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Abstract
The two slit difraction pattern, according to which the particle is

both diffracted and scattered by the slits, is considered for different ex-
amples of particle-wall interactions. The calculations are developed by
applying results previously obtained for incoming particle narrow in the
momentun probability distribution. There results the existence of max-
ima superimposed to the ordinary diffraction pattern, in correspondence
to the edges of the slits. The contribution of the scattering interaction is
evaluated for different physical situations including the case of conduct-
ing and isolating wall. For a van der Waals-like interaction coherence is
found with existing experimental data.
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1 Introduction

The two slit diffraction of particles, originally a thought experiment (see e.g. [5]),

has been variously verified [8], reconstructed numerically [1] and also imple-

mented by single incoming elctrons [12]. Due to the technological development

it is possible now to measure deviations from the pure quantum diffraction orig-

inated from the interaction of the particle with the wall of the slits. This is the

case of Ref. [7] where long range van der Waals particle-wall interactions are

necessary to give an account of atom diffraction for transmission gratings. A

correct treatment of the two slit diffraction of particle should therefore include

an interaction of the particle with the surface of the wall of the slits.
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Such requirement has been fulfilled, in an elementary way, in Refs. [14, 15]

and finally in Ref. [16] where improvements and generalizations of both [14]

and [15] have been done. According to Ref. [16] a particle of charge q and mass

m is represented by an incoming gaussian wave packet ψ(x, y, t). (The two

spatial variable dependence seems to be sufficiently general). Approaching the

slits, (located on the y-axis in the regions S1 = [a, b], S2 = [−c,−a], a < b, c )

the particle is scattered by the charges induced on the wall and located at the

edges of the slits, according to the law [10, 11]

ψ(x, y, t) =
∫ ∫

dpx dpyc(px, py) upxpy(x, y) exp ( − i

h̄

p2

2m
t) (1)

upxpy(x,y) =
1

2πh̄

(
e

i
h̄

(pxx+pyy) +
4∑

j=1

f j
pxpy

eiprj/h̄

rj

)
(2)

c(px, py) =
h̄−1

√
αβπ

exp [ − (px − p0x)
2

2α2h̄2 − (py − p0y)
2

2β2h̄2 − i

h̄
p · x0] (3)

where a1 = a, a2 = b, a3 = −a, a4 = −c; r2
j = x2 + (y − aj)

2, p = (p2
x + p2

y)
1/2

and f j
pxpy

is the scattering amplitude relative to the j-center of coordinates

≡ (0, aj). (Notice that the three dimensional scattering formalism is used

and the results restricted to the two dimensional case. This seems a better

approximation of the physical situation then using the results of the two dimen-

sional scheme). The wave packet comes from the remote regions with velocity

vk = p0k/m, k = x, y. When reaching the slits it is partially reflected by the

wall. The part ψout that propagates towards the screen is the time evolution

of the “truncation” of ψ0, ψ0 being the expression (1) at the time, considered

as the initial time, at which the particle crosses the slits:

ψout =
∫

R3
dpxdpydξ

∫
S
dη u�

pxpy
(ξ, η)ψ0(ξ, η)upxpy(x, y) exp [ − i

h̄

p2

2m
t] (4)

S = S1 ∪ S2. The integrals in (4) can be reduced in number both by setting

the screen sufficiently far from the slits and by neglecting terms quadratic in

f j. Under these approximations the wave packet that reaches the screen has

the form [16].

ψout = φ(x, t)φS(y, t) + ψscatt (5)

where φ(x, t) is a one dimensional Gaussian-like wave packet that is not rele-

vant for the following considerations. The expression φS(y, t) can be explicitly

given in general while ψscatt can be obtained in limiting situations. For very

narrow Gaussian beam there is no diffraction [16]. Instead for narrow momen-

tum probability distribution, Δpx = h̄α√
2
� 1, Δpy = h̄β√

2
� 1, one obtains,
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under β2 �= 0,

φS =
e

i
h̄
(m

2t
y2−p0yy0)

(ith̄π
3
2/(2βm))

1
2

[
e

a+b
−2ih̄

(p0y−m
t

y) sin
(p0yt−my)d1

2th̄
p0yt−my

th̄

+e
a+b
2ih̄

(p0y−m
t

y) sin
(p0yt−my)d2

2th̄
p0yt−my

th̄

]

(6)

ψscatt =
4∑

j=1

f j
p0

rj
ψj(r

0
j) (7)

Here r0
j is the projection of rj over p0 and ψj is a wave packet, centered in

r0
j = 0, practically constant in x, y and that rapidly vanishes outside S1 ∪ S2.

In absence of interaction the diffraction pattern on the screen is proportional

to φSφ
�
S and, in case of equal slits and for zero y-component of the velocity

of the incoming particle, it gives the usual diffraction pattern as it can be

checked from eq. (6). In presence of interaction, there results a non trivial

ψscatt. The expression (7) holds for t � m/(2h̄) (e.g t � 1 sec for electrons;

t� 700 secs for protons). In this time intervall ψscatt essentially coincides with

the scattered part of the incoming packet truncated when passing the slits [16].

The contribution of ψscatt produces superimposed maxima to the diffraction

pattern in correspondence to y = aj as a consequence of the dependence of rj

on y. The maxima can be also accentuated by particular analytical form of

the scattering amplitude.

Since the results have been obtained for sufficiently general interactions,

there is the possibility of checking the relevance of the scattering effects and

of the maxima for different physical situations. It is the object of the present

paper to give an estimation of those effects for some mathematical expressions

of particle-wall potential.

2 Applications.

The case in which the wall is made of conducting or of isolating material as

well as the case of the van der Waals interaction considered in [7] seem of

interest. More generally we consider the following examples of interacton:

V1 = −k1q
2

r
, V3 = − k3q

2

(r2 + d2)3/2
(8)

V2 = −k2q
2

r2
, V4 = − k4q

2

r4 + d4
(9)

In the Born approximation,

fp(θ) = −2m

h̄2

1

P

∫ ∞

0
drV (r)r sinPr, P 2 =

4p2

h̄2 sin2 θ/2 (10)
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the scattering amplitude corresponding to the potentials in (8), (9) are respec-

tively [6]

f1 =
2mk1q

2

4p2 sin2 θ/2
, f3 = −2mk3

q2

h̄2 log [
dp

h̄
sin θ/2], (pd� 1) (11)

f2 =
mk2πq

2

2h̄p sin θ/2
, f4 =

mπk4q
2

2h̄d2p sin θ/2
sin (

dp
√

2

h̄
sin θ/2)e−

dp
√

2
h̄

sin θ
2 (12)

(Again the three dimensional results will be restricted to the two dimensions).

The first case considered is that of a conducting wall described by a pure

Coulomb potential V1.

The potential V2 is roughly assumed to represent the case of a wall made

of insulator material. The approaching of the particle induces elementary

electric dipoles on the atomic structure of the wall whose resulting effect is

summarized by an inverse square law. The corresponding scattering amplitude

has a sufficiently smooth behaviour for momentum far from zero. (It is usefull

to note that a potential of the form −k2q
2/(r2 + d2), that approximates V2 for

d → 0, has a scattering amplitude in the Born approximation that does not

differ from f2 for not too large p.)

The van der Waals interaction of atoms and molecules with solid surface

can be described by the potential V = −c3/r3 for r ≥ 10Å (e.g. [9]) . The

potential V3 is understood to describe here, in the limit d → 0, this kind of

interaction for atoms. The potential V4 seems of interest because the associated

ψscatt will result essentially constant in S. (A potential like −k4q
2/(r2 + d2)2

gives a scattering amplitude in the Born approximation that is again constant

for sufficiently small d).

The parameter d has been introduced to avoid divergences. The corre-

sponding scattering amplitude f3, calculated in the Born approximation, has

been obtained under the further condition pd� 1 (see Ref. [15]). Note however

that the divergence of f3 has not been eliminated. Moreover also in this case, p

cannot be too small to have the validity of the results of the previous Section.

It remains open the choice of the parameter d that could be tentatively given

by the slit aperture in all cases considered.

The contribution of ψscatt relative to V1, V2, V3, V4 can be obtained, from

eqs. (7), (8), (9), (11), (12) for large x under the approximations rj ∼ x and

sin θj/2 ∼= (y − aj)/(2x),

ψ1
scatt =

4∑
j=1

2mk1q
2x

p2
0(y − aj)2

ψj(r
0
j) (13)

ψ2
scatt =

4∑
j=1

mπk2q
2x

h̄p0(y − aj)
ψj(r

0
j) (14)
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ψ3
scatt = −

4∑
j=1

2mk3q
2

h̄2 log (djp0
|y − aj|

2h̄x
)ψj(r

0
j) (15)

ψ4
scatt =

4∑
j=1

mπk4q
2x

h̄d2
jp0(y − aj)

sin
djp0(y − aj)

xh̄
√

2
exp

−djp0(y − aj)

xh̄
√

2
ψj(r

0
j) (16)

where d1 = d2 = b − a, d3 = d4 = c − a. Apart the intrinsic divergence, one

can note that the shape of the maxima becomes narrower and narrower by

passing from the Coulomb to the polarization to the van der Waals interac-

tion. Moreover, for sufficiently small p0-values, ψ4
scatt takes the constant value

ψ4
scatt = πk4mq2√

2h̄2

∑4
j=1

1
dj

in the slit regions and zero outside.

Deviations from the pure quantum diffraction pattern due to scattering

interactions can be measured by the ratios Rj = |ψj
scatt|2/|φS|2, j = 1, 2, 3, 4.

From equations (6), (13-16) one has (E0 = p2
0/(2m), ψj(rj) ∼ 1):

R1
∼= k2

1

π
3
2

2

x2

(y − aj)4

t

β

h̄

m

q4

E2
0d

2
j

(17)

R2
∼= k2

2

π2

4

x2

(y − aj)2

t

β

q4

h̄d2
jE0

(18)

R3
∼= 2k2

3

t

β

m

h̄

q4

h̄d2
j

log2 djp0(y − aj)

2h̄x
(19)

R4
∼= k2

4

π2

4

t

β

h̄

m

q4

h̄2d2
j

(20)

In case of electrons, by taking t = 10−2sec., x = 2.5cm, β = 10−2cm−1, dj =

5 · 10−6cm, E0 = 1eV, y − aj ∼ dj one finds (in Gauss units):

R1 = k2
1 1019, R2 = k2

2 1024 (21)

Instead, for protons , with t = 10−2sec., β = 10−1cm−1, x = 2.5cm, dj =

5 · 10−6cm, E0 = 1 keV, y − aj ∼ dj one obtains

R3 = k2
3 1033, R4 = k2

4 1041 (22)

The results cannot be checked experimentally because the constants kj are

not known except k3. Indeed k3 can be determined by interpreting k3q
2 = c3,

c3 � 1meV (nm)3 being the experimental value of the van der Waals interaction

constant reported in [7]. One finds k3 � 10−17 and hence from eq. (22), R3 �
10−1 (the same value of c3 gives for R1, R2, R4 improbable results). Therefore

one can conclude that if the scattering deviation exists for V3 interaction, then

the result seems reasonably coherent with the scheme of Ref. [7]. From the

above numerical results there also follows that for every (if existing) expected

results for R1, R2, R4 the corresponding value of the strength constant can be

predicted.
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3 Comments.

The present scheme is similar to that of ref. [7] that considers diffraction of

atoms by transmission gratings. Theoretically the difference lies in the fact

that the deformation of the wave packet, due to scattering interaction when

the particle approaches the slits, is not considered in [7]. This is coherent

with the use of sequence of slits provided by transmission gratings instead of

two only slits as done here. The fact that the experimental value furnished in

[7] in case of van der Waals interaction gives the plausible value R3 in (22),

seems to be, on the one hand, an encouraging result. On the other hand it is

surprising because, if confirmed, the thickness of the gratings should not be so

important, the central role being then played by the plane wave.

It is worth noting that the results relative to conducting and isolating wall

are of interest also in relation to analogous results obtained in the context of the

stochastic electrodynamics with spin [4, 3]. The knowledge of the numerical

values of k1, k2 would then possibly discriminate between quantum mechanics

and stochastic electrodynamics with spin.

According to the above considerations, a direct experimental test of the

present scheme would be highly desirable. It would also furnish an alterna-

tive way to measure the strength of the interaction constants for the different

interaction potentials.

For what concerns the theoretical formulation of the problem, some im-

provements are possible. The consideration of the spin should not essentially

modify the results because the scattering amplitude has the same leading co-

efficients [2]. Instead, relativistic effects could be possible for ultrarelativistic

velocity. [2]. Moreover for a comparison with the predictions of stochastic elec-

trodynamics with spin some of the neglected integrals could be reconsidered.

Finally a problematic aspect of the present treatment is the determination

of the charges induced on the wall that, in principle, depend on y and t and

on the density of the beam of particles.

References

[1] E.E. Andersson, Modern Physics and Quantum Mechanics. W.B. Saun-

ders Company, Philadelphia, 1971.

[2] H.A. Bethe and E.E. Salpeter, Quantum mechanics of One and two Elec-

tron Atoms. Plenum Publishing Corporation. New York 1972.



Double slit diffraction and scattering 391

[3] G. Cavalleri and E. Tonni. Discriminating between QM and SED with

spin. in: The Foundations of Quantum Mechanics - Historical Analysis

and Open Questions - Edited by Garola, C. and Rossi, A. World Scientific

Publications, Singapore 2000.

[4] G.C. Cavalleri, and A. Zecca, Gaussian wave packet passing through a

slit: a comparison between the prediction of the Schrödinger QM and of

stochastic electrodynamics with spin. Il Nuovo Cimento B,112(1997)1.

[5] R.P. Feynman, and A.R. Hibbs, Quantum Mechanics and Path Integrals.

McGraw Hill Book Company. New York, 1965.

[6] I.S. Gradshteyn and I.M. Ryzhik, Tables of Integrals, Series and Products.

Academic Press. London 1980.

[7] E. M. Grisenti, W. Schöllkopf, J.P. Toennies, G.C. Hegerfeld and T.
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