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Abstract

This review is devoted to the rainbow effect that occurs in ion chan-
neling through carbon nanotubes. We shall present the rainbows in
channeling of 1 GeV protons through the straight and bent bundles of
(10, 10) single-wall carbon nanotubes (SWCNs), and in channeling of
0.233 MeV protons through the straight (11, 9) SWCNs. The rain-
bows are obtained using the theory of crystal rainbows, which has been
demonstrated to be the proper theory of ion channeling in thin crystals.
The applicability of the rainbow effect for characterization of nanotubes,
and for clarifying the problem of guiding high energy ion beams with
them is discussed.
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1. Introduction

A meteorological rainbow, which is a consequence of sunlight scattering off
water droplets, is one of the most prominent physical phenomena widely known
since the ancient times. It is interesting that, although the first qualitatively
accurate theories of meteorological rainbows were given in the 17th century, by
Descartes and Newton, the theory of this phenomenon that was accurate both
qualitatively and quantitatively was formulated only some 30 years ago, by
Nussenzveig [11]. It has been established that the rainbow effect also occurs
and play important role in nucleus-nucleus collisions [6, 17, 18], atom or ion
collisions with atoms or molecules [4], electron-molecule collisions [30], atom
or electron scattering from crystal surfaces [12, 26], and ion channeling in thin
crystals [19].

It has been demonstrated recently that the proper theory of ion channeling
in thin crystals is in fact the theory of crystal rainbows [23]. This theory
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enables one to generate the rainbow patterns, and use them to explain fully
the angular distributions of ions transmitted through channels of thin crystals
[20, 21, 23].

Carbon nanotubes were discovered in the beginning of 1990s, by Iijima [10].
They are formed when sheets of carbon atoms lying at the hexagonal lattice
sites roll up into cylinders [27]. A single-wall carbon nanotube (SWCN) is
formed from one sheet of carbon atoms, and a multi-wall one from more than
one sheet. SWCNs have remarkable geometrical and physical properties, and
are considered as one of the most promising material in the fields of nanoscience
and nanotechnology [29, 2], whose growth has been being very fast.

Soon after the discovery of carbon nanotubes, it was realized that, if pos-
itively charged particles are channeled through them, they could be used to
generate hard X-rays [13] or guide high energy ion beams [7, 31, 1]. Greenenko
and Shulga [8] were the first to investigate in detail the ion motion through
straight and bent SWCNs taking into account the azimuthal variation of the in-
teraction potential. Recently, Krasheninnikov and Nordlund [14] have studied
channeling of heavy ions in the keV energy region through multi-wall carbon
nanotubes using a realistic molecular dynamic simulation.

This review is devoted to the rainbow effect that occurs in ion channeling
through SWCNs. We shall present the rainbows and the corresponding angular
distributions in channeling of 1 GeV protons through very short straight and
short bent bundles of (10, 10) SWCNs [24, 22], and in channeling of 0.233 MeV
protons through (11, 9) SWCNs [3].

2. Theory of rainbows with carbon nanotubes

Channeling of protons through a nanotube can be treated as a scattering
process. It is illustrated in Fig. 1. The process can be described via the
mapping of the impact parameter plane, the xy plane, to the scattering angle
plane, the ΘxΘy plane, which is defined by [23]

Θx = Θx(x, y) & Θy = Θy(x, y). (1)

Since the proton scattering angle is small (much smaller then the critical angle
for channeling), its differential transmission cross section is given by [5, 15]

σ = 1/|J |, (2)

where J = ∂xΘx∂yΘy – ∂xΘy∂yΘx is the Jacobian of the mapping defined
by Eqs. (1). Therefore, equation J = 0 determines the lines in the impact
parameter plane along which the proton differential transmission cross section
diverges. These lines are called the rainbow lines in the impact parameter
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plane. The rainbow lines in the scattering angle plane are the images of the
rainbow lines in the impact parameter plane defined by the mapping. These
lines separate the bright regions of the scattering angle plane from its dark
regions. We would like to note that only the rainbow lines in the scattering
angle plane can be observed experimentally, i.e., the rainbow lines in the impact
parameter plane are not observable.

The rainbow lines in the scattering angle plane are obtained numerically
in three steps. In the first step, we use the numerical solution of the proton’s
equation of motion through a nanotube and determine the mapping of the
impact parameter plane to the scattering angle plane, defined by Eqs. (1). In
the second step, we determine the Jacobian of the mapping and solve equation
J = 0. Thus, we obtain the rainbow lines in the impact parameter plane. In the
third step, we apply the mapping to the rainbow lines in the impact parameter
plane and obtain the rainbow lines in the scattering angle plane. In addition,
we determine the corresponding angular distribution of channeled protons,
using the numerical solution of ion’s equation of motion and the Monte Carlo
method.

In the work presented here we assume that the interaction of the proton
and a nanotube is elastic and that it can be treated classically. We neglect the
proton’s energy loss and the uncertainty in the proton scattering angle caused
by its collisions with the nanotube’s electrons. It is also assumed that in the
case of (10, 10) SWCNs, the proton-nanotube interaction potential is the sum
of the Thomas-Fermi proton-carbon interaction potentials, in the Molière’s
approximation, averaged along the nanotube axis [24, 22]. In the case of (11,
9) SWCNs, the interaction potential is the sum of the Doyle-Turner proton-
carbon interaction potentials, averaged along the nanotube axis and over the
azimuthal angle [3]. In the case of 0.233 MeV protons and (11, 9) SWCNs,
one must also include the dynamic contribution to proton-nanotube interaction
potential – the image interaction potential, whose origin is the effect of proton
induced dynamic polarization of the nanotube’s electrons [3].

3. Rainbows with a very short straight bundle of (10, 10) SWCNs

In this section we present the rainbows and the corresponding angular
distribution of 1 GeV protons channeled through the 1 μm long straight bundle
of (10, 10) SWCNs [24]. It is assumed that the transverse cross section of
the bundle can be described via a (two-dimensional) hexagonal superlattice
with one nanotube per lattice point [28]. The primitive cell of the hexagonal
superlattice is a rhomb defined by each four neighboring nanotubes. The
diameter of a nanotube is 1.34 nm [27] and the distance between the centers of
two neighboring nanotubes is 1.70 nm [28]. The effect of thermal vibrations of
the carbon atoms is included [24]. The corresponding one-dimensional thermal
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vibration amplitude is estimated, using the Debye approximation, to be 0.0053
nm [9].

The rainbow lines in the impact parameter plane in the case under consid-
eration are shown in Fig. 2a. One can observe that inside each nanotube there
is one (closed) rainbow line while in between each three neighboring nanotubes
there are one larger and four smaller (closed) rainbow lines.

Figure 2b shows the rainbow line in the scattering angle plane that is the
image of the rainbow line in the impact parameter plane lying inside each
nanotube. It consists of 20 connected cusped triangular lines lying along the
lines Φ = tan−1(Θy/Θx) = 2(n + 1)π/20, n = 0-19, which correspond to the
parts of the rainbow line in the impact parameter plane in front of the 20
pairs of atomic strings defining the nanotube (see Fig. 2a). Points 1 and 2 are
the intersection points of the rainbow line in the scattering angle plane with
the line Θy = 0. Points 1 are the apices of the cusps and points 2 are the
intersections of the parts of the rainbow line. The corresponding points in the
impact parameter plane are also designated by 1 and 2 (see Fig. 2a).

Figure 2c shows the rainbow lines in the scattering angle plane that are the
images of the rainbow lines in the impact parameter plane lying in between
each four neighboring nanotubes. The rainbow pattern consists of two cusped
equilateral triangular rainbow lines in the central region of the scattering angle
plane with the cusps lying along the lines Φ = 2nπ/3 and Φ = (2n + 1)π/3,
n = 0-2, each connected with three pairs of cusped triangular rainbow lines
lying along the same lines, and eight cusped triangular rainbow lines lying in
between the six pairs of triangular lines. The two equilateral triangular lines
each connected with the three pairs of triangular lines are the images of the
two larger rainbow lines while the eight triangular lines are the images of the
eight smaller rainbow lines in the impact parameter plane (see Fig. 2a). Points
1’, 2’, 3’ and 4’ are the intersection points of the rainbow lines in the scattering
angle plane with the line Θy = 0. Points 1’ are the apices of the cusps and
points 2’, 3’ and 4’ are the intersections of the parts of the larger rainbow lines.
The corresponding points in the impact parameter plane are also designated
by 1’, 2’, 3’ and 4’ (see Fig. 2a).

Figure 2d shows the angular distribution of channeled protons that corre-
sponds to the rainbow lines shown in Figs. 2b and 2c. The components of the
proton impact parameter are chosen uniformly within the primitive cell of the
hexagonal superlattice. The proton whose impact parameter is chosen inside
one of the circles around the nanotube atoms of the radius equal to the screen-
ing radius is treated as if it is backscattered and is, therefore, disregarded.
The number of channeled protons is 2,142,538. The areas in which the yields
of transmitted protons are larger then 0.13, 0.26 and 0.39 %, 1.3, 2.6 and 3.9
%, and 13, 26 and 39 % of the maximal yield are designated by the increasing
tones of gray color. We have chosen these three groups of boundary yields to
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point out three different parts of the angular distribution. At the very low
level of the yield there are 20 triangular forms in the peripheral region of the
scattering angle plane, with the maxima lying on the lines Φ = 2(n + 1)π/20,
n = 0-19. Further, at the low level of the yield there is a hexagonal structure
in the central region of the scattering angle plane, with the maxima lying on
the lines Φ = nπ/3, n = 0-5. Finally, at the high level of the yield there is
a pronounced maximum at the origin. The analysis shows that the first part
of the angular distribution is generated by the protons with the impact pa-
rameters close to the atomic strings defining the nanotubes – the 20 triangular
forms correspond to the 20 pairs of atomic strings defining each nanotube. The
second part of the angular distribution is generated by the protons with the
impact parameters in between the nanotubes but not close to the centers of the
triangular channels. The third part of the angular distribution is generated to
a larger extent by the protons with the impact parameters close to the centers
of the circular channels and to a smaller extent by the protons with the impact
parameters close to the centers of the triangular channels. Thus, it is evident
that the angular distribution provides the useful information on the transverse
lattice structure of the bundle.

Clearly, the comparison of Fig. 2d with Figs. 2b and 2c shows that the
shape of the rainbow pattern determines the shape of the angular distribution.
Also, each maximum of the angular distribution, except the maximum lying
at the origin, can be attributed to one of the above mentioned characteristic
rainbow points in the scattering angle plane. Hence, we can conclude that the
rainbow pattern ensures the full explanation of the angular distribution.

As it will be demonstrated in details in the next section, for the majority
of protons, the changes of their transverse positions from the entrance to the
exit of the nanotubes is small, and, therefore, their trajectories can be ap-
proximated by the straight lines. Thus, one can say that in the case under
consideration the bundle is very short [22]. This opens the possibility of using
the rainbow effect for obtaining the averaged electron density in the nanotubes.
In connection to that, Fig. 3 shows the low and very low levels of the yield
of channeled protons along the line Θy = 0. The rainbow angles designated
by 1, 2, 1’, 2’, 3’ and 4’ correspond to the points along the rainbow lines in
the impact parameter plane also designated by 1, 2, 1’, 2’, 3’ and 4’ (see Fig
2a). This means that the characteristic rainbow points in the scattering angle
plane can provide information on the continuum potential of the bundle at
the corresponding points in the impact parameter plane and, hence, on the
average electron density in the bundle at these points [24]. This could lead to
a new method of characterization of carbon nanotubes based on the rainbow
effect. This method would be complementary to the existing method for char-
acterization of nanotubes by electrons impinging on them transversely rather
than longitudinally, which is based on the diffraction effect [16].
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4. Rainbows with a short bent bundle of (10, 10) SWCNs

The nanotube walls of a bundle of (10, 10) SWCNs define two types of
channels: the circular one, which coincides with the region inside the nanotube,
and the triangular one, which coincides with the region in between each three
neighboring nanotubes (see Fig. 2a). Consequently, there are two different
frequencies of transverse proton motion, f1 and f2, corresponding to the protons
moving close to the axes of two types of channels – the circular and triangular
ones, respectively [22].

Figures 4a and 4b show the dependences of the zero-degree yields of 1 GeV
protons channeled through the circular and triangular channels of the straight
bundle of (10, 10) SWCNs on the bundle length, respectively [22]. The bundle
length is in the range of 0-200 μm. We take that the scattering angle, Θ =
(Θ2

x + Θ2
y)

1/2, is always smaller then 0.0109 mrad. The components of the
proton impact parameter are chosen uniformly within the primitive cell of the
hexagonal superlattice. The initial number of protons is 174,976.

It is clear from the Fig. 4a that the zero-degree yield is periodic, with the
average period of 29.37 μm, corresponding to the frequency of f1 = 4.47×1012

Hz. The position of the first maximum of the dependence is 24.03 μm. The
zero-degree yield shown in Fig. 5b is also periodic, with the average period of
6.97 μm, corresponding to the frequency of f2 = 1.88×1013 Hz. The position
of the first maximum of the dependence is 7.00 μm.

One can define the reduced bundle lengths, Λ1 and Λ2, that correspond
to the frequencies f1 and f2, using the expressions Λi = fi L/v, i = 1, 2,
where L is the bundle length and v the proton velocity [22]. Clearly, their
values represent the (average) numbers of oscillations the protons make in the
circular and triangular channels, respectively. We note in passing that in the
case analyzed in the previous section the values of Λ1 and Λ2 were 0.02 and
0.07, respectively, justifying the treatment of the bundle as a very short one.

In this section we analyze the angular distributions and the corresponding
rainbow patterns of 1 GeV protons channeled through the 7 μm long bent
bundle of (10, 10) SWCNs for the bending angles α = 0 and 0.2 mrad. The
bundle length is chosen to correspond to the first maximum of the dependence
given in Fig. 4b, i.e., to make the part of the proton beam transmitted through
the triangular channels quasi-parallel, and investigate in an easier manner the
behavior of the part of the proton beam transmitted through the circular
channels.

The angular distributions of channeled protons for the bending angles α
= 0 and 0.2 mrad are shown in Figs. 5a and 5b, respectively, while the cor-
responding rainbow lines in the scattering angle plane are shown in Figs. 5c
and 5d, respectively. The initial number of protons is 866,976 and the sizes of
a bin along the Θx and Θy axes are equal to 0.00667 mrad. The critical angle
for channeling is 0.314 mrad.
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The angular distribution for α = 0 contains a pronounced maximum at
the origin, a non-pronounced circular part and six non-pronounced maxima
lying along the lines Φ = nπ/3, n = 0-5. The corresponding rainbow pattern
contains a circular line, corresponding to a circular line in the impact parameter
plane within each circular channel of the bundle, two six-cusp lines very close
to the origin, corresponding to two complex lines in the impact parameter
plane close to the centers of the two triangular channels making each rhombic
channel of the bundle, and six points lying along the lines Φ = nπ/3, n = 0-5,
corresponding to two times three points in the impact parameter plane within
the two triangular channels making each rhombic channel [22, 25]. The analysis
shows that the pronounced maximum at the origin is generated by the protons
with the impact parameters close to the centers of each circular channel and
each triangular channel, the non-pronounced circular part by the protons with
the impact parameters close to the circular rainbow line (within each circular
channel), and the six non-pronounced maxima by the protons with the impact
parameters close to the six rainbow points (within each rhombic channel).

The angular distribution for α = 0.2 mrad contains a part having the shape
of an acorn with two maxima at points (±0.096 mrad, -0.054 mrad), and eight
additional maxima close and in between the two maxima. One can also observe
that the angular distribution lies in the region Θy > -0.2 mrad, demonstrating
that the proton beam is bent by the bundle effectively (the scattering angle
plane is parallel to the exit plane of the bundle). The centrifugal force made
the effective bending angle of the proton beam smaller than 0.2 mrad. The
corresponding rainbow pattern contains an acorn-like line with two joining
points of its branches, corresponding to a complex line in the impact parameter
plane within each circular channel of the bundle, and eight groups of points,
corresponding to two times four groups of points in the impact parameter plane
within the two triangular channels making each rhombic channel of the bundle.
The comparison of the results given in Figs. 5b and 5d clearly shows that the
rainbow pattern fully determines the corresponding angular distribution.

5. Rainbows with the short straight (11, 9) SWCNs

In this section we present the rainbows that occur in channeling of 0.233
MeV protons through the 0.1 and 0.2 μm long straight (11, 9) SWCNs; the
corresponding proton velocity is v = 3 a.u. As we have already mentioned,
one must also include for this proton energy the dynamic contribution to the
proton-nanotube interaction potential – the image interaction potential, whose
origin is the effect of proton induced dynamic polarization of the nanotube’s
electrons [3].

Figure 6 shows the proton-nanotube interaction potential as a function of
the radial distance from the nanotube axis, r = (x2 + y2)1/2 (for the proton
velocity v = 3 a.u.). This interaction potential is the sum of the Doyle-Turner
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proton-carbon interaction potential averaged along the nanotube axis and over
the azimuthal angle, and of the image interaction potential [3]. These two
interaction potentials are also shown in Fig. 6. It is clear that the presence
of the image interaction potential results in attraction of the protons towards
the nanotube walls.

Since, due to the axial symmetry of the interaction potential, the problem
we analyze is essentially one-dimensional, the rainbow lines, if they exist, have
to show up as circles in the impact parameter plane and scattering angle plane.
Therefore, it is convenient to choose the line in the impact parameter plane y
= 0, and analyze the mapping of the impact parameter plane to the scattering
angle plane via the corresponding (one-dimensional) deflection function, Θx(x).
Then, the extremal points of Θx(x) define the positions of the rainbow circles
(in both of these planes).

Figures 7a and 7b show the angular distributions (along the Θx axis) of
0.233 MeV protons channeled through the 0.1 and 0.2 μm long (11, 9) SWCNs
in the cases with (solid lines) and without (dashed lines) the image interac-
tion potential, respectively, while Figs. 7c and 7d show the corresponding
deflection functions. The components of the proton impact parameter are
chosen randomly within the nanotube. The protons with the impact param-
eters inside the annulus [R-a, R], where R is the radius of the nanotube, a =
[9π2/(128Z2)]

1/3a0 the screening radius, and a0 the Bohr radius, are treated as
if they were backscattered and are, therefore, disregarded. The size of a bin
along the Θx axis is equal to 0.066 mrad and the initial number of protons is
3,141,929.

One can see from Fig. 7c that the deflection function obtained without
the image force acting on the protons has no extremal points, in contrast to
the function with the image force, which exhibits a pair of extremal points,
designated by 1. Our analysis shows that the two prominent maxima in the
angular distribution shown in Fig. 7a, which are also designated by 1, corre-
spond to the pair of extremal points of the deflection function given in Fig.
7c. Consequently, these maxima are the rainbow maxima. It is evident that
the rainbow effect occurs as a consequence of the inclusion of the image force.

The deflection function obtained without the image interaction potential
shown in Fig. 7d has a pair of extremal points in the region of large values
of the impact parameter, close to the nanotube wall, where the repulsion of
the protons from it is significant. The corresponding values of the scattering
angle are large, and there are no visible structures in the angular distribution
given in Fig. 7b that could be associated with them. On the other hand,
the deflection function obtained with the image interaction potential shown in
Fig. 7d exhibits three pairs of extremal points, designated by 1, 2’, and 2”, in
addition to a pair of extremal points in the region of large values of the impact
parameters, which are close to the pair of extremal points of the deflection
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function obtained without the image interaction potential. The analysis shows
that the six maxima in the angular distribution shown in Fig. 7b, which are
also designated by 1, 2’, and 2”, correspond to the three pairs of extremal
points of the deflection function given in Fig. 7d. Therefore, these maxima
correspond to the rainbow effect.

The fact that the number of extremal points of the proton deflection func-
tion increases with the nanotube length, which is clearly seen in Figs. 7c and
7d, has lead us to the classification of the corresponding rainbows, on the basis
of the shapes of the proton trajectories responsible for their generation. Fig-
ure 8 shows the proton trajectories for the nanotube lengths of 0.1 and 0.2 μm
that correspond to the extremal points of the deflection functions, designated
by 10.1 and by 10.2, 2’0.2, and 2”0.2, respectively. We call these trajectories the
rainbow trajectories. The analysis shows that they can be divided into two
classes, on the basis of the number of deflections within the potential well.
The first class contains the rainbow trajectories that include one deflection
within the potential well, and they are the ones designated by 10.1and 10.2.
The second class contains the rainbow trajectories that include two deflections
within the potential well, and they are the ones designated by 2’0.2 and 2”0.2.
We have found no rainbow trajectories from the second class for the nanotube
length of 0.1 μm. It is interesting to note that this situation is partly analo-
gous to sunlight scattering off water droplets [11], in which the primary and
secondary rainbows are generated by the rays that experience one and two re-
flections within the droplet, respectively. Therefore, we may call the rainbows
designated by 1 the primary rainbows and those designated by 2’ and 2” the
secondary rainbows. It has been shown that for the nanotube length of 0.3 μm,
the tertiary rainbows occur [3]. Consequently, one may expect the rainbows
of the higher order for the nanotubes longer than 0.3 μm.

6. Conclusions

We have presented here the rainbows and the corresponding angular dis-
tributions in the cases of 1 GeV protons channeled through the very short
straight and short bent bundles of (10, 10) SWCNs, and of 0.233 MeV pro-
tons channeled through the straight (11, 9) SWCNs. We have shown that the
rainbow patterns provide the full explanation of the angular distributions.

For 1 GeV protons and the very short straight bundle of (10, 10) SWCNs,
the analysis has shown that the angular distribution of channeled protons
contains the information on the transverse lattice structure of the bundle.
It has been also shown that the pronounced rainbow maxima of the angular
distribution can be used to measure the average electron density in the bundle,
i.e., in the nanotubes and in between them. Thus, the obtained results could
lead to a new method for characterization of achiral nanotubes, based on the
rainbow effect.



424 S. Petrović, D. Borka, and N. Nešković

For 1 GeV protons and the short bent bundle of (10, 10) SWCNs, the theory
of rainbows gives a deeper insight into the behavior of the proton beam in the
bent carbon nanotubes, and, thus, can contribute to clarifying the problem of
guiding high energy ion beams with them.

For 0.233 MeV protons channeled through the straight (11, 9) SWCNs, the
study has demonstrated that the image force acting on the protons gives rise to
the extremal points in their deflection functions and, consequently, to the well-
defined rainbow maxima in their angular distributions. In a partial analogy
with the scattering of sunlight off water droplets, each rainbow in the angular
distributions is designated as a primary or secondary rainbow, depending on
weather it is generated by the proton trajectories that experienced one or two
deflections within the potential well.
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high energy protons through single-wall carbon nanotubes, Nucl. Instrum.
Meth. Phys. Res. B 234 (2005) 78-86.

[26] C. O. Reinhold, J. Burgdörfer, K. Kimura, and M. Mannami, Rainbow
scattering of convoy electrons near surfaces, Phys. Rev. Lett. 73 (1994)
2508-2511.

[27] R. Saito, G. Dresselhaus, and M. S. Dresselhaus, Physical properties of
carbon nanotubes, Imperial College Press, London (2001).

[28] A. Thess, R. Lee, P. Nikolaev, H. Dai, P. Petit, J. Robert, C. Xu, Y. H.
Lee, S. G. Kim, A. G. Rinzler, D. T. Colbert, G. Scuseria, D. Tománek,
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Figure captions

Figure 1. An illustration of proton channeling through a carbon nanotube.
The z axis coincides with the nanotube axis and the origin lies in the entrance
plane of the nanotube, which coincides with the impact parameter plane, the
xy plane. The initial proton velocity vector is parallel to the z axis and lies in
the xz plane; Θx designates the x components of the proton scattering angle;
the y component of the scattering angle is equal to zero.

Figure 2a. The rainbow lines in the impact parameter plane for 1 GeV
protons channeled through the 1 μm long straight bundle of (10, 10) SWCNs.

Figure 2b. The rainbow lines in the scattering angle plane corresponding
to the rainbow lines in the impact parameter plane shown in Fig. 2a lying
inside each carbon nanotube.

Figure 2c. The rainbow lines in the scattering angle plane corresponding
to the rainbow lines in the impact parameter plane shown in Fig. 2a lying in
between each four neighboring nanotubes.

Figure 2d. The angular distribution of 1 GeV protons channeled through
the 1 μm long straight bundle of (10, 10) SWCNs.

Figure 3. The yield of 1 GeV protons channeled through the 1 μm long
straight bundle of (10, 10) SWCNs along the line Θy = 0.

Figure 4a. The zero-degree yield of 1 GeV protons channeled in the circular
channels of the straight bundle of (10, 10) SWCNs as a function of the bundle
length.

Figure 4b. The zero-degree yield of 1 GeV protons channeled in the trian-
gular channels of the straight bundle of (10, 10) SWCNs as a function of the
bundle length.

Figure 5a. The angular distribution of 1 GeV protons channeled through
the 7 μm long straight bundle of (10, 10) SWCNs (for the bending angle α =
0).

Figure 5b. The angular distribution of 1 GeV protons channeled through
the 7 μm long bent bundle of (10, 10) SWCNs for the bending angle α = 0.2
mrad.

Figure 5c. The rainbow lines in the scattering angle plane of 1 GeV protons
channeled through the 7 μm long straight bundle of (10, 10) SWCNs (for the
bending angle α = 0).

Figure 5d. The rainbow lines in the scattering angle plane of 1 GeV protons
channeled through the 7 μm long bent bundle of (10, 10) SWCNs for the
bending angle α = 0.2 mrad.

Figure 6. The proton-nanotube interaction potential for 0.233 MeV protons
(v = 3 a.u.) channeled through the straight (11, 9) SWCN – solid line, the
proton-nanotube interaction potential without the image interaction potential
– doted line, and the image interaction potential – dashed line.
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Figure 7a. The angular distributions (along the Θx) axis of 0.233 MeV
protons channeled through the straight (11, 9) SWCN for the nanotube lengths
of 0.1 μm with the image interaction potential – solid line, and without the
image interaction potential – dashed line.

Figure 7b. The angular distributions (along the Θx axis) of 0.233 MeV
protons channeled through the straight (11, 9) SWCN for the nanotube lengths
of 0.2 μm with the image interaction potential – solid line, and without the
image interaction potential – dashed line.

Figure 7c. The deflection functions of 0.233 MeV protons channeled through
the straight (11, 9) SWCN for the nanotube lengths of 0.1 μm with the image
force – solid line, and without the image force – dashed line.

Figure 7d. The deflection functions of 0.233 MeV protons channeled through
the straight (11, 9) SWCN for the nanotube lengths of 0.2 μm with the image
force – solid line, and without the image force – dashed line.

Figure 8. The rainbow trajectories of 0.233 MeV protons channeled through
the 0.1 and 0.2 μm long straight (11, 9) SWCNs. The trajectories that include
one deflection within the potential well for the nanotube lengths of 0.1 and
0.2 μm are designated by 10.1 and 10.2, respectively, and the ones that include
two deflections within the potential well for the nanotube length of 0.2 μm are
designated by 2’0.2 and 2”0.2.
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