2Jα(ψ, ψ′)nαdΣ (8)

= i
{R3

√
2
[Ak(t)α−k′(t) + A−k′(t)αk(t)]δmm′δll′δ(k − k′) −

−c.c.
}

(9)

From the result (6) with a suitable choice of the constant one has therefore

(ψklm, ψ
′
k′l′m′) = δmm′δll′δ(k − k′) (10)

From the definition of current and scalar product, the choice of θ, ξ and the

previous results one has also

(ψb, ψb′) = −δbb′ (11)

(ψb, ψb′) = 0 (b ≡ klm) (12)

Thus the ψb’s are a set of normal modes suitable for a quantization of the

theory. By denoting ψ ≡ ψ(t, xk), ψ̂ ≡ ψ(t + τ, xk) one has also

(ψklm, ψ̂k′l′m′) = i
{R3(t)√

2
[Ak(t)α−k′(t + τ) + A−k′(t + τ)αk(t)]δii′ − c.c.

}
(13)

(δii′ = δmm′δll′δ(k − k′)) because ψ and ψ̂ has the same spatial dependence.

3 The Quantization scheme

The quantization of spin 1 field can be implemented (by a standard way that

we briefly report), by expanding the wave field operator on the annihilation

and creation operators [2, 4]

ψ(x) =
∑
j

[ajψj(x) + a+
j ψj(x)] (14)



Particle creation in R-W space-time 497

(
∑

i =
∑

lm

∫
dk) satisying the conventional commutation relations

[ai, ai′] = [a+
i , a

+
i′ ] = 0, [ai, a

+
i′ ] = δii′ (15)

(δii′ = δ(k − k′)δll′δmm′). One can as well have the representation

ψ(x) =
∑
j

[âjψ̂j(x) + â+
j ψ̂j(x)] (16)

where ψ̂ is another set of normal modes. The two decompositions of ψ define

therefore two vacuum states, |0 > and |0̂ > with the properties

ai|0 >= 0, âj |0̂ >= 0 ∀ i, j (17)

and correspondingly two Fock spaces F, F̂ respectively. From eqs. (16), (17)

one has the well known relations [2, 4]:

ah =
∑
j

(αjhâj + βjhâ
+
j ) (18)

âk =
∑

i

(αkiai − βkia
+
i ) (19)

By developing the ψ̂j ’s over the ψi’s and conversely one has also

ψ̂j =
∑

h(αjhψh + βjhψh) (20)

ψj =
∑

h(αhjψ̂h − βjhψ̂h) (21)

αjh = (ψ̂j , ψh); βhj = −(ψ̂j , ψh) (22)∑
i(αliαki − βliβki) = δlk (23)∑
h(αlhβkh − αkhβlh) = 0 (24)

Choose now ψ̂i(t, xk) ≡ ψi(t + τ, xk). By using the results (9), (10), (22) the

Bogolubov coefficients can be explicitly calculated (δii′ = δ(k − k′)δll′δmm′):

αklm,k′l′m′ = i
R3(t)√

2
[Ak(t+ τ)α−k(t) + A−k(t)αk(t + τ) − c.c.]δii′ (25)

βklm,k′l′m′ = −iR
3(t)√
2

[Ak(t + τ)α−k(t) + A−k(t)αk(t+ τ) − c.c.]δii′ (26)

In the quantized scheme it is of interest the expectation value of the operator

Nh = a+
h ah for the number of ψh-modes in the state |0̂ >. By using eqs. (17),

(18),(26) one obtains (h ≡ k, l,m)

< 0̂|Nh|0̂ > = ‖ah|0̂ > ‖2
F̂

(27)

=
∥∥∥ ∑

l′m′

∫
dk′ βk′l′m′,klmâ

+
k′l′m′ |0̂ >

∥∥∥2

F̂
(28)

=
R6(t)

2

∣∣∣Ak(t + τ)α−k(t) + A−k(t)αk(t+ τ) − c.c.
∣∣∣2 (29)
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Therefore the number of ψh-modes in the state |0̂ > not present in the state

|0 > is not necessarily 0. Notice that this number is different, in general, from

the number < 0|â+â|0 > of modes present at time t in the state |0 > but not

at time t + τ in the state |0̂ > because R(t + τ) is not necessarily equal to

R(t). The expression (29) can be calculated from the solutions of eq. (5) that

in turn depends on the time evolution of the cosmological background. This

is the object of the next Section.

4 Particle Creation in Expanding Universe

In a static RW flat space-time there is no particle production because there

is no reasons to distinguish among the empty states. Therefore a+
h ah|0̂ >=

a+
h ah|0 >= 0.

Also for massless particles of non zero spin, the number of created parti-

cles is zero for any expansion law R(t). As well known this follows from the

conformal invariance of the the metric (3) according to which the annihilation

and creation operators can be taken fixed ( [12]; note also [9]).

It is possible to show that, in some examples of expanding law of the

universe of physical interest, the number of created particles is indeed non

zero.

Linear Expansion. We consider first the case R = Ht, (H = constant).

This law represents the curvature dominated expansion of the Standard Cos-

mology for a fluid of state equation p = −ρ/3 [7]. To evaluate the number of

ψ-modes (29) one needs the solutions of the separated time equation. To that

end notice that the system (5) can be reduced, by substitution, to the system

of equations

A(t) = 1
imoHt

[ikα(t) +Htα̇(t) + 2Hα(t) (30)

α̈(t) + 4
t
α̇(t) + [m2

0 + k2/H2+2−ik/H
t2

]α(t) = 0 (31)

By setting α = tηeim0tZ(t) with η + 2 = −i k
H
, 1 + i k

H
, the eq. (31) can be

reported to a confluent hypergeometric equation in Z(t). One then finds the

solution

α(t) = tηeim0tM(η + 2; 2η + 4;−2im0t) (32)

from which also the solution A(t) can be obtained with the aid of eq. (30). The

expression (29) can then be calculated. However the result is very involved in

the time dependence. We study explicitly the situation of large t. By using
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the asympthotic expansion formula for the confluent hypergeometric function

[1], and from eqs. (30),(32), in case η + 2 = −ik/H, one has:

α(t)
t→∞−→ α0(k)

cosh(π
2

k
H
−im0t)

t2
(33)

A(t)
t→∞−→ −α0(k)

sinh(π
2

k
H
−im0t)

t2
(34)

where

α0(k) = 2(2m0)
i k

H
Γ( − 2i k

H
)

Γ( − i k
H

)
e−

3πk
2H ≡ β0 e

− 3πk
2H (35)

There follows that

Ak(t
′)α−k(t) + A−k(t)αk(t

′)
t,t′→∞−→ i(β2

0 + β
2

0)
sinm0(t

′ − t)

(tt′)2
(36)

< 0̂|Nh|0̂ > t→∞−→ H6

2
(β2

0 + β
2

0)
2 sin2m0(t− t′)

t2
(37)

for t− t′ 	 t. It appears that the result vanishes for m0 = 0.

Exponential expansion. The exponential law R(t) = eHt is of interest being

characteristic of an inflationary phase of the evolution of the universe [7]. By

setting γ = e−Ht, the eqs. (5) can be put into the form

A(γ) = (im0)
−1[α(γ)(ikγ + 2H) −Hγα′(γ)] (γ = e−Ht) (38)

α′′(γ) − 2

γ
α′(γ) +

[k2γ2 − 2ikHγ +m2
0 + 2H2

H2γ2

]
α(γ) = 0 (39)

By proceeding as in the previous case the solution for α(t) can be expressed

in terms of a confluent hypergeometric function:

α(t) = γα0 e±i k
H

γ M(α0 − 1 ∓ 1; 2α0 − 2;∓2i
k

H
γ) (40)

α0 =
3

2
± 1

2

√
1 − (

2m0

H
)2, γ = e−Ht (41)

and A(t) follows from (38),(40). The corresponding expression (29) can then

be calculated, but it is quite involved in the t, τ dependence. Also here we are

interested in the result for large t. One has from (38), (40)

α(t)
t→∞−→ e−α0 H t (42)

A(t)
t→∞−→ i

H

m0

(α0 − 2)e−α0 H t (43)

Moreover

Ak(t
′)α−k(t) + A−k(t)αk(t

′) t→∞−→ i
H

m0

(α0 − α0)e
−H(α0t′+α0 t (44)
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Therefore one has to distinguish according to α0 real or not. One finds from

(29), (40), (43):

< 0̂|Nh|0̂ > t→∞−→ 0, H ≥ 2m0 (45)

< 0̂|Nh|0̂ > t→∞−→ 4m2
0 −H2

2m2
0

e3Hτ sin2
(
τH

√
m2

0

H2
− 1

4

)
, H < 2m0

It is worth noticing that if H is given the value of the Hubble constant (∼
2.14 10−42 Gev [7]) the condtition 2m0 > H is widely satisfied for the known

values of the mass of the spin 1 particle. Therefore the previsions of the model

is that during an inflationary phase of the universe expansion, massive spin 1

particle are produced. However the entity of the production of particles, even

if exponentially increasing, remains very small for very long time.

Radiation dominated Standard Cosmology [7]. Suppose now the expansion

law is given by R = a
√
t. The solution of the time equations (5) can be

performed as in [17]. By setting x = α(t)R(t), y = A(t)R(t) one finds

x = (im0)
−1(ẏ − ik

y

R
) (46)

y = eim0t M(
1

4
− i

k2

2m0a2
;
1

2
;−2im0t) (47)

Also here we study the situation for large t by using the asymptotic expansion

of the confluent hypergeometric function M [1]. One finds

A(t)
t→∞−→ α0(k)

t3/4 cos [m0t+ a0 log(2m0t) + 3
8
π − γ0] (48)

α(t)
t→∞−→ iα0(k)

t3/4 sin [m0t+ a0 log(2m0t) + 3
8
π − γ0] (49)

where γ0, γ1, a0, α0 are defined by

a0 =
k2

2m0a2
, Γ(

1

4
− i

k2

2m0a2
) = γ−1

1 e−iγ0 , (50)

α0 =
2γ1

a(2m0)1/4
e

3
4
πa0Γ(

1

2
) (51)

Finally, in the present case, the expression (29) becomes, for large t,

< 0̂|Nh|0̂ >  2a6α4
0 sin2 [m0τ + a0 log(1 +

τ

t
)] (52)

 2 a6α4
0 sin2(m0τ), t� τ (53)

that is, it is t independent and vanishes for vanishing m0.
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