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C/ Dr. Moliner, 50, E-46100 Burjassot (València), Spain
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Abstract

We thoroughly analyze at the bosonic level, in the framework of
Free Differential Algebras (FDA), the role of 2-form potentials setting in
particular evidence the precise geometric formulation of the anti-Higgs
mechanism giving mass to the tensors. We then construct the (super)-
FDA encoding the coupling of vector-tensor multiplets in D = 4, N = 2
supergravity, by solving the Bianchi identities in superspace and thus
retrieving the full theory up to 3-fermions terms in the supersymmetry
transformation laws, leaving the explicit construction of the Lagrangian
to future work. We further explore the extension of the bosonic FDA in
the presence of higher p-form potentials, focussing our attention to the
particular case p = 3, which would occur in the construction of D = 5,
N = 2 supergravity where some of the scalars are properly dualized.
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1 Introduction

The role of tensor multiplets in supergravity has seen in the last years a revived

interest, in connection with the study of flux compactifications in superstring

and M-theory. Indeed, it is well known that in string theory one should expect

p-forms of various degree p to enter in the non-perturbative formulation of the

theory, since they couple to extended objects (p and D branes).

The case of p = 2 has been already discussed in the literature in various

contexts. Two-index antisymmetric tensors are 2-form gauge fields whose field-

strengths are invariant under the (tensor)-gauge transformation B → B+ dΛ,

Λ being any 1-form. A physical pattern to introduce massive tensor fields is

the anti-Higgs mechanism, where the dynamics allows the tensor to take a

mass by a suitable coupling to some vector field. The mass term plays the

role of magnetic charge in the theory. The investigation of the role of massive

tensor fields was particularly fruitful for the N = 2 theory in 4 dimensions,

where the study of the coupling of scalar-tensor multiplets (obtained by Hodge-

dualizing scalars covered by derivatives in the hypermultiplet sector) in N = 2

supergravity was considered, both as a CY compactification [1] and at a purely

four dimensional supergravity level [2, 3]. When this model was extended, in

[4, 5, 6], to include the coupling to gauge multiplets, it allowed to construct new

gaugings containing also magnetic charges, and to find the electric/magnetic

duality completion of the N = 2 scalar potential.

As far as the coupling of the vector-tensor multiplets is concerned, the

situation appears well established in five dimensional supergravity, where a

general formulation of the theory has been given [7, 8, 9, 10, 11, 12, 13, 14, 15,

16, 17, 18, 19, 20, 21].

The corresponding coupling of vector-tensor multiplets in N = 2, D = 4

supergravity, which can be thought of as coming from dualization of the real or

imaginary part of the vector multiplet scalars, can be studied by dimensional

reduction from the D = 5, N = 2 theory [22, 21], thus catching important

properties of the couplings and of the gauge structure. However being ob-

tained by dimensional reduction this approach fails in giving the most general

four dimensional theory. Another important step towards the construction

of this theory has been done in ref. [23] by a thorough analysis of the cor-

responding rigid supersymmetric theory in the framework of the embedding

tensor formalism.

A complete formulation is however still missing, and in the present paper we

have filled this gap by working out the relevant superspace Bianchi identities

coming from the most general N = 2, D = 4 Free Differential Algebra (FDA)

underlying the theory.
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In the FDA approach a natural related issue is the coupling of higher de-

gree p-form potentials in supergravity theories because they can be thought as

non perturbative sectors of standard supergravities where Hodge dualization of

some field has been operated. However supergravity formulations in D dimen-

sions coupled to forms of order higher than two have not been considered in

detail until now, even if some insight has been given for p = 3 in the framework

of maximally extended supergravity [23]. Indeed p-forms are gauge fields C(p)

whose field-strengths are invariant under the (tensor)-gauge transformation

C(p) → C(p) +dΛ(p−1), Λ being any (p− 1)-form. Being a gauge field, a p-form

has
(

D−2
p

)
physical degrees of freedom, so that their existence as propagating

fields is limited to p = 2 in four and to p = 3 in five dimensions, but higher

p-forms can naturally appear in higher dimensional supergravities. Note that

their inclusion would give a tool for the study of the non-perturbative struc-

ture of M or string theory.

We will show that, similarly to the p = 2 case, higher rank antisymmetric

tensor fields may take mass via the Higgs mechanism 1.

In the present paper we study in a general setting the structure of the FDA’s

since they give the natural framework for the analysis of theories including p-

forms of any degree.

In the absence of supersymmetry, that is if we do not include the gravitino

1-form, the general structure of the FDA is independent on the space-time

dimension D, the only restriction being that the maximal degree of the p-form

potentials is D − 1. Instead, in the supersymmetric case the FDA structure

depends heavily on the space-time dimension, according to the different prop-

erties of the spinor representations of SO(1, D−1). At the purely bosonic level

the general structure of the FDA with forms of any degree is very complicated,

but if one restricts the degree of the forms to p = 1 and p = 2 the analysis can

be done in full generality.

We therefore discuss in full detail first the case of p = 2 both in the bosonic

and in the supersymmetric case. Before applying our consideration to D =

4, N = 2 supergravity in the presence of vector-tensor multiplets we further

study at the pure bosonic level the inclusion of 3-forms in the FDA, leaving

its supersymmetric completion to a future investigation.

1The name of anti-Higgs mechanism was first introduced when the self-duality in odd
dimensions for massive 2-forms was discovered, since the degrees of freedom of the massive
2-form are obtained by absorbing those of a 1-form, which plays a passive role contrary
to the active role played in ordinary Higgs mechanism where the vector absorbs a 0-form.
However since the mechanism by which a p-form takes mass by absorbing the degrees of
freedom of a (p − 1)-form gauge field is, as we shall show, the same for any p, it should
be called generalized Higgs mechanism, but we will adopt for simplicity the same locution
”Higgs mechanism” as for the 0-form case.
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As far as 2-forms are concerned, we will first study at the bosonic level

and in full generality the algebraic structure which any theory coupled to 2-

index tensors and gauge vectors is based on. This requires the extension of

the notion of gauge algebra to that of FDA that naturally accommodates in a

general algebraic structure the presence of p-forms (p > 1) and gives a precise

understanding of the Higgs mechanism through which the antisymmetric ten-

sors become massive. The discussion will be completely general, and will not

rely on the dimensions of space-time (apart from the obvious request D ≥ 4,

in order to have dynamical 2-forms) nor on supersymmetry.

The outcome of the analysis is that FDA approach allows to interpret the

resulting structure in a general group-theoretical way which is not evident

with other approaches. Even at the bosonic level, the analysis of the FDA

involving gauge vectors and 2-forms charged under a subalgebra of the gauge

algebra, gives a geometric insight into the structure of the physical theories

it underlies. Indeed we find that the inclusion of charged tensors implies a

deformation of the general gauge structure which can be precisely codified in

terms of a deformation of the structure constants and couplings of the gauge

group. Moreover, we obtain a precise algebraic understanding of the Higgs

mechanism through which the 2-forms can become massive.

Given the general structure of the bosonic case, we can then proceed to

the supersymmetric extension of the FDA underlying the D = 4, N = 2

supergravity theory. This can be done in two directions: either we analyze the

resulting D = 4, N = 2 in the presence of scalar-tensor multiplets, or in the

presence of vector-tensor multiplets. The former case has already been treated

in ref. [4, 5]. As already announced we focus our analysis on the latter theory,

thus obtaining its general formulation. Indeed the supersymmetrization of the

FDA allows us to solve explicitly the Bianchi identities in superspace thus

obtaining the full theory, since, as it is well known, such solution implies the

knowledge of the supersymmetry transformation laws and the equations of

motion.

The result of the analysis of the Bianchi identities shows the peculiar fea-

ture that a consistent description of the FDA requires the simultaneous pres-

ence of fields related by Hodge duality, that is, besides electric potentials AM
µ

and antisymmetric tensors BM |µν , also their Hodge-dual magnetic potentials

AM |µ and scalars Y M . Actually, the fields AM |µ and Y M will be recognised as

the Hodge duals of AM
µ and BM |µν only after implementation of the Bianchi

identities, that is on shell. This kind of approach was already pursued, at the

Lagrangian level and for the maximally extended D = 4, N = 8 theory, in [24].

This peculiarity has two important consequences. First of all, in the absence

of vector multiplets, the scalar potential of N = 2 supergravity coupled to
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vector-tensor multiplets is symplectic invariant. Secondly, the Kähler–Hodge

structure of the σ-model, which describes the off-shell geometry of the theory,

can be and actually is different from the on-shell geometry found after dualiza-

tion. The study of the minima of the scalar potential requires the knowledge

of the on-shell σ-model geometry.

The construction of the Lagrangian in the rheonomic approach invariant

under such transformations and giving (in a simpler way) the equations of

motion is left to future work.

The construction of the N = 2 supersymmetric theory in five dimensions

can be done along the same lines, but since it reproduces the existing results in

the literature, we do not give its explicit construction here. We limit ourselves

to make some remarks on the origin of the self-duality of the tensors in terms

of the Higgs mechanism giving mass to 2-forms which were originally massless.

As far as the inclusion of p-forms with p ≥ 3 is concerned, we have further

analyzed in detail the FDA bosonic structure. Such inclusion is particularly

interesting in five dimensional supergravity for the case p = 3, since a scalar is

Hodge-dual to a 3-form.2 In the standard D = 5, N = 2 supergravity, we have

two possible kinds of scalars, namely the scalars of the vector multiplets and

the ones in the hypermultiplets. When the vectors are dualized into 2-index

tensors, we further have scalars in the tensor multiplets. In each case, any of

these scalars can be dualized to 3-forms, originating new couplings pertaining

to different non-perturbative sectors of the theory. The supersymmetrization of

the relevant FDA in order to construct the corresponding supergravity theory

is under investigation.

Finally, considering higher p-forms, we also propose a possible bosonic ex-

tension of the structure obtained for p = 3 to any forms with p > 3, giving a

completely consistent (bosonic) FDA.

The paper is organized as follows:

In section 2 we study the general FDA describing the coupling of two-index

antisymmetric tensor fields to non-abelian gauge vectors and show in detail,

for the general case, how the Higgs mechanism giving mass to the 2-forms

takes place.

In section 3 we include 3-forms in the FDA structure, discussing different

possible cases and give a possible extension of the bosonic FDA including forms

of any degree.

In section 4, we apply the formalism to the case of N = 2 four dimensional

supergravity coupled to vector-tensor multiplets. In our geometric approach

the construction of the theory is obtained by solving the Bianchi identities in

2Note that p = 3 can also play a role in D = 4 since its field-strength can appear as a
flux in the compactification from higher dimensions.
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superspace. This allows us to find the supersymmetry transformations rules,

the constraints on the scalar geometry which define the appropriate σ-model

of the theory, the fermionic shifts and the scalar potential. As for the scalar-

tensor theory we find that the contribution from the vector-tensor sector to

the scalar potential is symplectic invariant.

In section 5 we make some remarks on the issue of self-duality in five

dimensions for massive 2-forms.

The Appendices contain technical details.

Appendix A gives the constraints arising in the bosonic Bianchi identities for

the FDA in the presence of 3-forms;

Appendix B describes the superspace solution of the Bianchi identities for

D = 4, N = 2 vector-tensor theory;

Appendix C outlines the dualization procedure to obtain the vector-tensor σ-

model metric after dualization;

Appendix D contains our conventions and notations.

2 A general bosonic theory with massive 2-

index tensors and non-abelian vectors

In this section we are going to study the gauge structure of a general the-

ory with two-index antisymmetric tensor fields coupled to gauge vectors. The

discussion here will be general, with no need to make reference to any par-

ticular dimension of space-time nor to any possible supersymmetric extension

of the model. Later, in section 4, we will consider the supersymmetrization

of the model, specifying the discussion to the case of four dimensional N = 2

supergravity coupled to vector and vector-tensor multiplets.

2.1 FDA and the anti-Higgs mechanism

2.1.1 Abelian case

The simplest case of a FDA including 1-form and 2-form potentials 3 is de-

scribed by a set of abelian gauge vectors AM and of massless tensor two-forms

BM (M = 1, . . . nT .) interacting by a coupling mMN . The field-strengths are:{
FM = dAM +mMNBN

HM = dBM
(2.1)

30-forms will also be included in section 4 when considering supersymmetric versions of
the theory
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and are invariant under the gauge transformations:{
δAM = dΘM −mMNΛN

δBM = dΛM
(2.2)

with ΘM parameters of infinitesimal U(1) gauge transformations and ΛM one-

form parameters of infinitesimal tensor-gauge transformations of the two-forms

BM . In this case the system undergoes the Higgs mechanism, and it is possible

to fix the tensor-gauge so that:{
AM → A′M = −mMNΛN

BM → B′
M = BM + dΛM ;

(2.3)

In this way the gauge vectors AM disappear from the spectrum providing the

degrees of freedom necessary for the tensors to acquire a mass, since:{
F ′M = mMNBN

H ′
M = dBM .

(2.4)

2.1.2 Coupling to a non-abelian algebra

The model outlined above may be generalized by including the coupling of

this system to nV gauge vectors AX (X = 1, . . . nV ), with gauge algebra G0,

if the index M of the tensors BM and of the abelian vectors AM runs over a

representation of G0. In this case the FDA becomes 4:


FX = dAX + 1

2
fY Z

XAY ∧ AZ

FM = dAM − TXN
MAX ∧ AN +mMNBN

≡ DAM +mMNBN

HM = dBM + TXM
NAX ∧BN + dXNMF

X ∧ AN

≡ DBM + dXNMF
X ∧ AN

(2.5)

Setting FX = 0 the first equations give the Cartan-Maurer equations of the Lie

AlgebraG0 dual to the formulation in terms of the generators TX with structure

constants fY Z
X . Here TXM

N and dXMN are suitable couplings. The closure of

4We will generally assume, here and in the following, that the tensor mass-matrix mMN

is invertible. In case it has some 0-eigenvalues, we will restrict to the submatrix with non-
vanishing rank. This is not a restrictive assumption, because any tensor corresponding to a
zero-eigenvalue of m may be dualized to a gauge vector and so included in the set of {AX}.



568 L. Andrianopoli, R. D’Auria and L. Sommovigo

the FDA (d2AX = d2AM = d2BM = 0) gives the following constraints:

f[XY
WfZ]W

Ω = 0 (2.6)

T[X|M
PTY ]P

N =
1

2
fXY

ZTZM
N (2.7)

TXM
N = −dXMPm

NP = dXPMm
PN (2.8)

TXN
MmNP = −TXN

PmMN (2.9)

TXM
PdY NP + TXN

PdY PM − fXY
ZdZNM = 0. (2.10)

Eqs. (2.6), (2.7) show in particular that the structure constants fY Z
X do indeed

close the algebra G0 and that TXM
N are generators of G0 in the representation

spanned by the tensor fields. eqs. (2.8) and (2.9) imply:

mMN = ∓mNM

dXMN = ±dXNM .
(2.11)

Note that (2.10) is a consistency condition that, when multiplied by mPQ, is

equivalent to (2.7) (upon use of (2.9)). From the physical point of view it

simply expresses the gauge covariance of the constants dXMN , while from the

geometric point of view equation (2.10) means that dXMN are cocycles of the

Lie Algebra Chevalley cohomology, in the given representation labelled by the

indices MN .

When (2.6) - (2.10) are satisfied, the Bianchi identities read:
dFX + fY Z

XAY ∧ FZ = 0

dFM − TXN
MAX ∧ FN = mMNHN

dHM + TXM
NAX ∧HN = dXMNF

N ∧ FX .

(2.12)

To see how the Higgs mechanism works in this more general case, let us give

the gauge and tensor-gauge transformations of the fields (including the non-

abelian transformations belonging to G0, with parameter εX). One obtains:
δAX = dεX + fY Z

XAY εZ ≡ DεX

δAM = dΘM − TXN
MAXΘN + TXN

MANεX −mMNΛN

≡ DΘM + TXN
MANεX −mMNΛN

δBM = dΛM + TXM
NAX ∧ ΛN − dXNMF

XΘN − TXM
NBNε

X

≡ DΛM − dXNMF
XΘN − TXM

NBNε
X ,

(2.13)

with: 
δFX = fY Z

XF Y εZ

δFM = TXN
MFNεX

δHM = −TXM
NHNε

X .

(2.14)
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Fixing the gauge of the tensor-gauge transformation as:{
AM → A′M = −mMNΛN

BM → B′
M = BM +DΛM ,

(2.15)

we find: {
F ′M = mMNBN

H ′
M = DBM

(2.16)

When the tensor-gauge is fixed as in (2.15),(2.16), the vectors AM disappear

from the spectrum while the tensors BM acquire a mass. As anticipated in the

introduction, this is in particular the starting point of the formulation adopted

in the literature to describe D = 5, N = 2 supergravity coupled to massive

tensor multiplets [15, 16, 17, 18, 19, 20].

However, let us observe that in this more general case the abelian gauge

vectors AM , providing the degrees of freedom needed to give a mass to the

tensors via the anti-Higgs mechanism, are charged under the gauge algebra

G0. It is not possible to make the gauge transformation of the vectors AM

compatible with that of the AX unless all together the vectors {AX , AM} ≡ AΛ

form the co-adjoint representation of the larger non semisimple gauge algebra

G = G0 n IRnT .

The relations so far obtained may then be written with the collective index

Λ = (X,M), in terms of structure constants fΣΓ
Λ restricted to the following

non vanishing entries:

fΣΓ
Λ = (fXY

Z , fXM
N ≡ −TXM

N) , (2.17)

and of the couplings:

mΛM ≡ δΛ
Nm

NM , dΛΣM ≡ δX
Λ δ

N
Σ dXNM . (2.18)

When this notation is used the FDA (2.5) reads:{
FΛ ≡ dAΛ + 1

2
fΣΓ

ΛAΣ ∧ AΓ +mΛMBM

HM ≡ dBM + TΛM
NAΛ ∧BN + dΛΣMF

Λ ∧ AΣ (2.19)

with Bianchi identities:{
dFΛ +

(
fΣΓ

Λ +mΛMdΓΣM

)
AΣ ∧ F Γ = mΛMHM

dHM +
(
TΛM

N +mΣNdΣΛM

)
AΛ ∧HN = dΛΣMF

Λ ∧ FΣ (2.20)

provided the following relations hold:

f[ΛΣ
∆fΓ]∆

Π = 0

[TΛ, TΣ] = fΛΣ
ΓTΓ

TΛM
(NmΛ|P ) = 0

mΛNTΣN
M = fΣΓ

ΛmΓM

TΛM
N = dΛΣMm

ΣN

T[Λ|M
NdΓ|Σ]N − (f[Λ|Γ

∆ +m∆NdΓ[ΛN)d∆|Σ]M − 1
2
fΛΣ

∆dΓ∆M = 0.

(2.21)
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Subject to the constraints (2.21), the system is covariant under the gauge

transformations:{
δAΛ = dεΛ + fΣΓ

ΛAΣεΓ −mΛMΛM

δBM = dΛM + TΛM
NAΛ ∧ ΛN − dΛΣMF

ΛεΣ − TΛM
NεΛBN

(2.22)

implying the gauge transformation of the field strengths:{
δFΛ = −

(
fΣΓ

Λ +mΛMdΓΣM

)
εΣF Γ

δHM = −
(
TΛM

N +mΣNdΣΛM

)
εΛHN

(2.23)

2.1.3 Extending the FDA with a more general gauge group

We now observe that the restrictions on the couplings (2.17) and (2.18) have

been set to exactly reproduce eqs. (2.5) while exhibiting the fact that AΛ

collectively belong to the adjoint of some algebra G ⊃ G0. Actually eqs. (2.5)

and (2.21) allow in fact a more general gauge structure than the one declared

in (2.17), (2.18). Let TΛ ∈ AdjG be the gauge generators dual to AΛ. For

the case of (2.17), G has the non-semisimple structure G = G0 n IRnT , and

the generators TX ∈ G0 may be realized in a block-diagonal way (with entries

TXY
Z = fXY

Z , TXM
N = −fXM

N) while the TM are off-diagonal (with entries

TMX
N = fXM

N). However, any gauge algebra G with structure constants fΛΣ
Γ

may in principle be considered, provided it satisfies the constraints (2.21). In

the general case, to match (2.21) one must also relax the restrictions on the

couplings (2.17), (2.18) and allow for more general fΛΣ
Γ and dΛΣM . This

includes in particular the case

fXY
M 6= 0 , dXY M 6= 0 (2.24)

which was considered in [20] and [25]. In this case, G has not anymore in

general a non-semisimple structure, and G0 is not a subalgebra of G 5. This

implies that the vectors AM do not decouple anymore at the level of gauge

algebra, and this, at first sight, would be an obstruction to implement the

Higgs mechanism on the 2-forms. However, this apparent obstruction may be

simply overcome in the FDA framework, due to the freedom of redefining the

tensor fields as [26]:

BM → BM + kΛΣMA
Λ ∧ AΣ, (2.25)

for any kΛΣM antisymmetric in Λ,Σ. It is then possible to implement the Higgs

mechanism with the tensor-gauge fixing (which includes a field redefinition as

5We acknowledge an enlightening discussion with Maria A. Lledó on this point.
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in (2.25)): 
AX → A′X = AX

AM → A′M = −mMNΛN

BM → B′
M = BM − 1

2
dXY MA

X ∧ AY +DΛM

(2.26)

This still gives: 
F ′X = FX

F ′M = mMNBN

H ′
M = DBM

(2.27)

provided that:

mMNd[XY ]N = fXY
M . (2.28)

With this observation, we may now analyze in full generality which non trivial

structure constants may be turned on in (2.19) in a way compatible with the

Higgs mechanism.

First of all, it is immediate to see that one must require:

fΛM
X = 0 , (2.29)

otherwise it is impossible to implement the Higgs mechanism. Indeed, such

structure constants introduce a coupling to the gauge vectors AM in the field-

strengths FX which is not possible to reabsorb by any field-redefinition.

Considering then the case:

fMN
P 6= 0 , dMNP 6= 0 . (2.30)

we see that fMN
P would introduce a non-abelian interactions among the vec-

tors AM and in particular, for the case X = 0, this would imply that the AM

close a non-abelian gauge algebra. This case may be treated in a way quite

similar to the case (2.24), since again we may use the freedom in (2.25) to

absorb the non-abelian contribution to FM in a redefinition of BM . The Higgs

mechanism may then be implemented via the tensor-gauge fixing:
AX → A′X = AX

AM → A′M = −mMNΛN

BM → B′
M = BM − 1

2
dNPMA

N ∧ AP +DΛM

(2.31)

giving, as before: 
F ′X = FX

F ′M = mMNBN

H ′
M = DBM

(2.32)
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provided that:

mMQd[NP ]Q = fNP
M . (2.33)

This shows that also non-abelian gauge vectors AM may be considered, and

still may decouple from the gauge-fixed theory by giving mass to the tensors

BM . For this case, however, the constraints (2.21), together with (2.33), give

the following conditions on the couplings:{
dMNP = d[MNP ]

mMN = +mNM (2.34)

Note that for the D = 5, N = 2 theory the matrix mMN turns out to be

antisymmetric, and this then implies, for that theory, fMN
P = 0 6.

2.2 Some observations on the properties of the FDA

A further observation concerns eqs. (2.20) and (2.23). In these equations,

as in all the relations involving the physical field strengths FΛ and HM , the

following objects appear:

f̂ΣΓ
Λ ≡ fΣΓ

Λ +mΛMdΓΣM ;

T̂ΛM
N ≡ TΛM

N +mΣNdΣΛM = 2d(ΛΣ)Mm
ΣN .

(2.35)

The generalized couplings f̂ΣΓ
Λ belong to a representation of the gauge algebra

G which is not the adjoint, since they are not antisymmetric in the lower

indices. In particular we find :

f̂ΛΣ
ΓmΣM = T̂ΛN

MmΓN

f̂ΛΣ
ΓmΛM = 0.

(2.36)

However, the f̂ΣΓ
Λ and T̂ΛN

M can be understood as representations of gener-

ators f̂Λ and T̂Λ that still generate the gauge algebra G. Indeed the following

relations hold (subject to the constraints (2.21)):[
f̂Λ, f̂Σ

]
= −fΛΣ

Γf̂Γ,[
T̂Λ, T̂Σ

]
= fΛΣ

ΓT̂Γ.
(2.37)

The generalized couplings f̂ and T̂ express the deformation of the gauge struc-

ture due to the presence of the tensor fields. In particular, only the structure

6In this case, since any invertible antisymmetric matrix may be chosen as symplectic
metric, then equation mMNTΣN

P = −TΣN
MmNP (from (2.21)) implies that the generators

TΛM
N belong to a symplectic representation of the gauge group [9, 10, 11].
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constants of G0 are unchanged, corresponding to the fact that this is the al-

gebra realized exactly in the interacting theory (2.19) after the anti-Higgs

mechanism has taken place. The rest of the gauge algebra G is instead spon-

taneously broken by the anti-Higgs mechanism (which requires, if fXY
M 6= 0,

also a tensor redefinition, as explained in (2.26)). However, the entire algebra

G is still realized, even if in a more subtle way, as eqs. (2.37) show. From a

physical point of view, this is expected by a counting of degrees of freedom,

since the degrees of freedom required to make a two-index tensor massive are

the ones of a gauge vector connection 7, so that also the vectors AM , besides

the AX , are expected to be massless gauge vectors. This algebra indeed closes

provided the Jacobi identities f[ΛΣ
∆fΓ]∆

Π = 0 are satisfied. We find indeed,

using (2.37):

[[
f̂[Λ, f̂Σ

]
, f̂Γ]

]
∆

Θ = −f[ΛΣ
ΩfΓ]Ω

Πf̂Π∆
Θ = 0[[

T̂[Λ, T̂Σ

]
, T̂Γ]

]
M

N = −f[ΛΣ
ΠfΓ]Π

∆T̂∆M
N = 0

(2.38)

The hatted generators f̂ , T̂ play the role of physical couplings when the

gauge structure is extended to include charged tensors. They have then to be

considered as the appropriate generators of the free differential structure. It

may be useful to recast the theory in terms of all the couplings appearing in

the Bianchi identities (2.20), that is the hatted generators and the symmetric

part d(ΛΣ)M of the Chern–Simons-like coupling dΛΣM . This is done by the field

redefinition:

BM → B̃M = BM +
1

2
d[ΛΣ]MA

Λ ∧ AΣ (2.39)

so that the FDA takes the form:


FΛ ≡ dAΛ + 1

2
f̂ΣΓ

ΛAΣ ∧ AΓ +mΛM B̃M

HM ≡ dB̃M + 1
2
T̂ΛM

NAΛ ∧ B̃N + d(ΛΣ)MF
Λ ∧ AΣ+

+KMΛΣΓA
Λ ∧ AΣ ∧ AΓ

(2.40)

and the constraints (2.21) in the new formulation read, after introducing

7Indeed, the on-shell degrees of freedom of a massless (2-index) tensor and of a vector in
D dimensions are (D − 2)(D − 3)/2 and (D − 2) respectively, while the ones of a massive
tensor are (D − 1)(D − 2)/2 = (D − 2)(D − 3)/2 + (D − 2).
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f̃ΛΣ
Γ ≡ f̂[ΛΣ]

Γ:

+f̃[ΛΣ
Πf̃Γ]Π

∆ = 2m∆MKM [ΛΣΓ]

T̂[ΛM
N T̂Σ]N

P = f̃ΛΣ
ΓT̂Γ + 12KMΛΣΓm

ΓP

T̂ΛM
NmΛP = 0

1
2
mΛN T̂ΣN

M = f̃ΣΓ
ΛmΓM

T̂ΛM
N = 2d(ΛΣ)Mm

ΣN

T̂[Λ|M
Nd(Σ]Γ)N − 2f̂[Λ|Γ

∆d(Σ]∆)M − f̃ΛΣ
∆d(Γ∆)M = −6KMΛΣΓ

KN [ΣΓ∆T̂Λ]|M
N − 3KMΘ[ΛΣf̃Γ∆]

Θ = 0.

(2.41)

In eqs. (2.40) and (2.41) we have introduced the definition:

KMΛΣΓ =
1

2
f̂[ΛΣ

∆d(Γ]∆)M +
2

3
d(∆[Σ)M f̂Λ]Γ

∆. (2.42)

that could also be found by directly studying the closure of the FDA (2.40)

without referring to its derivation from (2.19).

Eq. (2.40), which is expressed in terms of the physical couplings only, is

completely equivalent to (2.19). This is in fact the formulation used in [25],

for the study of N = 8 supergravity in 5 dimensions. However, as eqs. (2.41)

show, in the formulation (2.40) the gauge structure is not completely manifest,

because the Jacobi identities for the “structure constants” f̃ΛΣ
Γ fail to close.

Equation (2.19) (or, equivalently, (2.40)) is the most general FDA involving

vectors and 2-index antisymmetric tensors. Any other possible deformation of

(2.19) is indeed trivial.

As a final remark, let us observe that, given the definitions (2.19), the FDA

still enjoys a scale invariance under the transformation, with parameter α:
mMN → αmMN

BM → 1
α
BM

dΛΣM → 1
α
dΛΣM

(2.43)

Such invariance is useful for fixing the overall normalization of the 2-form

contributions to the Chern–Simons terms when constructing the Lagrangian.

3 3-form potentials

In this section we consider the extension of the bosonic FDA in the presence of

p-form potentials with p ≥ 3. We focus our attention in particular to 3-forms.

Then, in subsection 3.1 we outline a simple generalization of the bosonic FDA

and of the related Higgs mechanism providing a mass to higher degree p-form

potentials.
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The inclusion of 3-forms in a FDA has already been considered in ref. [27]

where its role in gauged maximal supergravity was analyzed, with particular

attention to the representation of the duality group to which they belong.

Here, we consider the 3-forms as propagating fields with their gauge-invariant

field-strengths (4-form curvatures) appropriately defined, that is defined in

such a way that the Bianchi identities are satisfied in terms of gauge-invariant

quantities. These requirements are satisfied provided the various invariant

tensors entering the definition o the curvatures satisfy some constraints that

generalize those already found in the absence of 3-forms (see eqs. (2.21) in

section 2).

Note that if we think of p-forms as coming from the dualization of the scalar

fields of some supergravity theory we can obtain new theories where a subset

of the original scalars are dualized into p-forms. For example, if we consider

D = 5, N = 2 standard supergravity, some scalar fields in the hypermultiplet

sector could be dualized into 3-forms, generating new couplings in the theory.

By dimensional reduction to D = 4 of that theory, one should obtain the

D = 4, N = 2 supergravity coupled to scalar-tensor multiplets of ref. [4, 5].

More general examples should be worked out in the appropriate framework.

Since in our case we are interested in the general structure of the bosonic

FDA, the 3-form will be given a generic representation (lower) index α and we

shall denote it as Sα. To construct the new FDA we add Sα to the r.h.s. of the

3-form field strength HM and try to define a new 4-form field strength, Gα, in

such a way that the Bianchi identities close. Let us define the following FDA:

FΛ = dAΛ +
1

2
fΣΓ

ΛAΣAΓ +mΛMBM (3.1)

HM = dBM + TΛM
NAΛBN + dΛΣMF

ΛAΣ + LΛΣΓMA
ΛAΣAΓ + kα

MSα (3.2)

Gα = dSα + TΛα
βAΛSβ + TαΛ

MFΛBM + T ′
αΛ

MAΛHM+

+ LΛΣΓαA
ΛAΣF Γ +MΛΣΓ∆αA

ΛAΣAΓA∆ +NαΛΣ
MAΛAΣBM+

+Nα
MNBMBN +RαΛΣF

ΛFΣ (3.3)

Here kα
M is a matrix intertwining between the M - and the α- representations,

and all the tensors appearing as coefficients of the wedge products of forms in

eqs. (3.3) are constant tensors in the representations defined by the structure

of their indices, invariant under the action of the group G.

Differentiation of the curvatures FΛHM , Gα gives the following Bianchi

identities which are explicitly covariant under all the local symmetries:

DFΛ = dFΛ + f̂ΣΓ
ΛAΣF Γ = mΛMHM (3.4)

DHM = dHM + T
(H)
ΛM

NAΛHN = (d(ΛΣ)M + kα
MRαΛΣ)FΛFΣ + kα

MGα (3.5)

DGα = dGα + T
(G)
Λα

βAΛGβ = (TΛα
M + T ′

Λα
M + 2RαΛΣm

ΣM)FΛHM , (3.6)
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where we have defined:

f̂ΣΓ
Λ = fΣΓ

Λ +mΛMdΓΣM (3.7)

T
(H)
ΛM

N = TΛM
N + dΣΛMm

ΣN + kα
MT

′
Λα

N (3.8)

T
(G)
Λα

β = TΛα
β + T ′

Λα
Mkβ

M (3.9)

provided that a set of relations among the couplings are satisfied. This is a

complicated system of equations which may be significantly simplified if we

consider particular physical situations. Since we will not develop further the

general case here, we list the set of constraints in Appendix A. Among these

identities, we just analyze the first equation in the list, namely:

mΛMkα
M = 0.

It is interesting to discuss the physical meaning of such constraint. Roughly

speaking, it expresses the fact that, if we introduce in HM a non trivial cou-

pling kα
M to give mass to the 3-form Sα, then the mass term mΛM for the

corresponding 2-form BM must be zero. In more detail, restricting our anal-

ysis to the case of kα
M with maximal rank, we will distinguish the possible

different situations which can arise depending on the presence or not of the

coupling to the 3-form potential, kα
M . We have then two substantially different

cases, corresponding to the range of the index α being greater or lower to the

range of M (shortly |α| ≥ |M | or |α| < |M |).
In the first case (|α| ≥ |M |), all the 3-form potentials may become massive

by absorbing the degrees of freedom of the 3-form field-strengths HM ; this,

however, can only be possible if the d.o.f. of the BM potentials are those of

massless fields, so that the Higgs mechanism giving mass to BM is actually

forbidden. Let us define, for this case, SM ≡ Sαk
α
M , and call Sa the residual

3-form potentials (so that Sα → (SM , Sa)). Then, by a proper redefinition of

the fields Sα and BM , the FDA can always be rewritten in the following form

FΛ = dAΛ +
1

2
fΣΓ

ΛAΣAΓ (3.10)

HM = dBM + TΛM
NAΛBN + SM (3.11)

GM = dSM + TΛM
NAΛSN + TΛM

NFΛBN +RΛΣMF
ΛFΣ (3.12)

Ga = dSa (3.13)

with Bianchi identities:

DFΛ = dFΛ + fΣΓ
ΛAΣF Γ = 0 (3.14)

DHM = dHM + TΛM
NAΛHN =

(
GM −RΛΣMF

ΛFΣ
)

(3.15)

DGM = dGM + TΛM
NAΛGN = TΛM

NFΛHN (3.16)

dGa = 0 , (3.17)
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where

TΛM
N = kα

MTΛα
N (3.18)

TΛα
β = TΛα

Mkβ
M . (3.19)

In the present case the set of constraints of Appendix A reduce dramatically

to the following simple set of constraints among the couplings :

f[ΛΣ
ΠfΓ]Π

∆ = 0 (3.20)

T[Λ|M
PTΣ]P

N =
1

2
fΛΣ

ΓTΓM
N (3.21)

TΛM
Nkα

N = kβ
NTΛβ

α (3.22)

T(Λ|M
NRΣ)ΓN − 2fΛ(Σ

∆RΓ)∆M = 0 (3.23)

One can verify that a further differentiation of the Bianchi identities (3.14)

gives identically zero.

On the other hand, if |α| < |M |, so that M = (α, M̃), a subset of 2-

index potentials, BM̃ , does not disappear from the spectrum. In this case the

usual Higgs mechanism discussed in section 2 may take place for the 2-forms

BM̃ , so that all the relations involving 2- and 3-form field-strengths are still

valid; however, now the explicit solution of the constraints (A.1) - (A.20) is

more involved, and we leave it to forthcoming work, where the appropriate

applications to five dimensional supergravity will be discussed.

Note that, in ref. [27], the 3-form potentials were introduced on the r.h.s.

of HM in the form T̂ΛM
NSN

Λ, where Λ is an index in the duality group of a

supergravity theory. We have seen that if we want the 3-form potentials as

propagating physical fields in a supergravity Lagrangian where the scalar fields

of some supermultiplet have been dualized, then T̂ΛM
N must be substituted

with TΛM
N , since mΛM = 0.

The construction of a supergravity theory of this kind, which amounts

to extend the FDA to a super-FDA containing the gravitino spinor 1-forms,

particularly in the case of an N = 2 five dimensional supergravity, will be left

to a future investigation. However, we may observe that there is no obstruction

in enlarging the FDA to a super-FDA, at least in five dimensions. Indeed, one

can modify the definition of the curvatures in superspace the gravitino 1-forms

ψA, in such a way that the closure of the FDA is still achieved. Let us consider,

as an example, the case where some of the scalars in the hypermultiplet sector

have been dualized into Sα. As far as the 3-forms in superspace are concerned,

the proper definition of their curvatures is the following:

Gα = dSα + TΛα
βAΛSβ + TΛα

M
(
FΛ −XΛψAψ

A
)
BM+

+ LΛΣα

(
FΛ −XΛψAψ

A
) (
FΣ −XΣψAψ

A
)

+ ωAB
α ψAΓabψBV

aV b . (3.24)
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One immediately sees that the super-FDA at zero curvatures (minimal FDA)

is consistent owing to the five dimensional Fierz identities

ψCΓabψAψBΓbψ
B = 0 , (3.25)

provided ∇ωAB
α = 0. Analogously to the case analyzed in [4], ωAB

α has an inter-

pretation as the SU(2) connection whose coordinate index is Hodge-dualized

into a 3-form tensor index α. In fact we expect that the dimensional reduction

of this theory would reproduce the D = 4 N = 2 supergravity coupled to

scalar-tensor multiplets given in [4, 5].

3.1 A possible generalization to p-form potentials

The analysis of the previous sections admits a generalization allowing the pres-

ence of p-form potentials, with p > 3. Indeed, a possible generalization of the

Higgs mechanism, generating massive p-forms, can be achieved introducing the

following set of curvatures:

FΛ = dAΛ +
1

2
fΣΓ

ΛAΣAΓ (3.26)

FM = dAM − TΛN
MAΛAN +mMNBN (3.27)

H
(3)
M = dB

(2)
M + TΛM

NAΛB
(2)
N + dΛNMF

ΛAN (3.28)

H(3)
α = dB(2)

α + TΛα
βAΛB

(2)
β + S(3)

α (3.29)

G(4)
α = dS(3)

α + TΛα
βAΛS

(3)
β + TΛα

βFΛB
(2)
β (3.30)

... = ............................

H(n−1)
α = dB(n−2)

α + TΛα
βAΛB

(n−2)
β + S(n−1)

α (3.31)

G(n)
α = dS(n−1)

α + TΛα
βAΛS

(n−1)
β + TΛα

βFΛB
(n−2)
β (3.32)

Differentiating the curvatures, we get the following set of covariant Bianchi

identities:

DFΛ = dFΛ + fΣΓ
ΛAΣF Γ = 0 (3.33)

DFM = dFM − TΛN
MAΛFN = mMNHN (3.34)

DHM = dHM + TΛM
NAΛHN = dΛNMF

ΛFN (3.35)

DHα = dHα + TΛα
βAΛHβ = Gα (3.36)

DGα = dGα + TΛα
βAΛGβ = TΛα

βFΛHβ (3.37)

... = ............................

DH(n−1)
α = dH(n−1)

α + TΛα
βAΛH

(n−1)
β = G(n)

α (3.38)
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DG(n)
α = dG(n)

α + TΛα
βAΛG

(n)
β = TΛα

βFΛH
(n−1)
β (3.39)

provided that the following relations hold:

f[ΛΣ
∆fΓ]∆

Π = 0 (3.40)

[TΛ, TΣ] = fΛΣ
ΓTΓ (3.41)

TΛP
MmPN +mMPTΛP

N = 0 (3.42)

TΛN
M = −dΛNPm

MP (3.43)

TΛN
M = dΛPNm

PM (3.44)

TΛM
PdΣNP + dΣPMTΛN

P = fΛΣ
ΓdΓNM . (3.45)

4 N = 2, D = 4 supergravity

Our most important application of the previous formalism, restricted to 2-

form potentials (see section 2), is the explicit construction of the N = 2,

D = 4 supergravity theory coupled to vector-tensor multiplets, that is those

multiplets that can be obtained from vector multiplets by Hodge-dualization of,

say, the imaginary part of a subset of the complex scalar fields parametrizing

the special manifold. At our knowledge, as anticipated in the introduction,

the construction of such theory in full generality has not been achieved so

far, even if important steps in that direction have been given in ref. [21],

where the four dimensional theory was obtained by dimensional reduction from

five dimensions and the ensuing properties thoroughly analyzed. However,

that approach does not catch the most general theory, being restricted to

models with a five dimensional uplift. A general approach containing vector-

tensor multiplets has been developed in ref. [23] by use the framework of the

embedding tensor, but it is restricted to supersymmetric rigid gauge theories.

The general analysis we develop in this section relies on the solution of

Bianchi identities in superspace which, besides giving the general supersym-

metry transformation laws and the constraints on the geometry of the relevant

σ-models, also allows us in principle to retrieve the equations of motion of the

theory. It would be of course desirable to have the supersymmetric Lagrangian

to put in evidence the couplings of the theory, but we leave this construction

to a forthcoming paper. However, the knowledge of the explicit expression of

the fermion shifts will allow us to reconstruct the scalar potential.

Let us consider N = 2 supergravity in four dimensions with field content

given by:

(V a
µ , ψAµ, ψ

A
µ , A

0
µ) ,

(where a and µ denote space-time indices respectively flat and curved, A = 1, 2

is an SU(2) index and we have decomposed the gravitino in chiral (ψA) and
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anti-chiral (ψA) components), coupled to nV vector multiplets:

(Aµ, λ
A, z)r , r = 1, · · · , nV ,

where zr are holomorphic coordinates on the special manifold MV spanned

by its scalar sector and λrA are chiral spin-1/2 fields (with complex conjugate

antichiral component λr
A), and to nT vector-tensor multiplets:

(BMµν , A
M
µ , χ

mA, φm) , M,m = 1, · · · , nT ,

where φm are real coordinates on the real manifold MT spanned by its scalar

sector (m is a coordinate index on MT while M is a representation index

of the non-semisimple gauge group G) and χmA are Majorana spinors, not

decomposed in chiral components. Written in this way, the tensor multiplets

are naturally interpreted as obtained from nT extra vector multiplets by Hodge-

dualization of the imaginary part Y m of the corresponding holomorphic scalars

zm, as will be apparent in the following (see eq. (4.19) and Appendix C).

Let us now study here the supersymmetric FDA of this theory. We shall let

all the vectors AΛ be the gauge vectors of a non abelian non-semisimple algebra

G = G0 n IRM and the tensors BM to be in a representation of G.8 In the

interacting theory, the anti-Higgs mechanism will take place so that the vectors

AM will provide the degrees of freedom to give mass to the tensors BM . In this

way the gauge algebra will be broken to its subalgebra G0 (dimG0 = nV + 1)

spanned by the vectors (A0, Ar). It will then be useful to adopt a collective

gauge-vector index Λ = (X,M) = 0, 1, · · · , nV + nT (with X = 0, 1, · · · , nV )

running over all the vectors of the theory.

In order for the FDA to close at the supersymmetric level, it will be nec-

essary to include among the defining bosonic fields of the tensor multiplet

sector, besides the vectors AM and the tensors BM , also their Hodge duals

AM (∗dAM ∝ mMNdAN) and Y m. The dual gauge vectors AM (undergoing a

dual Higgs mechanism, since they take mass by eating the degrees of freedom

of the dualized scalars Y m) will indeed appear in the supercurvature of the

tensor field-strengths HM . If we would not include them, the Bianchi iden-

tities would show up inconsistencies. Then, since the fields Y m have to be

included for a correct description of the dynamics of the theory, it is conve-

nient to adopt a complex notation also for the vector-tensor sector and work

with holomorphic coordinates zm ≡ φm + iY m together with their complex

conjugates zm ≡ φm− iY m. Correspondingly, we will generally decompose the

Majorana spinor χmA in chiral components denoted by λmA, λm
A . Using this

8As discussed in section 2, even if we start from a more general G ⊃ G0 n IRnT , we can
always retrieve this case by a suitable redefinition of the 2-forms BM .
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notation, it will be natural to introduce a collective holomorphic world-index

i = (r,m) = 1, · · · , nV + nT , in parallel to what has been done for gauge

indices. At this point we note that using the collective index formalism the

theory looks much like the standard N = 2 supergravity coupled to vector

multiplets only, and this explains, as we will see in the following, that most of

the results coming from Bianchi identities will look formally like those of the

standard N = 2 supergravity. Since the FDA involves both the antisymmetric

tensors BM and the scalars Y m, we expect that the closure of the Bianchi

identities would imply the duality relation between them. Actually, this is

what happens implying that the dualization relation is valid only on-shell. As

a consequence, the on-shell geometry will look quite different from its off-shell

(Kähler–Hodge) counterpart. In particular, in the absence of a factorization

of the two σ-models, the off-shell Kähler–Hodge is completely destroyed since

the metric is not even hermitian.

We further note that, exactly like the five dimensional case, for the N = 2

four dimensional theory the massive vector-tensor multiplets are short, BPS

multiplets.9 They are therefore charged and this in turn requires for CPT in-

variance that the vector-tensor multiplet sector always includes an even num-

ber of tensor fields. We have chosen to take as vectors belonging to the vector-

tensor multiplets the vectors AM with an upper representation index, since

these are the degrees of freedom participating to the Higgs mechanism giving

mass to the tensors BM . As a byproduct, the Hodge-dual vectors AM become

massive by eating the degrees of freedom of the scalars Y m (Hodge-dual to the

tensors BM).

Passing from the bosonic FDA to the one for N = 2 supergravity in four di-

mensions, the relations defining the algebra get modified in various directions.

First of all one has to include the FDA of pure supergravity:

Ra
b = dωa

b − ωa
c ∧ ωc

b (4.1)

T a = dV a − ωa
bV

b − iψAγ
aψA (4.2)

ρA = dψA −
1

4
ωabγ

abψA +
i

2
QψA (4.3)

ρA = dψA − 1

4
ωabγ

abψA − i

2
QψA . (4.4)

where with Q ≡ Qrdz
r +Qr̄dz

r̄ we denote the gauged U(1)-Kähler composite

9This has to be contrasted to what happens for the scalar-tensor multiplets where the
tensor field is Hodge-dual to a scalar in the hypermultiplet sector. In that case, the multiplet
becomes massive by introducing an appropriate coupling to a vector multiplet. In our case,
instead, the fields AM and Y m do not have a spinor partner, but act as bosonic Lagrange
multipliers in the theory.
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connection of special geometry. 10

Secondly, the bosonic curvatures introduced in section 2 for the field-

strengths have to be generalized to their supersymmetric extension, that is:

HM = dBM + TΛM
NAΛBN + iPMψAγaψ

AV a+

+
(
dΛΣMA

Σ + T̂ΛM
NAN

) (
FΛ − LΛψ

A
ψBεAB − L

Λ
ψAψBε

AB
)

(4.5)

FΛ = dAΛ +
1

2
fΣΓ

ΛAΣAΓ +mΛMBM + LΛψ
A
ψBεAB + L

Λ
ψAψBε

AB (4.6)

FM = dAM + T̂ΛM
NAΛAN +MMψ

A
ψBεAB +MMψAψBε

AB (4.7)

Here PM is a real section on the σ-model, LΛ and L
Λ

are the sections of special

geometry, while MM and MM are new sections in the given representation of

G0.

Finally, the FDA has to be enlarged to include the 1-form gauged field-

strengths for the 0-form scalars and spinors belonging to the representations

of supersymmetry:

Dzi = dzi + ki
ΛA

Λ − kiMAM (4.8)

∇λiA = dλiA − 1

4
ωabγ

abλiA + Γi
jλ

jA (4.9)

where ki
Λ are the holomorphic part of Killing vectors in the adjoint repre-

sentation of the algebra G while kiM ≡ kmNδi
m are purely imaginary Killing

vectors in the coadjoint representation of the invariant subgroup of G, sat-

isfying kmM = −kmM . This choice corresponds to the requirement that the

vectors AM undergo the Higgs mechanism by eating the imaginary part Y m

of the scalars zm. This will be consistent with the solution of the Bianchi

identities.

The (on-shell) solution of the Bianchi identities for the value of the super-

curvatures, up to three-fermion terms, is given in detail in Appendix B.1. In

the solution new structures appear, which are defined by a set of constraints.

On the scalar geometry one finds:

DiL
Λ = fΛ

i − iQm δ
m
i LΛ , DıL

Λ = −iQm δ
m
ı LΛ (4.10)

DiMM = gMi − iQm δ
m
i MM , DıMM = −iQm δ

m
ı MM (4.11)

10For its definition in terms of the ungauged one and for all the notation concerning special
geometry, we refer the reader to the standard N = 2, D = 4 supergravity of ref. [28].
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ha =
i

2

(
QmDaz

m +QmDaz
m

)
(4.12)

PM = −
[
2d(ΛΣ)ML

ΛL
Σ

+ T̂ΛM
N

(
L

Λ
MN + LΛMN

)]
(4.13)

0 = d(ΛΣ)ML
ΛLΣ + T̂ΛM

NLΛMN (4.14)

0 = 2d(ΛΣ)ML
ΛfΣ

i + T̂ΛM
N

(
LΛgiN + fΛ

i MN

)
(4.15)

DiPM = 2hMi (4.16)

The new quantities gMi, hMi are defined by eqs. (4.11), (4.16). Moreover,

Qm, Qm are vectors on the σ-model of the vector-tensor scalars which can

be thought as coming from the Kähler connection of special geometry after

dualization.

As far as the field strengths appearing in the fermions transformation laws

are concerned, we find the following relations:11

FΛ
ab = 2

(
fΛ

i G
i−
ab + f

Λ

ı G
ı+
ab

)
+ i

(
LΛT+

ab + L
Λ
T−

ab

)
(4.17)

FM |ab = 2
(
gMiG

i−
ab + gMıG

ı+
ab

)
+ i

(
MMT

+
ab +MMT

−
ab

)
(4.18)

HMabc = − i

3
εabcd

[(
hMiD

dzi − hMıD
dzı

)]
. (4.19)

Finally, on the gauge sector we obtain a set of relations involving the Killing

vectors and the fermionic shifts. They can be split into an SU(2)-singlet sector

and an SU(2)-adjoint sector, corresponding to the U(1) and SU(2) parts of the

R-symmetry. Indeed, as we will see in the discussion of the scalar potential,

the U(1) part is related to the vector and vector-tensor couplings, while the

SU(2)-part pertains to the hypermultiplets and scalar-tensor multiplets.

U(1)-sector relations:

ki
ΛL

Λ − kiNMN = 0 ; (4.20)

W i[AB] = εAB
(
ki

ΛL
Λ − kiMMM

)
; (4.21)

QmW
m[AB] = QmW

m

[AB] = 0 ; (4.22)

11We recall that in the superspace rheonomic approach the components of the curvatures
along the bosonic vielbein V a do not coincide with their space-time components along the
differentials dxµ. Actually, they differ from the space-time components by fermion bilinears
and they coincide, in the component approach, with the supercovariant field strengths. The
fermion bilinears are immediately retrieved from the superspace parametrizations given in
Appendix B.1 by projecting the supercurvatures HMabc, FΛ

ab, FMab, Zi
a, on the space-time

differentials (see, for example, Appendix A of ref. [28].).
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gMiεABW
iAB + gMıε

ABW
ı

AB = 0 ; (4.23)

PM mΛM = −1

2
fΛ

i εABW
iAB − 1

2
f

Λ

ı ε
ABW

ı

AB . (4.24)

We note that eq. (4.20) differs from the analogous one for special geom-

etry by the presence on the right-hand side of the magnetic Killing vector

kMn. Furthermore, as eq. (4.21) shows, the singlet shift of the spinors in the

vector-tensor multiplets is symplectic invariant, once the gauging of the vector

multiplets and of the graviphoton is turned off.

SU(2)-sector relations:

PMS
AB = hMiW

i(AB) ; (4.25)

εAC

(
fΛ

i W
i(CB) − 2LΛS

CB
)

+ εBC
(
f

Λ

ı W
ı

(AC) − 2L
Λ
SAC

)
= 0 ; (4.26)

εAC

(
gMiW

i(CB) − 2MMS
CB

)
+ εBC

(
gMıW

ı

(AC) − 2MMSAC

)
= 0 . (4.27)

We observe that these relations are simple extensions of those obtained for

standard D = 4, N = 2 supergravity.

From the physical point of view the main interest is of course in the su-

persymmetry transformation laws, which are an immediate consequence of the

solution for the curvatures given in Appendix B.1. Up to 3-fermions12 they

read:

δV a
µ = −iψAµγ

aεA − iψ
A

µγ
aεA (4.28)

δBMµν = hMiεAγµνλ
iA + hMıε

Aγµνλ
ı
A − iPM

(
εAγ[µψ

A
ν] − ψA[νγµ]ε

A
)
+

+ 2
(
dΛΣMA

Σ
[µ + T̂ΛM

NAN [µ

) (
LΛεAψB

ν]εAB + L
Λ
εAψBν]ε

AB
)

(4.29)

δAΛ
µ = 2LΛψ

A

µ ε
BεAB + 2L

Λ
ψAµεBε

AB + ifΛ
i λ

iA
γµε

BεAB+

+ if
Λ

ı λ
ı
AγµεBε

AB (4.30)

δAMµ = 2MMψ
A

µ ε
BεAB + 2MMψAµεBε

AB + igMiλ
iA
γµε

BεAB+

+ igMıλ
ı
AγµεBε

AB (4.31)

δzi = εAλ
iA (4.32)

δzı = εAλı
A (4.33)

12In eqs. (4.34) and (4.35) we have kept the 3-fermions terms of type εψχ since they are
essential in the analysis of the gauge fermion shifts.
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δψAµ = DµεA + εABT
−
µνγ

νεB + hµεA + iSABγµε
B+

+
i

2
εA

(
QmψBµλ

mB +Qmψ
B

µ λ
m
B

)
− i

2
ψA|µ

(
QmεBλ

mB +Qmε
Bλm

B

)
(4.34)

δψA
µ = Dµε

A + εABT+
µνγ

νεB − hµε
A + iS

AB
γµεB+

− i

2
εA

(
QmψBµλ

mB +Qmψ
B

µ λ
m
B

)
+

i

2
ψA

µ

(
QmεBλ

mB +Qmε
Bλm

B

)
(4.35)

δλiA = iDµz
iγµεA +Gi−

µνγ
µνεABεB +W iABεB (4.36)

δλı
A = iDµz

ıγµεA +Gı+
µνγ

µνεABε
B +W

ı
ABε

B (4.37)

4.1 The scalar potential

To retrieve the equations of motion and in particular the scalar potential from

the solution of Bianchi identities would be a straightforward but very cum-

bersome computation. They can be derived in a much easier way from the

Lagrangian, which is presently under construction. We recall that in our com-

plex formalism the dualization equations relating the antisymmetric tensors to

the imaginary part of the scalars in the vector-tensor sector are a consequence

of the Bianchi identities, and therefore they are valid only on-shell. Hence,

prior to the explicit solution of the dualization equations, the scalar potential

has formally exactly the same structure as in standard N = 2 theory, and it

can be computed from the fermionic shifts appearing in the supersymmetry

transformation laws of the fermions (4.34) - (4.37), namely:

V δC
A = −12S

BC
SAB + giW

iBCW


BA . (4.38)

The fermion shifts can be read from the set of constraints on the gauge

sector (4.20) - (4.27). In the absence of hypermultiplets (and leaving aside

possible Fayet–Iliopoulos terms) they are:

W i[AB] = εAB
(
ki

ΛL
Λ − kiMMM

)
(4.39)

SAB = 0 ; W i(AB) = 0 . (4.40)

The above equations show that the only contributions to the scalar potential

coming from the vector-tensor sector are singlets of SU(2) that belong to the

U(1) part of the R-symmetry. Note that the contribution from the vector-

tensor sector in W i[AB] is symplectic invariant (recalling that kiM = δi
mk

mM).

In the standard N = 2 supergravity the SU(2) R-symmetry contribution

to the scalar potential comes from the hypermultiplet sector, where the SU(2)
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is explicitly realized, being part of the holonomy group of the quaternionic

manifold. The SU(2) R-symmetry remains manifest when one considers the

N = 2, D = 4 supergravity coupled to scalar-tensor multiplets [4, 5]13. The

relevant point is that the contribution of that sector to the scalar potential is

symplectic invariant.

We thus arrive at the important conclusion that D = 4, N = 2 supergravity

coupled to scalar-tensor and vector-tensor multiplets only, has a symplectic

invariant scalar potential 14.

We notice however that the study of the minima of the scalar potential

requires an explicit form of the geometry of the σ-model. This form has been

computed explicitly in Appendix C by explicit dualization of the Kähler σ-

model of a subsector of special geometry. Such dualization, however, is a

consequence of Bianchi identities and therefore it is valid only on-shell. This

seems to be a peculiarity of the formulation of N = 2 supergravity coupled to

vector-tensor multiplets. In the absence of a factorization of the two σ-models

of vector and vector-tensor multiplets, the explicit dualization gives an on-shell

geometry whose metric is not hermitian, even in the subsector pertaining to

undualized vector multiplets, as it is apparent from Appendix C.

5 Some comments on D = 5, N = 2 supergrav-

ity

The rich gauge structure underlying the bosonic sector of all FDA’s can be in

particular applied to the N = 2, D = 5 case. When this theory is constructed

in the framework of FDA’s with the rheonomic approach, the final outcome is

completely equivalent to the existing formulation in the literature [7, 8, 9, 10,

11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21]. However, there are some features of

the theory which are best appreciated in the light of the FDA approach, on

which we would like to comment. Such features concern in particular the Higgs

mechanism, since in our approach the 2-forms we start from are massless from

the beginning. Let us then discuss how the results in the existing literature

may be retrieved by starting with massless tensors15.

Actually, in our approach the mechanism for which the 2-forms become

massive is left to the dynamics of the Lagrangian (or alternatively, in the su-

persymmetric case, also of the supersymmetric Bianchi identities). This is

13This is obvious, since the scalar-tensor multiplet can be thought as resulting from du-
alization of (a subset of) the scalars in the hypermultiplet sector.

14Assuming that there are no gauged isometries in the graviphoton direction.
15The explicit construction of the theory within the present approach has been in fact

given in [29] (unpublished).
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implemented via the Higgs mechanism. Even if this procedure is very well un-

derstood at the bosonic level, to implement it within a supersymmetric theory

in D = 5 is a non trivial task. This is due to the fact that the supersymmetry

constraints require the vectors AM giving mass to the tensors (in the nota-

tions of section 2) to be related to the tensors themselves in a non local way,

involving Hodge-duality. This relation is codified in the so-called “self-duality-

in-odd-dimensions” condition to which all the tensor fields in odd-dimensional

supergravity theories have to comply [30]:

mMNHN |abc ∝ εabcdeF
M |de. (5.1)

In particular, for the five dimensional case the tensors are further required to

be in even number.

Actually, in the approach currently adopted in the literature

[7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21], the tensors BM in

the tensor multiplets are taken to be massive (and constrained to satisfy (5.1))

from the very beginning, without any tensor-gauge freedom.

To implement the Higgs mechanism on 2-forms at the supersymmetric level

one could think of directly supersymmetrizing the FDA (2.19), and try to give

mass to the whole tensor multiplets by coupling them to nT extra abelian

vector multiplets added to the theory:

(AM
µ , χ

MA, φM), (5.2)

where the vectors AM and the tensors BM admit the couplings and gauge

invariance as in (2.19) and (2.22). If this would be the case, in the interact-

ing theory the fields in the extra vector multiplets would couple to the tensor

multiplets and one would end up with nT long massive multiplets. We found,

however, from explicit calculation that this is not the case, since supersymme-

try transformations never relate the tensors BM to the spinors χMA nor to the

scalars φM in (5.2). Then the only way compatible with supersymmetry to

couple N = 2 supergravity with nT massive tensors involves short BPS tensor

multiplets

(BM |µν , λ
MA, ϕM)

where the massive tensors BM (that are complex, and hence in even number,

because of CPT invariance of the BPS multiplet) have to satisfy (5.1). This

is evident for the models having a six dimensional uplift, where the mass of

the tensors is the BPS central charge gauged by the graviphoton gµ5 [31]. To

show this, let us look at the subclass of models obtained by Scherk–Schwarz di-

mensional reduction from six dimensions. Indeed, the six-dimensional Lorentz

algebra admits self-dual tensors as irreducible representations, satisfying

∂[µ̂Bν̂ρ̂]M =
1

6
εµ̂ν̂ρ̂σ̂λ̂τ̂∂

σ̂Bλ̂τ̂
M , µ̂, ν̂, · · · = 0, 1, . . . , 5. (5.3)
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Since N = 2 matter-coupled supergravity in six dimensions contains one

antiself-dual and nT self-dual tensors in the vector representation of SO(1, nT ),

one can use the SO(nT ) ⊂ SO(1, nT ) global symmetry of the model to dimen-

sionally reduce the theory on a circle down to five dimensions à la Scherk–

Schwarz [31], with S-S phase mMN = −mNM ∈ SO(nT ):

Bµ̂ν̂M(x, y5) =
(
exp[my5]

) N

M

∑
n

B
(n)
µ̂ν̂N(x) exp

[
in

2πR
y5

]
. (5.4)

Applying (5.4) to the self-duality relation (5.3) for the zero-mode, we find

∂[µBνρ]M =
1

6
εµνρσλ5

(
mM

NBσλ
N + 2F σλ

M

)
, µ = 0, 1, . . . , 4 (5.5)

where FσλN ≡ ∂[σBλ]5N . Eq. (5.5) expresses the self-duality obeyed by the

tensors in five dimensional supergravity. However, it also shows that the field-

strengths of the vectors Bµ5N , that give mass to the tensors BµνM via the Higgs

mechanism, are in fact the Hodge-dual of the tensors BµνM themselves. From

our analysis applied toN = 2 supergravity in five dimensions, we find this to be

a general fact, not necessarily related to theories admitting a six dimensional

uplift: in each case, the massive tensor fields belong to short representations

of supersymmetry, and the dynamical interpretation of the mechanism giving

mass to the tensors requires the coupling of the massless tensors to gauge

vectors which are the Hodge-dual of the tensors themselves.
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A Constraints on 3-form Bianchi identities

mΛMkα
M = 0 (A.1)
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f[ΛΣ
∆fΓ]∆

Π = 2mΠMLΛΣΓM (A.2)

fΣΓ
ΛmΓM = mΛNTΣN

M (A.3)

TΛM
N = dΛΣMm

ΣN + TΛα
Nkα

M (A.4)

T[Λ|M
PTΣ]P

N =
1

2
fΛΣ

ΓTΓM
N + kα

MNαΛΣ
N + 3LΛΣΓMm

ΓN (A.5)

TΛM
(NmΛ|P ) = kα

MNα
NP (A.6)

TΛM
Nkα

N = kβ
MTΛβ

α (A.7)

T[Λ|M
NLΣΓ∆]N = kα

MMΛΣΓ∆α +
3

2
f[ΛΣ

ΩLΓ∆]ΩM (A.8)

T[Λ|M
NdΓ|Σ]N = f̂ΛΓ

ΠdΠ|Σ]M +
1

2
fΛΣ

ΠdΓΠM + kα
MLΛΣΓα − 3LΛΣΓM (A.9)

TΛα
β = TΛα

Mkβ
M (A.10)

T[Λ|α
γTΣ]γ

β =
1

2
fΛΣ

ΓTΓα
β + kβ

MNαΛΣ
M (A.11)

TΛα
βmΛM = −2Nα

MNkβ
N (A.12)

TΛα
βTΣβ

M = f̂ΛΣ
ΠTΠα

M + TΛα
NTΣN

M − 2LΛΠΓαm
ΠM+

+ 2NαΛΣ
M + 2Nα

MNdΣΛN (A.13)

T[Λ|α
βT ′

Σ]β
M =

1

2
fΛΣ

ΓT ′
Γα

M − T ′
[Λ|α

NT
(H)
Σ]N

M − LΛΣΓαm
ΓM −NαΛΣ

M

(A.14)

T[Λ|α
βLΣΓ]∆β = T∆α

MLΛΣΓM − f[ΛΣ
ΠLΓ]Π∆α + L[ΛΣ|Παf̂Γ]∆

Π+

+ 4MΛΣΓ∆α +Nα[ΛΣ
Md∆|Γ]M (A.15)

T[Λ|α
βMΣΓ∆Π]β = 2MΩ[ΛΣΓαf∆Π]

Ω +Nα[ΛΣ
MLΓ∆Π]M (A.16)

T[Λ|α
βNβ|ΣΓ]

M = −4MΛΣΓ∆αm
∆M −Nα[Λ|Π

MfΣΓ]
Π +Nα[ΛΣ

NTΓ]N
M+

+ 2Nα
MNLΛΣΓN (A.17)

TΛα
βNβ

MN = −2NαΛΣ
(MmΣ|N) + 2Nα

P (MTΛP
N) (A.18)

TΛα
MmΛN = T ′

Λα
NmΛM − 2Nα

MN (A.19)

T(Λ|α
MdΣ)ΓM = −T ′

Γα
Md(ΛΣ)M − 2LΓ(ΛΣ)α +RβΛΣ(TΓα

β + T ′
αΓ

Mkβ
M)+

+ 2RαΠ(Λf̂Γ|Σ)
Π (A.20)
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B Solution of superspace Bianchi identities for

D = 4, N = 2 vector-tensor supergravity

Differentiating eqs. (4.1) - (4.9) we get the supersymmetric Bianchi identities.

Using the definitions:

DFΛ = dFΛ + f̂ΣΓ
ΛAΣF Γ +mΛN T̂ΣN

MAMF
Σ (B.1)

DFM = dFM + T̂ΛM
N

(
AΛFN − ANF

Λ
)

(B.2)

DHM = dHM + T̂ΛM
NAΛHN (B.3)

DLΛ = dLΛ + f̂ΣΓ
ΛAΣLΓ +mΛN T̂ΣN

MAML
Σ + iQLΛ (B.4)

DMM = dMM + T̂ΛM
N

(
AΛMN − ANL

Λ
)

+ iQMM (B.5)

DPM = dPM + T̂ΛM
NAΛPN (B.6)

for the covariant derivatives of gauge-covariant quantities, where the gauged

U(1) connection Q has non vanishing components only along the dzx and dz̄x̄

differentials, the Bianchi identities read:

DRa
b = 0 (B.7)

DT a +Ra
bV

b − iψ
A
γaρA + iψAγ

aρA = 0 (B.8)

∇ρA +
1

4
γabRabψA −

i

2
KψA = 0 (B.9)

∇ρA +
1

4
γabRabψA +

i

2
KψA = 0 (B.10)

DFΛ = DLΛψ
A
ψBεAB +DL

Λ
ψAψBε

AB − 2LΛψ
A
ρBεAB+

− 2L
Λ
ψAρBε

AB +mΛM
(
HM − iPMψAγaψ

AV a
)

(B.11)

DFM = DMMψ
A
ψBεAB +DMMψAψBε

AB − 2MMψ
A
ρBεAB+

− 2MMψAρBε
AB (B.12)

DHM = iDPMψAγaψ
AV a − iPM

(
ψAγaρ

A + ψ
A
γaρA

)
V a+

+ PMψAγaψ
AψBγ

aψB+

+
[
dΛΣM

(
FΣ − LΣψ

A
ψBεAB − L

Σ
ψAψBε

AB
)

+

+ T̂ΛM
N

(
FN −MNψ

A
ψBεAB −MNψAψBε

AB
)]
·

·
(
FΛ − LΛψ

C
ψDεCD − L

Λ
ψCψDε

CD
)

(B.13)
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D2zi = ki
Λ

(
FΛ − LΛψ

A
ψBεAB − L

Λ
ψAψBε

AB
)

+

− kmN
(
FN −MNψ

A
ψBεAB −MNψAψBε

AB
)

(B.14)

∇2λiA =
1

4
γabRabλiA +

i

2
KλiA +Ri

jλ
jA (B.15)

∇2λı
A =

1

4
γabRabλı

A −
i

2
Kλı

A +Rı
λ


A (B.16)

where:

K = dQ (B.17)

is the gauged Kähler 2-form.

B.1 Parametrization of the curvatures in D = 4, N = 2

superspace

T a = 0 (B.18)

ρA = ρAabV
aV b + εABT

−
abγ

bψBV a + haψAV
a+

+
i

2
ψA

(
QmψBλ

mB +Qm ψ
B
λm

B

)
+ iSABγaψ

BV a (B.19)

ρA = ρA
abV

aV b + εABT+
abγ

bψBV
a − haψ

AV a+

− i

2
ψA

(
QmψBλ

mB +Qm ψ
B
λm

B

)
+ iS

AB
γaψBV

a (B.20)

HM = ĤM |abcV
aV bV c + hMiψAγabλ

iAV aV b + hMıψ
A
γabλ

ı
AV

aV b (B.21)

FΛ = F̂Λ
abV

aV b + ifΛ
i ψ

A
γaλ

iBεABV
a + if

Λ

ı ψAγaλ
ı
Bε

ABV a (B.22)

FM = F̂MabV
aV b + igMiψ

A
γaλ

iBεABV
a + igMıψAγaλ

ı
Bε

ABV a (B.23)

Dzi = Daz
iV a + ψAλ

iA (B.24)

Dzı = Daz
ıV a + ψ

A
λı

A (B.25)

∇λiA = ∇̂aλ
iAV a + iDaz

iγaψA +Gi−
ab γ

abεABψB +W iABψB (B.26)

∇λı
A = ∇̂aλ

ı
AV

a + iDaz
ıγaψA +Gı+

abγ
abεABψ

B +W
ı
ABψ

B (B.27)

C The vector-tensor σ-model metric

Let us start from the (ungauged) kinetic term of special geometry:

Lkin = gi∂µz
i∂µz =

= grs∂µz
r∂µzs + gmn∂µz

m∂µzn +

+grn∂µz
r∂µzn + gms∂µz

m∂µzs . (C.1)
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where we have denoted by r, s the indices of the scalar fields of the vector mul-

tiplets which will not undergo the dualization. Decomposing the differentials

into real and imaginary parts dzi = dxi + idyi, we easily get:

Lkin = Dij

(
∂µx

i∂µxj + ∂µy
i∂µyj

)
+ 2Γij∂µx

i∂µyj , (C.2)

where

Dij =
1

2
(gi + gıj) ; Γij = − i

2
(gi − gıj) . (C.3)

To perform the dualization on the vector-tensor multiplet sector, we introduce

the Lagrange multiplier Y M
µ by the substitution ∂µy

m ⇒ ∂µy
M ≡ Y M

µ and

add to the Lagrangian (C.2) the term 1
3!
Y M

µ HMνρσε
µνρσ. Varying then the new

Lagrangian with respect to Y M
µ one obtains

Y M
µ = −1

2
DMN

(
2ΓiN∂µx

i + 2DrN∂µy
r +

1

3!
Hνρσ

N εµνρσ

)
, (C.4)

where DMN is the inverse matrix of DMN . Substituting (C.4) in (C.2) one

obtains the dual Lagrangian, namely:

Ldual = ∆ij∂µx
i∂µxj + ∆̃rs∂µy

r∂µys + 2Γ̃ir∂µx
i∂µyr +

− 1

3!
DMNHMνρσ

[
1

4
Hνρσ

N +
(
ΓiN∂µx

i +DrN∂µy
r
)
εµνρσ

]
, (C.5)

where

∆ij = Dij + ΓiMD
MNΓNj (C.6)

∆̃rs = Drs −DrMD
MNDNs (C.7)

Γ̃ir = Dir − ΓiMD
MNDNr . (C.8)

give the σ-model metric after dualization.

D Some notations for the four dimensional the-

ories

We use throughout the paper a mostly minus space-time metric ηab.

The γ5 matrix is defined as

γ5 = −iγ0γ1γ2γ3 . (D.1)
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Given an (anti-)self-dual tensor F±, the following relations are true:

∗F± = ∓iF± (D.2)

Furthermore, we use the following Fierz identities among spinor 1-forms:

ψAψB =
1

2
ψBψA −

1

8
γabψBγ

abψA (D.3)

ψAψ
B

=
1

2
γaψ

B
γaψA . (D.4)

In terms of irreducible spinor representations, the following 3-gravitino rela-

tions hold:

ψAψBψC =
1

4
εBC

(
Θ+

A − i Θ−
A

)
(D.5)

ψAψ
B
ψC =

1

4
εBC

(
Θ+

A + i Θ−
A

)
(D.6)

γabψAψBγ
abψC = 2εA(B

(
Θ+

C) − i Θ−
C)

)
(D.7)

γabψ
Aψ

B
γabψC = 2εA(B

(
Θ+C) − i Θ−C)

)
(D.8)

γaψ
AψBγ

aψB = −1

2
εAC

(
Θ+

C + i Θ−
C

)
(D.9)
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