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1 Introduction

Classical information is mainly related to transmission of this type of informa-
tion via communication channels acting in accordance with the laws of classical
physics. In particular, in this theory, the concept of information is exploited
in a special sense that differs from its ordinary utilization, consisting in the
description of the “action of informing”. It is instructive to quote this sen-
tence of Shannon and Weaver [78]: “In fact, two messages, one of which is
heavily loaded with meaning and other of which is a pure nonsense, can be
exactly equivalent, from the present viewpoint, as regards information”. For
this reason, “the fundamental problem of communication is that of reproduc-
ing at one point either exactly or approximately a message selected at another
point” [78].

The communication procedure can be modeled by means of an information
source producing messages from which a sender (called, say, Alice) generates
a signal suitable for transmission through the channel to a receiver (say Bob),
who reconstructs the message from the signal.

The main results of classical information, established by Shannon (see [78])
in 1948, quantify the redundancy of a message (the noiseless coding theorem),
and consequently the possibility to compress the message, and the rate of
transmission through a noisy channel (the noisy channel coding theorem).

Similarly, by using quantum mechanics, we can define quantum communi-
cation channels to transfer from sender to receiver classical and/or quantum
information. This leads to quantum information theory which results more
interesting than classical information, because quantum mechanics includes
some aspects that have not a classical counterpart, such as entanglement.

In this case also, by means of Schumacher’s quantum noiseless coding the-
orem, it is possible to define a quantum data compression process. While, a
quantum version of Shannon’s noisy channel coding theorem (see [50], [77])
consider the particular restriction to product states in input.

By starting from these (both classical and quantum) theorems, we can no-
tice that the central problem in information theory is to determine the capacity
of the communication channels.

In Ref. [73] a simple characterization is obtained of all functionals express-
ing the von Neumann reduced entropy on pure states based on the Khinchin-
Faddeev axiomatization of Shannon entropy [53]. A physical interpretation of
the axioms in terms of entanglement is also provided.

Refs. [84] and [19] refer to entanglement of distillation and entanglement
of formation, respectively.
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Postulates motivated by a physical point of view have been employed in
entanglement measures (see e.g. [73], [84], [19]).

An argument by Popescu and Rohrlich [70] substains that the property of
entanglement measures can be achieved by the von Neumann reduced entropy
on pure states. The proof of the operational uniqueness theorem presented in
[70] is not rigorous and one can resort to [37] to have an exact proof of this
theorem.

2 Entanglement

The number of nonzero eigenvalues for a partial density operator is the Schmidt
number associated with the bipartite pure state. In terms of this number, we
can introduce the concept of entanglement.

A bipartite pure state is entangled if its Schmidt number is greater than
one; otherwise it is separable. Hence, a separable bipartite pure state is a direct
product of pure states in HA and HB, so that its reduced density operators
are pure. On the contrary, an entangled bipartite pure state cannot be written
as a product state and, for this reason, it is characterized by mixed partial
density operators.

It is worthy to notice that in both cases the subsystems are correlated. In
particular, for preparing a separable bipartite pure state, let us act on the two
subsystems spatially separated sending to two preparers a classical message
including measurements that they have to perform. Thus, in this case, the
subsystems do not directly interact with one another. For entangled bipartite
pure state, we must bring the two subsystems together and allow them to
interact. In other words, entanglement cannot be created locally.

It is now important to study the main features which makes the entangle-
ment incompatible with the expectations of classical physics.

We will recall the argument of Einstein, Podolsky and Rosen (EPR) [38],
who argued that the description of physical reality given by Quantum Mechan-
ics (QM) is not complete.

According to EPR, a complete theory is a theory in which every element of
the physical reality must have a counterpart in the physical theory. To this pur-
pose, they introduced a “reasonable” sufficient criterion for a physical quantity
to be an element of reality, namely, that it be possible to predict with certainty
the value of this physical quantity, without disturbing the system in any way.

Moreover, in general in QM, if two operators are associated with two phys-
ical quantities do not commute, then the precise knowledge of one of them
precludes the knowledge of the other. Thus, it is not possible to predict with
certainty the values of these two physical quantities simultaneously, i.e. the
two physical quantities cannot be simultaneous elements of reality.
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At this stage, let us consider a practical example, due to Bohm [22], to
explain the EPR subject. Adopting the terminology proper of Quantum Com-
puting Theory, we introduce the entangled state of two spins belonging to Alice
(subsystem A) and Bob (subsystem B):

|ψEPR〉 =
1√
2

(|0〉|1〉 − |1〉|0〉) , (1)

and assume that Alice and Bob are in spatially separated laboratories (hy-
pothesis of locality).

Alice carries out a measure of spin along the −→x axis with the results +1 or
−1. By means of a simple calculation it is always possible for Alice to predict
with certainty the outcome of Bob’s measurement of his spin along the same
axis, without disturbing the spin of Bob. By EPR criterion, these physical
properties are elements of reality. In particular, if we suppose to measure
Alice’s spin along the directions Z or X, we have that the projections of the
Bob’s spin in the same directions are elements of the same reality. But we
know that the operators corresponding to the two projections do not commute.
Consequently, these two physical quantities cannot be simultaneously elements
of reality. Then EPR concluded that QM is not a complete theory.

3 Bell inequality

Let us assume that one prepares two particles and then he sends one of them
to Alice and the other one to Bob. Now, if Alice and Bob may make two
different measurements corresponding to two different physical properties of
the particles, say A1 and A2 for Alice’s particle and B1 and B2 for Bob, assume
then each property can have only two values +1 and −1.

Let us consider the value of the composite quantity,

A1B1 + A2B1 + A2B2 − A1B2 = (A1 + A2)B1 + (A2 − A1)B2. (2)

where A1 and A2 take the values ±1. Then, it follows that either (A1 + A2) = 0
or (A2 − A1) = 0. In either case, the expression (2) becomes

A1B1 + A2B1 + A2B2 − A1B2 = ±2. (3)

If p (a1, a2, b1, b2) is the probability that, before the measurements are per-
formed, the system is in a state where A1 = a1, A2 = a2, B1 = b1 and B2 = b2,
then the mean value of the quantity (2) is

〈A1B1〉 + 〈A2B1〉 + 〈A2B2〉 − 〈A1B2〉 = 〈A1B1 + A2B1 + A2B2 −A1B2〉

=
∑

a1,a2,b1,b2

p (a1, a2, b1, b2) (a1b1 + a2b1 + a2b2 − a1b2)
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≤ 2
∑

a1,a2,b1,b2

p (a1, a2, b1, b2) .

In this way we get an example of a Bell inequality

〈A1B1〉 + 〈A2B1〉 + 〈A2B2〉 − 〈A1B2〉 ≤ 2, (4)

which is known as the CHSH (Clauser, Horne, Shimony and Holt) inequality
[31].

Let us consider measurements on the entanglement state (1), and imagine
that Alice and Bob perform the measurements:

A1 = σz, B1 = 1√
2
(−σz − σx) , (5)

A2 = σx, B2 = 1√
2
(σz − σx) . (6)

Simple calculations show that the expectation values for these observables
are

〈A1B1〉 =
1√
2
, 〈A2B1〉 =

1√
2
, 〈A2B2〉 =

1√
2
, 〈A1B2〉 = − 1√

2
. (7)

Thus, we arrive at the equality

〈A1B1〉 + 〈A2B1〉 + 〈A2B2〉 − 〈A1B2〉 = 2
√

2 > 2, (8)

so the Bell inequality (4) is violated.
Some experiments (see [3, 4]) using photons have been done to check the

prediction (8) of QM. Thus, we can conclude that Nature does not obey the Bell
inequality. This means that the quantum mechanics is not consistent with one
or both assumptions adopted to derive the relation (4). These assumptions of
local realism are implicit assumptions in the EPR argument:

1. Realism - Every physical properties have definite values, whose existence
is independent of observation.

2. Locality - The measurements performed on one subsystem does not in-
fluence the result of measurement on the other one.

We would notice that entanglement is essential to prove the Bell violation.
In fact, if QM is characterized only by separable states, then the assumptions
of local realism can be satisfied. Hence, the EPR debate and the Bell inequality
violation teach us that the commonsense intuitions based on classical physics
are wrong and that entanglement plays a special role in these non-classical
effects.

In [41] the concept of entanglement for quantum systems composed of two
identical particles is related to the impossibility of attributing a complete set
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of properties to both particles. This implies definite constraints on the state
vector describing the whole system.

The authors of [41] consider separately the cases of fermion and boson
systems, and formulate a consistent criterion for detecting entanglement. Fur-
thermore, they show that the von Neumann entropy is useful in describing
whether the correlations of the states under consideration are due to the indis-
tinguishability of the particles involved or are a true manifestation of entan-
glement. The authors of [41] remark that the notion of entanglement seems
to be often misunderstood, or not understood at all, in the current scientific
literature on the subject. The most frequent misinterpretations arise in connec-
tion with the symmetrization postulate of quantum mechanics, which requires
definite symmetry properties for the state vectors associated with systems of
identical particles. Recent analyses of entanglement can be found in [42] end
[40]. Ghirardi and Marinatto relate the nonoccurrence of entanglement to the
possibility of attributing complete sets of properties with both constituents of
the composite system. In such a way Ghirardi and Marinatto can formulate an
unambiguous criterion for describing whether a given state vector is entangled
or not. This criterion works for the cases of both distinguishable and identical
constituents. The authors observe also that contrary to what has been some-
times stated, nonentangled states involving identical constituents can actually
occur.

In the case in which one has quantum systems composed of two distinguish-
able particles, the entanglement is equivalent to the impossibility of writing
the state vector of the compound system |ψ(1, 2)〉 as a tensor product of the
two single-particle states. This situation entails that:

(i) on the basis of the Schmidt decomposition, the global state is non-
entangled if and only if its associated Schmidt number (i.e. the number of
nonzero coefficients in such a decomposition) equals to 1 (see also later);

(ii) the state is non-entangled if and only if the von Neumann entropy of
the reduced statistical operator related to both particles is equal to zero.

Both these facts have a precise meaning: the first refers to the possibility
of attributing a complete set of properties to each constituent; the second
ensures the most complete information allowed by quantum theory about each
constituent.

The notion of entanglement for systems composed of two identical fermions
is quite different from the corresponding bosonic case. The fermionic case is
also discussed in Ref. [74]. For the fermionic entanglement the following
Theorems (Theorem 3.1 and 3.2 quoted in [41]) are remarkable:

Theorem 3.1 For any antisymmetric (N × N) complex matrix A, there
exists a unitary transformation U such that A = UZUT , with Z a block-
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diagonal matrix

Z = diag[Z0, Z1, . . . , ZM ], Z0 = 0, Zi =

[
0 zi

−zi 0

]
, (9)

where Z0 is the (N−2M)×(N−2M) null matrix and zi are complex numbers.
Equivalently, Z is the direct sum of the (N − 2M) × (N − 2M) null matrix
and the M(2 × 2) complex antisymmetric matrices Zi.

The fermionic analogue of the Schmidt decomposition is a consequence of
an application of Theorem 3.1 to systems composed of identical fermions. One
has

Theorem 3.2 Any state vector |ψ(1, 2)〉 describing two identical fermions
of spin s and, consequently, belonging to the antisymmetric manifold A (C2s+1⊗
C2s+1), can be written as

|ψ(1, 2)〉 =

2s+1∑
i=1

ai
1√
2

[|2i− 1〉1 ⊗ |2i〉2 − |2i〉1 ⊗ |2i− 1〉2] , (10)

where the states {|2i − 1〉, |2i〉} with i = 1, . . . , (2s + 1)/2 constitute an or-
thonormal basis of C2s+1, and the complex coefficients ai satisfy the normal-
ization condition

∑
i |ai|2 = 1.

In [74] the number of nonzero coefficients of (10) is called the Slater num-
ber of |ψ(1, 2)〉. The connection of the Slater number with entanglement is
illustrated in [55] and [65]. We conclude the considerations treated in [41] by
quoting Theorem 2.2 (Theorem 3.3) on boson situations.

Theorem 3.3 The identical boson of a composite quantum system S =
S1 + S2 described by a pure normalized state |ψ(1, 2)〉 are nonentangled if and
only if either the state is obtained by symmetrizing a factorized product of two
orthogonal states or it is the product of the same state for the two particles
(see [42] for details of the proof).

In conclusion Ghirardi and Marinatto show that within the problem of
entanglement, resorting to the logical rigor and to the physical meaning of
entanglement itself, then the process of (anti)symmetrizing a state vector does
not necessary lead to an entangled state.

4 Entangled measures of pure states

Let H1 and H2 be Hilbert spaces. If we focus on the problem of characterizing
measures of entanglement of pure states, let us consider functionals E : H1 ⊗
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H2 → R+. Then we require that E is defined and continuous on the tensor
product of the Hilbert spaces of any two systems.

In [73] the Khinchin-Faddeev postulates that entanglement measures are
applied both i) on pure and ii) on mixed states. For i), we point out that the
axioms (P1) - (P4) fix the von Neumann reduced entropy up to a multiplicative
constant. Precisely, the following Proposition holds:

Proposition 4.1 Let E be an entanglement measure on the pure states sat-
isfying the postulates (P1), (P2), (P3) and (P4). Then there exists a positive
real constant c such that E = cSvN , where SvN denotes the von Neumann
entropy.

The reader could follow the demonstration of such a Proposition in [73],
where it is outlined that E is considered as a function of the Schmidt coef-
ficients, satisfying all conditions of the Khinchin-Faddeev characterization of
Shannon’s entropy. Therefore one has

E
(
p1, . . . , pn

)
= −c

n∑
i=1

pi ln pi

for some positive real constant c where
(
p1, . . . , pn

)
are the probability distri-

butions.

5 Entanglement measures for mixed states

An entanglement measure on mixed states is a functional defined on the state
space of any given two quantum systems. Let the Hilbert spaces of the two
systems be H1 and H2. Then, the state space is the set of density operators
on H1 ⊗ H2, indicated by D

(H1 ⊗ H2

)
. As a consequence, an entanglement

measure is a functional obeying generalizations of the postulates (P1) - (P3)
of the entanglement measures for pure states. The axioms corresponding to
(P1) - (P4), pertinent to the entanglement of pure states, and valid for mixed
states, are denoted by (M1) - (M5) and are discussed in [73]. Here we limit
ourselves to announce the below Proposition:

Proposition 5.1 Let E be an entanglement measure on mixed states (M1)
- (M5). Then E

(
ρ
)

= 0 for all separable states ρ.

From Rudolph [73] one desumes that every separable state ρ is a statistical
measure ρ =

∑n
i=1 piPψi where {ψi}ni=1 designes a family of separable pure

states and where (p1, . . . , pn) is a probability distribution (with n possibly
infinite).
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Then, by (M1) and (M5) (see [73]) one has

E(ρ) ≤
n∑
i=1

piE(Pψi) = 0. (11)

As a consequence, one deduces that E(ρ) = 0 for all separable states ρ.
To summarized, in [73] a mathematical characterization is given of all func-

tionals defined on the state space of composite quantum systems coinciding
with von Neumann reduced entropy on pure states. One of the main results
achieved in [73] is that a functional on pure states coincides with the von Neu-
mann reduced entropy if and only if it satisfies the conditions (P1) - (P4).
From a mathematical point of view, the axioms (P1) - (P4) are a version of
the Khinchin-Faddeev characterization of Shannon entropy. However, it can
be shown that from a physical point of view the axioms (P1) - (P4) admit an
interpretation in terms of entanglement.

6 Example

Let us show that

e−
i
�
Ht =

(
cosωt −i(sinωt)

−i(sinωt) cosωt

)
, (12)

where H = �ωσx is the Hamiltonian operator, and

σx =

(
0 1
1 0

)
.

Proof. Expanding in power series the l.h.s. of (12) we obtain

e−
i
�
Ht =

∞∑
n

(−iω)n

n!
tn
(

0 1
1 0

)n
=

1 − iωt

(
0 1
1 0

)
+
i2ω2t2

2

(
0 1
1 0

)2

− i3ω3t3

3!

(
0 1
1 0

)3

+ . . . . (13)

One has (
0 1
1 0

)2

=

(
0 1
1 0

)(
0 1
1 0

)
=

(
1 0
0 1

)
,(

0 1
1 0

)3

=

(
0 1
1 0

)2(
0 1
1 0

)
=

(
1 0
0 1

)(
0 1
1 0

)
=

(
0 1
1 0

)
, (14)

and so on.
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Taking account of (14), we can write

e−
i
�
Ht =

(
1 0
0 1

)
− iωt

(
0 1
1 0

)
− ω2t2

2

(
1 0
0 1

)
+ i

ω3t3

3!

(
0 1
1 0

)
+ · · ·

=

(
1 − 1

2
ω2t2 + 1

4!
ω4t4 + · · · −iωt+ i 1

3!
ω3t3 + · · ·

−iωt+ i 1
3!
ω3t3 + · · · 1 − 1

2
ω2t2 + 1

4!
ω4t4 + · · ·

)
. (15)

Since i3 = −i, we have that

cosωt = 1 − ω2t2

2!
+
ω4t4

4!
+ · · · , −i sinωt = −i

(
ωt− ω3t3

3!
+ · · ·

)
, (16)

so that (15) becomes

e−
i
�
Ht =

(
cosωt −i(sinωt)

−i(sinωt) cosωt

)
. (17)

Let us suppose now to consider a system described by the Hamiltonian

H =
�Ω

2

[
eiφ |0〉〈1| + e−iφ |1〉〈0|] =

�Ω

2

(
0 eiφ

e−iφ 0

)
. (18)

For φ = 0 one has

H =
�Ω

2

(
0 1
1 0

)
≡ �ωσx (19)

with ω = Ω/2, and σx =

(
0 1
1 0

)
(one of the Pauli matrices). Then, let H1

be the Hilbert space in 2-dimensions. H1 can represent the states of concrete
physical systems as the spin state of an electron of a particle of spin 1

2
. In

H1 we can find two orthonormal base vectors: {|0〉, |1〉} with 〈i|j〉 = δij for
i, j = 0, 1 in such a way that ∀|ψ〉 ∈ H1, a unique decomposition exists with
complex coefficients

|ψ〉 = λ0|0〉 + λ1|1〉, λ0 = 〈0|ψ〉, λ1 = 〈1|ψ〉. (20)

We can give a matrix representation for the state vector

|ψ〉 ↔
(
λ0

λ1

)
(21)

The normalized state vector |ψ〉 is called qubit.
Each qubit of the form |ψ〉 can be visualized by a unimodular 3-vector.

One has

|ψ〉 ↔ (
λ0 = cos θ

2
λ1 = eiφ sin θ

2

)→ (
cosφ sin θ, sinφ sin θ, cos θ

)
. (22)
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Coming back to the Hamiltonian Eq. (18), we can associate with the Schrödinger
equation

i�
d

dt
|ψ〉(t) = H|ψ〉(t) ⇔ i�

d

dt
U(t, t0), U(t0, t0) = �H , (23)

where H is an observable, i.e. an hermitian operator (〈ψ|H|φ〉 = 〈φ|H|ψ〉∗ for
all vectors |ψ〉, |φ〉 ∈ H), called Hamiltonian.

The eigenvalues of H are the energies of the system and the corresponding
eigenvectors form a basis in H.

Keeping in mind (18), one can write

U(t, t0) = exp

[
− i

�
H(t− t0)

]
=

∞∑
n=0

(−iΩ/2)n

n!
(t− t0)

n

(
0 eiφ

e−iφ 0

)
= (24)

=

(
cos
[

Ω
2
(t− t0)

] −ieiφ sin
[

Ω
2
(t− t0)

]
−ie−iφ sin

[
Ω
2
(t− t0)

]
cos
[

Ω
2
(t− t0)

] )
. (25)

In [46] it is shown that the additivity conjecture for constrained channels
holds for certain non-trivial classes of channels. It is proved also the main
asymptotic property for Shor’s channel extension. It is demonstrated as well
that the additivity for two constrained channels can be reduced to the same
problem for unconstrained channels.

An important result obtained in [80] is that the conjecture additivity prop-
erties for several quantum information quantities, such as the minimal output
entropy, the Holevo capacity (or equivalently the χ-capacity) and the entan-
glement of formation are equivalent.

We remark that in [80] the “global” additivity is considered in the sense
that this additivity is valid for all possible channels, while in [46] relevance is
given for individual channels.

We focus our attention on Theorem 1 of [46], which formally is essentially
stronger than the unconstrained additivity. Other notable results of [46] are
connected with Proposition 1, Proposition 2 and Proposition 3 and with The-
orem 2, which will be discussed below.

First let us define the χ-capacity of the A constrained channel Φ by (see
also (148))

C̃ (Φ;A) = max
ρ∈A

χΦ(ρ) = max
ρav∈A

χΦ({pi, ρi}), (26)

where {pi, ρi} denotes the ensemble defined by the requirement ρav ∈ A, where
it is a closed subset of G(H).

G(H) is the set of states (density operators) in the finite dimensional
Hilbert space H. If H, H′ are two finite dimesional Hilbert spaces, then the
map Φ : G(H) → G(H′) can be taken as the definition of a channel. Now
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let {pi} be a finite probability distribution and {ρi} a collection of states in
G(H). Then, the collection {pi, ρi} is called an ensemble and ρav =

∑
i piρi its

average.
An important characteristic of the ensemble is

χΦ ({pi, ρi}) = H

(∑
i

piΦ(ρi)

)
−
∑
i

piH (Φ(ρi)) , (27)

where H(·) stands for the von Neumann entropy.
We have (see [59])

HΦ(ρ) = min
ρav=ρ

∑
i

piH (Φ(ρi)) , (28)

where Eq. (28) is named the convex closure (see [5]) of the output entropy
H (Φ(ρi)), which is a continuous concave function.

We notice that the function HΦ(ρ) is a natural generalization of the en-
tanglement of formation and coincides with it when the channel Φ is a partial
trace. For the continuity of HΦ(ρ) and the continuity of the entanglement of
formation see [59] and [61], respectively.

We observe that a particular case of a closed subset A of G(H) is the
linear constraint, corresponding to the subset A′ defined by the inequality
TrA′ρav ≤ α, for some positive operator A′ and a number α ≥ 0.

A basic definition is constituted by the optimal ensemble for the A-constrained
channel Φ. The following Proposition generalizes the maximal distance prop-
erty of optimal ensembles for unconstrained channels (see [76]).

Proposition 6.1 “If A is a closed convex set, the ensemble {pi, ρi} with
the average state ρav ∈ A is optimal for the A-constrained channel Φ if and
only if ∑

j

p̃jH (Φ(ωj)||Φ(ρav)) ≤ χΦ ({pi, ρi}) (29)

for any ensemble {p̃j, ωj} with the average ωav ∈ A, where H(·||·) denotes the
relative entropy.”

The proof of this Proposition is contained in [46]. Here we notice only
that the proof extends the argument treated in [76] on variations of the initial
ensemble involving not a single component but the whole ensemble.

7 Density operator

As is well known, in Quantum Mechanics, a microscopic system can be de-
scribed in terms of a state vector. However, in many case we do not known
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our system in details. Consequently, we need to introduce a convenient con-
cept, i.e. the density operator, representing the most general description of
a quantum state. To this aim, let us consider a quantum system which can
assume any state |ψj〉, with j = 0, 1, 2, . . . . The density operator associated
with this system is defined as

ρ =
∞∑
j=0

Pj |ψj〉 〈ψj| , (30)

where Pj is the probability related to the state |ψj〉.
Since Pj is a probability, it satisfies the inequality

0 ≤ Pj ≤ 1, (31)

and it is such that
∞∑
j=0

Pj = 1. (32)

The density operator is characterized by the following properties. Suppos-
ing that the states |ψj〉 form an orthonormal set with

〈ψk |ψj〉 = δj,k, (33)

then
(i) ρ is Hermitian, as it is easily seen from (30);
(ii) ρ is a non-negative operator.
This statement derives from the analysis of the expectation value of ρ on

a generic state |χ〉:

〈χ| ρ |χ〉 =
∞∑
j=0

Pj |〈χ |ψj〉|2 . (34)

According to (31), in fact, one derives that the sum on the r.h.s. of (34) is
non-negative.

(iii) The trace operation

Trρ =

∞∑
k=0

〈ψk| ρ |ψk〉 (35)

for ρ can be elaborated by applying (30), (32), (33) to give

Trρ = 1. (36)

As a consequence of the properties (i), (ii) and (iii), one can evaluated the
mean value of an arbitrary operator O through the trace of ρO, i.e.

TrρO = 〈O〉 . (37)
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8 Phase space representation

At this stage, let us introduce some alternative representations living in phase
space. These representations of quantum states allow us to calculate expecta-
tion values using concepts of classical statistical mechanics.

First, let us define the Wigner distribution function associated with the
density operator ρ

W (x, p) =
1

2π�

∫ ∞

−∞
ds exp

(
− i

�
ps

)〈
x+

1

2
s

∣∣∣∣ ρ ∣∣∣∣x− 1

2
s

〉
, (38)

(with p the momentum of the particle) where it has been included the normal-
ization factor such that ∫ ∞

−∞
dx

∫ ∞

−∞
dpW (x, p) = 1. (39)

The Wigner function is one of the possible phase space representation, but it
is the unique having the following simple properties.

By integrating (38) over the momentum variable provides the probability
distribution W (x) for the position∫ ∞

−∞
dpW (x, p) = 〈x| ρ |x〉 = W (x) . (40)

Analogously, the integration over the position x gives the momentum distri-
bution ∫ ∞

−∞
dxW (x, p) = 〈p| ρ |p〉 = W (p) . (41)

We notice, however, that despite these properties, W (x, p) is not a true prob-
ability distribution function, because in general it is not positive definite for
arbitrary states.

The Q-function

Another important representation is constituted by the expression

Q (α) =
1

π
〈α| ρ |α〉 , (42)

where the r.h.s. is essentially the expectation value of the density operator
in a coherent state |α〉. In contrast to the Wigner function, the Q-function is
always positive.
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The P -function

Another phase space distribution based on coherent states is the P -function,
introduced by R. J. Glauber and E. C. G. Sudarshan independently from each
other at the same time [43, 83] . The P -function is the most particular distri-
bution function, because it can involve derivatives of delta function. For this
reason, the P -function is said to be a pseudo-probability distribution. The
P -distribution is defined by a function satisfying the relation

ρ =

∫
d2αP (α) |α〉 〈α| , (43)

where d2α = dRe(α)dIm(α).
Now, from substitution of the density operator ρ given by (43) upon Eq.

(42), we arrive to the formula

Q (α) =
1

π

∫
d2βP (β) e−|α−β|2. (44)

Hence, we have shown that the Q-function can be interpreted as the P -
distribution integrated over the phase space weighted with a Gaussian. As
a consequence of the last observation, we can assert that the Q-function of a
quantum state is always broader than the corresponding P -distribution.

It also possible to derive the connection between the Wigner function and
the P -distribution, namely

W (α) =
2

π

∫
d2βP (β) e−2|α−β|2. (45)

From this equation it emerges that the Wigner function is broader than the
corresponding P -distribution, but it narrower than the Q-function.

We conclude these considerations on the phase space representations notic-
ing that the above three distribution functions reveal useful in the evaluation
of expectation values. Furthermore, the Wigner function, the Q-function and
the P -distribution are of utility for calculating symmetrically-ordered, anti-
normally-ordered and normally-ordered moments, respectively.

9 Multipartite systems

Let us now investigate what happens when the quantum system is composed
by several subsystems A1, A2, . . . , An.

The Hilbert space of a multipartite system is the tensor product space

H = HA1 ⊗HA2 ⊗ · · · ⊗HAn , (46)
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where HAi (i = 1, . . . , n) are the Hilbert spaces of the n parts. This means that
an orthonormal basis for H is given by the tensor product of the orthonormal
bases for each HAi .

For simplicity, let us consider a bipartite system composed by the subsys-
tems A and B. Then, an arbitrary pure state of H = HA⊗HB can be expanded
as

|ψ〉AB =
∑
i,k

aik |i〉A |k〉B , (47)

where {|i〉A} and {|k〉B} are the orthonormal bases for HA and HB, respec-
tively, and

∑
i,k |aik|2 = 1.

At this point, let us deal with the notion of partial density operator for a
subsystem obtained by performing a partial trace over the other one of the
density operator for the combined system AB, for instance the partial density
operator for subsystem A, ρA:

ρA = TrB (|ψ〉AB AB 〈ψ|) =
∑
i,j,k

aika
∗
jk |i〉A A 〈j| . (48)

From the definition (48), we can deduce the following properties for ρA:
(i) ρA is self-adjoint: ρA = ρ†A,

(ii) ρA is non-negative: ∀|ψ〉A, A〈ψ|ρA|ψ〉A =
∑

k

∣∣∑
i aikA〈ψ|i〉A

∣∣2 ≥ 0,

(iii) TrρA = 1: since |ψ〉AB is normalized, TrρA =
∑

i,k |aik|2 = 1.
Thus, the operator ρA can be diagonalized and its eigenvalues are all real,

non-negative and sum to 1. Hence, a general density operator, expressed in
the basis in which it is diagonal, has the form

ρA =
∑
i

pi |ψi〉 〈ψi| , (49)

where 0 < pi ≤ 1 and
∑

i pi = 1.
Moreover, it is useful to calculate the expectation values of the observables

acting only on one subsystem. In fact, if MA ⊗ IB is an observable for the
subsystem A, then we have

〈MA〉 = Tr (MAρA) . (50)

By starting from Eq. (47) and introducing the vectors

|̃i〉B =
∑
k

aik|k〉B , (51)

we can rewrite the state |ψ〉AB as

|ψ〉AB =
∑
i

|i〉A|̃i〉B . (52)
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The expression (48) becomes

ρA =
∑
ij

B〈j̃ |̃i〉B (|i〉AA〈j|) . (53)

Now, let us suppose that {|i〉A} is the basis in which ρA is diagonal

ρA =
∑
i

pi|i〉AA〈i|. (54)

By comparing (53) with (54), we see that

B〈j̃ |̃i〉B = piδij. (55)

So, it turns out that the vectors |̃i〉B are orthogonal. In order to have orthonor-
mal vectors, we can rescale them:

|i′〉B = p
− 1

2
i |̃i〉B, (56)

obtaining the following decomposition, named Schmidt decomposition, of the
bipartite pure state |ψ〉AB:

|ψ〉AB =
∑
i

√
pi|i〉A|i′〉B , (57)

in terms of a particular orthonormal basis of HA and HB.
In general, two states belonging to the Hilbert space H can not be simulta-

neously in the form (57) resorting to the same orthonormal bases for HA and
HB .

By virtue of Eq. (57), we can compute the partial density operator ρB :

ρB = TrA (|ψ〉AB AB〈ψ|) =
∑
i

pi|i′〉AB AB〈i′|. (58)

By comparing (54) and (58), we obtain that the operators ρA and ρB have
the same nonzero eigenvalues, while the number of zero eigenvalues can differ
each other.

10 Entropy in Information Theory

Entropy is a crucial concept in Information Theory. At a classical level, it
was defined for the first time by Shannon [78], so that it is known as Shan-
non entropy, while the corresponding quantum expression was given by von
Neumann.
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10.1 Shannon entropy

Let X be a quantum variable and p(x) be the probability distribution of all
the possible values for X. Then, the Shannon entropy, defined as a function
of this probability distribution, is given by

E(X) = −
∫
dxp(x) log p(x). (59)

In this definition, log is taken to base 2. By convention we assume that 0 log 0 =
0, because if an event does not occur (p(x) = 0), then it does not contribute
to the entropy. Moreover, it is equal to zero for outcomes that are certain.

The entropy quantifies the average uncertainty about X before learning
the value or, equivalently, the average information gained about X after its
measurement. It is non-negative, since p(x) is a probability distribution and
so 0 ≤ p(x) ≤ 1.

Let us consider now two random variables X and Y . Their joint entropy
is defined by

E(X,Y ) = −
∫ ∫

dx dy p(x, y) log p(x, y), (60)

where the joint probability p(x, y) is the probability that eventsX = x and Y =
y occur together. The joint entropy measures the amount of total information
one obtains for determining both X and Y . However, if the value of one of
them is known, then we are able to gain information about the remaining
variable. This property is described by the function

E(X|Y ) = −
∫ ∫

dx dy p(x, y) log
p(x, y)

p(y)
= E(X,Y ) − E(Y ), (61)

named the conditional entropy of X once Y is given.
At this point, let us introduce the most important quantity in information

theory, measuring how much information X and Y have in common:

E(X : Y ) = E(X) + E(Y ) − E(X,Y ), (62)

which is known as mutual information of X and Y . Starting from (61) and
(62), one can easily prove the relation

E(X : Y ) = E(X) − E(X|Y ). (63)

The mutual information can be expressed also in terms of the relative entropy
of X to Y :

E (X||Y ) =

∫ ∫
dx dy p(x) log

p(x)

p(y)
. (64)
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Indeed, if we deal with two random variables J and K, characterized by distri-
bution functions p(x, y) and p(x)p(y), respectively, then E (J ||K) = E(X : Y )
[1]. The relative entropy (64) measures the closeness of the probability distri-
butions p(x) and p(y). Really, it is equal to zero when the two distributions
are equal to each other. Moreover, it is non-negative: E (X||Y ) ≥ 0. This
inequality leads to the subadditivity

E(X,Y ) ≤ E(X) + E(Y ), (65)

and the strong subadditivity properties

E(X,Y, Z) + E(Y ) ≤ E(X,Y ) + E(Y, Z) (66)

of the Shannon entropy.

10.2 von Neumann entropy

The quantum analogue of the entropy function on a probability distribution
is the von Neumann entropy (S = SvN ), which is a functional on a density
operator ρ given by

S (ρ) = −Tr (ρ log ρ) , (67)

(the logarithm is taken to base 2). If we design with λi the eigenvalues of ρ,
then the von Neumann entropy can be written as

S (ρ) = −
∑
i

λi log λi, (68)

where 0 log 0 = 0. In particular, if we consider the Schmidt decomposition
of the density matrix ρ, the von Neumann entropy reduces to the Shannon
entropy.

Let us take now a bipartite system consisting of subsystems A and B and
define the (quantum) joint entropy

S (ρAB) = −Tr (ρAB log ρAB) . (69)

Then, the (quantum) conditional entropy is

S (A|B) = S (ρAB) − S (ρB) , (70)

and the (quantum) mutual information:

S (A : B) = S (ρA) + S (ρB) − S (ρAB) = S (ρA) − S (A|B) . (71)
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We may introduce also the (quantum) relative entropy as

S (ρ||σ) = Tr (ρ log ρ) − Tr (ρ log σ) , (72)

which is non-negative. As for the classical case, the joint entropy satisfies the
inequalities

S (ρAB) ≤ S (ρA) + S (ρB) , (73)

S (ρAB) ≥ |S (ρA) − S (ρB)| , (74)

known as subadditivity and triangle inequalities.
These properties can be extended to three systems obtaining the strong

subadditivity inequality

S (ρABC) + S (ρB) ≤ S (ρAB) + S (ρBC) . (75)

Furthermore, in quantum mechanics the concept of entropy is connected with
entanglement. Relatively to this argument, we observe that some entangle-
ment measures have been discussed in literature [14, 84]. To this regard, many
authors agree that the von Neumann reduced entropy represents the only phys-
ically reasonable entanglement measure on pure state. In fact, we have already
seen that using the Schmidt decomposition, a pure state of a bipartite system
can be expressed in the form

|ψ〉AB =
∑
i

√
pi |i〉A |i′〉B , (76)

with {|i〉A} and {|i′〉B} orthonormal bases of HA and HB, and the reduced
density operator for the subsystem A can be written as

ρA =
∑
i

pi|i〉AA〈i|, (77)

and similarly for ρB. Now, let us define the entropy of entanglement, of the
von Neumann entropy of the partial density operators

S = −Tr (ρA log ρA) = −Tr (ρB log ρB) = −
∑
i

pi log pi. (78)

We notice that S ranges from zero for separable pure states to log d for
maximally entangled pure states, since maximally entangled pure states are
generally characterized by ρA = ρB = (1/d)I (I is the identity operator) in its
Schmidt decomposition, where d is the dimension of the Hilbert space of the
two subsystems.
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11 The noiseless coding theorem

Shannon’s noiseless coding theorem quantifies the redundancy of a message
and determines, in such a way, the physical requirement needed to compress
the classical information.

Let X be a random variable whose values {x}, distributed with probability
p(x), represent the letters of our alphabet. A message is defined as a string
of those letters. Furthermore, let us suppose that the symbols in the message
are independent and identically distributed (hypothesis of i.i.d. information
source).

If we consider a sequence of n letters with n � 1, by virtue of the law
of large numbers, the letter x with probability p(x) will occur np(x) times in
the message. This kind of string is said to be typical. It is possible also to
prove that the probability to have a typical string of n letters is 2nE(X) (see,
for example, [71]). Hence, the number of typical sequences is of order 2nE(X).
In other words, a particular typical sequence requires only nE(X) bits to be
uniquely identified. As a consequence, the entropy E(X) represents the rate
of transmission, defined as the number of bits per symbol.

The notion of typical sequence can be generalized. To this end, let us
define a δ-typical sequence as a string of n source symbols, (x)n, occurring
with probability p ((x)n) such that

2−n(E(X)+δ) ≤ p ((x)n) ≤ 2−n(E(X)−δ), ∀δ > 0. (79)

Using the law of large numbers, it is possible to derive the theorem of δ-
typical sequences, which tells that for large n most sequences output by an
information source are typical. Precisely, one has

Theorem of δ-typical sequences

1. For any ε > 0 and δ > 0, and for n sufficiently large, the probability that
a sequence is δ-typical is at least 1 − ε.

2. For any ε > 0 and δ > 0, and for n sufficiently large, the number |L (n, δ)|
of δ-typical sequences satisfies

(1 − ε) 2n(E(X)−δ) ≤ |L (n, δ)| ≤ 2n(E(X)+δ), (80)

with L (n, δ) the set of all δ-typical sequences of length n.

3. Let L′ (n) be a set of strings of length n such that |L′ (n)| = 2nR with R <
E (X). Then, for any ε > 0 and for n sufficiently large, the probability
that a sequence belongs to L′ (n) is at most ε.
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Shannon’s noiseless coding theorem is a simple application of the theorem
of δ-typical sequences [62]. More details are expressed later.

In the context of the previous questions, it should be inserted the socalled
compression scheme of rateR, which is a map from a message of n symbols to a
bit string of length nR. On the contrary, a decompression scheme takes states
represented with nR bits to original message. We say that a compression-
decompression scheme is reliable, if the probability to obtain the initial message
after applying this last scheme approaches the unity for n→ ∞.

In the following, some basic noiseless coding theorems are presented and
discussed. Specifically, we have

Shannon’s noiseless coding theorem

Let X be an independent and identically distributed (i.i.d.) information
source entropy E(X) and R a rate of a compression scheme. If R > E (X),
then a reliable compression scheme of rate R exists for the source. On the
contrary, if R < E (X), then any compression scheme will not be reliable.
This assert tells us essentially that we can compress a message of n letters to
a string of nE(X) bits, with low probability of failure, considering only the
typical sequences and ignoring the rest.

We remark that the quantum version of Shannon’s noiseless coding theorem
is given by Schumacher’s quantum noiseless coding theorem, which will be
enounced below.

First of all, we define an i.i.d. quantum source as a set {H, ρ}, where H
is a Hilbert space and ρ is a density operator of a pure quantum state on this
space, such that a string of n letters can be characterized by a density matrix

ρ⊗n = ρ⊗ · · · ⊗ ρ, (81)

in the Hilbert space H⊗n. As it happens for classical information theory, we
can introduce the notion of δ-typical subspace, as composed by all δ-typical se-
quences, such that their probability of occurring is bounded between 2−n(S(ρ)+δ)

and 2−n(S(ρ)−δ), for any positive δ. Also in this case, Schumacher’s quantum
noiseless coding theorem can be seen as an application of the quantum version
of the theorem of δ-typical sequences [62].

By definition, a compression scheme of rate R is an operation that takes
states in H⊗n to states in a 2nR-dimensional space. Therefore, a decompression
operation takes states in the 2nR-dimensional space to states in H⊗n. At
the quantum level as well, a compression-decompression scheme is said to be
reliable, if for large n the fidelity between the initial state and the compressed-
decompressed state approaches the unity.

The fidelity between two quantum states ρ and σ is defined by [89]

F (ρ, σ) = Tr

√√
σρ

√
σ. (82)
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The quantity (82) is a measure of distance between quantum states. It is
symmetric in its inputs and it is bounded between 0 and 1, i.e.

0 ≤ F (ρ, σ) ≤ 1. (83)

In particular, the equality F (ρ, σ) = 0 is verified whenever ρ and σ are or-
thogonal states, while for ρ = σ one has F (ρ, σ) = 1.

Note that there is no generally accepted definition of the degree of entan-
glement [75].

Recently applications of entangled quantum states in Quantum Information
processing have been extensively discussed [82].

Entangled quantum states also offer novel possibilities of quantum state
engineering using conditional measurement. One of two entangled quantum
objects is prepared in a desired state owing to the state reduction associated
with an appropriate measurement on the other object. The quantum state
of travelling optical modes can be entangled, e.g., by mixing the modes at
an appropriately chosen multiport. The simplest example is the superposi-
tion of two modes by a beam splitter. Combination of beam splitters with
measuring instruments in certain output channels may therefore be regarded
as a promising way for engineering quantum states of travelling optical fields
[7]–[34].

The action of a beam splitter as a lossless four-port device is commonly
described in terms of a unitary transformation connecting the two input fields
and the two output fields [28].

Ref. [26] contains a review of quantum superposition states of Schrödinger-
cat-type. These states were originally introduced for probing the foundations
of quantum mechanics. In a recent time (see [32]), superposition states of
Schrödinger-cat-type have been suggested to be applied as logical qubits in
Quantum Computing.

12 The conditional beam splitter operator

Let us consider an experimental setup of the type shown in Fig. 1

A signal mode (index 1) is mixed with a reference mode (index 2) at a beam
splitter, and a measurement (device M) is performed on the output reference
mode. Since, the two output modes are entangled in general, the measurement
influences the output signal mode as well. The action of a beam splitter can
be described by a unitary operator U connecting the input and output states
according to

|ψout〉 = U |ψin〉, (84)
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Figure 1: After mixing a signal mode prepared in the state |ψin1〉 with a
reference mode prepared in the state |ψin2〉, the output signal mode collapses to
the state |ψout1〉, if the measuring instrument M projects the output reference
mode onto the state |ψout2〉

where (see [28])

U = ei(ϕT +ϕR)L3e2iϑL2ei(ϕT +ϕR)L3 (85)

with the complex transmittance T̃ and reflectance R̃ of the beam splitter de-
fined by

T̃ = eiϕT cosϑ, R̃ = eiϕR sinϑ. (86)

Now, let us assume that Π (l) is the positive operator valued measure
(POVM) that is realized by the measuring device M, with

Π (l) ≥ 0,
∑
l

Π (l) = 1 (87)

(for POVM, see, e.g., [25, 45]). We have

L2 =
1

2i

(
a†1a2 − a†2a1

)
, L3 =

1

2

(
a†1a1 − a†2a2

)
. (88)

The calculation of the commutator between L2 and L3 provides

[L2, L3] =
i

4

(
{a†1, a2} + {a†1, a2}†

)
=
i

2

(
a†1a2 + a†2a1

)
. (89)
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13 Beam splitter algebra

Explicit calculation give

[L2, L3] =
i

2

(
a†1a2 + a†2a1

)
= −L1. (90)

Analogously, we have

[L1, L3] =
i

2

(
a†1a2 − a†2a1

)
= −L2, [L1, L2] =

1

2

(
a†1a1 − a†2a2

)
= L3 (91)

where

L1 = − i

2

(
a†1a2 + a†2a1

)
, L2 =

1

2i

(
a†1a2 − a†2a1

)
, L3 =

1

2

(
a†1a1 − a†2a2

)
.

(92)

Operators (92) satisfy the following commutation relations:

[L1, L2] = L3, [L2, L3] = −L1, [L3, L1] = L2. (93)

Let us set

L1 = αL̃1, L2 = βL̃2, L3 = γL̃3 (94)

where α, β and γ are coefficients �= 0. Then Eqs. (93) become[
αL̃1, βL̃2

]
= γL̃3,

[
βL̃2, γL̃3

]
= −αL̃1,

[
γL̃3, αL̃1

]
= βL̃2, (95)

from which

αβ = γ, βγ = −α, γα =
β

2
, (96)

i.e.

α = 1, β = i, γ = i. (97)

Then, the operators have the following form

L1 = L̃1, L2 = iL̃2, L3 = iL̃3. (98)

The commutation relations (92) can be written as[
L̃1, L̃2

]
= L̃3,

[
L̃2, L̃3

]
= −L̃1,

[
L̃3, L̃1

]
= L̃2. (99)

We have demonstrated that the beam splitter algebra is isomorphic to the
algebra su(2) of SU(2).
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Suppose now that the measurement on the output reference mode gives the
result l. In this case the reduced state of the output signal mode becomes

ρout1 =
Tr2 [ρoutΠ (l)]

p (l)
, (100)

with

ρout = U |ψin〉 〈ψin|U †, (101)

where the probability of providing the result l is

p (l) = 〈Π(l)〉 = Tr1Tr2 [ρoutΠ (l)] . (102)

When the operator Π (l) projects onto a pure state |l〉 = |ψout2〉, i.e.

Π (l) = |ψout2〉 〈ψout2| , (103)

and the (pure) input state can be decomposed as

|ψin〉 = |ψin1〉 |ψin2〉 , (104)

the use of equations (100), (101), (103) and (104) yields

ρout1 = |ψout1〉 〈ψout1| , (105)

where

|ψout1〉 =
Y |ψin1〉

||Y |ψin1〉 || . (106)

The quantity Y denotes the average (expectation value)

Yave = 〈ψout2|U |ψin2〉 . (107)

The expression (107) is the non-unitary conditional beam splitter operator Y
defined in the signal-mode Hilbert space, where the expectation value of Y †Y
is the probability of obtaining the state |ψout1〉:

p (ψout1) = ||Y |ψin1〉 ||2 ≡ 〈ψin1| Y †Y |ψin1〉 . (108)

The non-unitary transformation operator Y can be determined by con-
sidering reference modes that are prepared in displaced Fock states (see, for
example, [63] and references therein).

We have

|ψin2〉 = D2(α)|m〉2, |ψout2〉 = D2(β)|n〉2, (109)
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where

D(α) = eαa
†−α∗a (110)

denotes the coherent displacement operator. In Appendix A of Ref. [29] it is
shown that

Y = D1

(
α− T̃ β

R̃∗

)
2〈n|U |m〉2D1

(
β − T̃ ∗α

R̃∗

)
(111)

In the derivation of (111), it has been employed the property

2〈n|U |m〉2 =
R̃m(−R̃∗)n

T̃ n
√
m!n!

{
(a†1)

man1

}
s
T̃ a

†
1a1. (112)

In applying (112), the notation {. . .}s is connected with the so-called s-
ordering treated in [27] with

s =
2

|R̃|2 − 1 > 1. (113)

Using the standard ordering formula (see [27]), one finds

{
(a†)man

}
s
=

min{m,n}∑
k=0

k!

(
m
k

)(
n
k

)(
2 − s

2

)k {
(a†)m−kan−k

}
s
, (114)

(see [30] also).
It can be seen that the s-ordered operator product in Eq. (112) can be

elaborated to give

{
(a†)man

}
s
=

{
m!
[− s+1

2

]m
an−mP (n−m,a†a−n)

m

[
s−3
s+1

]
, if m ≤ n

n!
[− s+1

2

]n (
a†
)m−n

P
(m−n,a†a−n)
n

[
s−3
s+1

]
, if m ≥ n

(115)

where P
(b,c)
α (z) is the Jacobi polynomial. We notice that for α = β = 0, the

operator Y (111) realizes the transformation to the Jacobi-Polynomial states
considered in [36].

In what follows we shall adopt the scheme considered in [2].

14 Symplectic group for two modes

Let us take two orthogonal modes of the radiation, characterized by the an-
nihilation operators aj and the creation operators a†j (j = 1, 2), obeying the
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commutation rule [aj, a
†
k] = δjk. These operators can be elaborated in the form

of a four-component column vector

ξ = (ξa) =

⎛⎜⎜⎝
q1
q2
p1

p2

⎞⎟⎟⎠ , (116)

qj =
1√
2

(
aj + a†j

)
, pj = − i√

2

(
aj − a†j

)
, (117)

ξ(C) = Ωξ, ξ = Ω−1ξ(C), (118)

where

Ω =
(
Ω−1
)†

=
1√
2

⎛⎜⎜⎝
1 0 i 0
0 1 0 i
1 0 −i 0
0 1 0 −i

⎞⎟⎟⎠ , (119)

and ξC is defined as

ξ(C) =
(
ξ(C)
a

)
=

⎛⎜⎜⎝
a1

a2

a†1
a†2

⎞⎟⎟⎠ , (120)

with a = 1, 2, 3, 4 and (C) means that the operators aj, a
†
j are not hermitian,

while this property is shared by (116).
The canonical commutation relations for ξ and ξ(C) read

[ξa, ξb] = iβab,
[
ξ(C)
a , ξ

(C)
b

]
= βab,

[
ξ(C)
a , ξ

(C)†
b

]
= (Σ3)ab, (121)

where

(βab) =

⎛⎜⎜⎝
0 0 1 0
0 0 0 1
−1 0 0 0
0 −1 0 0

⎞⎟⎟⎠ , (122)

and

((Σ3)ab) =

⎛⎜⎜⎝
1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

⎞⎟⎟⎠ . (123)
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We recall that, in general, a real homogeneous transformation on the q and
p operators is described by a real matrix S such that

ξ → ξ′ = Sξ, ξ′a = Sabξb. (124)

In the case in which the operators ξ′a and ξa satisfy the same commutation
rules, then

SβST = β, (125)

which is called symplectic condition.
The condition (125) is typical of the elements of the group Sp(4,R) (the

symplectic group) which is noncompact:

G ≡ Sp(4,R)
.
=
{
S = 4 × 4 real matrix |SβST = β

}
. (126)

As it can be deduced in [67], all its unitary irreducibile representations are
infinite-dimensional. Futhermore, splicing together appropriately an infinte
number of copies of G, one obtains a simply connected group G̃, the so-called
universal covering of G (see for example ref. [9] quoted in [67]).

Now let H be the Hilbert space on which ξ and ξ(C) act. Then, the hermitic-
ity properties and the commutation relations of the operators ξa are mantained
by the transformations (124) for any S ∈ Sp(4,R). We have also that since ξa
acts irreducibly on H, the Stone-von Neumann theorem [49, 56] ensures that
it could build up a unitary operator U(S) on H with the property:

S ∈ Sp(4,R) : Sabξb = U(S)−1ξaU(S), (127)

U(S)†U(S) = � on H. (128)

Moreover, the operators U(S) furnish a two-valued representation of the
group [87, 44] Sp(4,R):

S1, S2 ∈ Sp(4,R) : U(S1)U(S2) = ±U(S1, S2). (129)

Alternatively, one can regard the operator U(S) as giving rise to a faithful
unitary representation of the four-dimensional metaplectic group Mp(4), which
is a two-fold cover of Sp(4,R).

We observe that the connection between Mp(4) and Sp(4,R) shows some
analogies with what occurs between SU(2) and SO(3), in the sense that a
homomorphism can be established between SU(2) and SO(3).

15 The squeezing criterion

Let us consider a two mode radiation field, whose physical states are deter-
mined by the action of Sp(4,R). In the following we shall state a squeezing
criterion according to the formulation of [2].
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Now let ρ be the density operator of any (pure or mixed) state of the two
mode radiation field. Then, we can assume suitably that, by applying the
trace property, Tr(ρ ξa) vanishes in the state ξa. In other words, the non-
zero values of the means Tr(ρ ξa) can also be reinstated by a convenient phase
displacement without effects on the squeezing properties. The operation of
squeezing involves the set of all second order noise moments of the quadrature
operators qj and pj .

To dwell upon these operators collectively it is suitable to define the so-
called noise matrix V :

V =

⎛⎜⎜⎝
〈q2

1〉 〈q1q2〉 1
2
〈{q1, p1}〉 〈q1p2〉

〈q1q2〉 〈q2
2〉 〈q2p1〉 1

2
〈{q2, p2}〉

1
2
〈{q1, p1}〉 〈q2p1〉 〈p2

1〉 〈p1p2〉
〈q1q2〉 1

2
〈{q2, p2}〉 〈p1p2〉 〈p2

2〉

⎞⎟⎟⎠ . (130)

Most generally, i.e. for a system with any number of modes, one has

V = (Vab), where Vab = Vba =
1

2
Tr(ρ{ξa, ξb}). (131)

The matrix (130) holds for a two mode system. It is real symmetric positive
and obeys additional inequality related to the Heisenberg uncertainty (see
[81]). When ρ is transformed in ρ′ by the unitary operator U(S) for some
S ∈ Sp(4,R), from eqs. (128) and (131) one desumes that the noise (or
variance) matrix V satisfies a symmetric symplectic transformation

S ∈ Sp(4,R) : ρ′ = U(S) ρU(S)−1 → V ′ = SV ST . (132)

The transformation (132) preserves all the mentioned properties of the matrix
V .

In order to establish a squeezing criterion, let us deal with the maximal
compact subgroupK ≡ U(2) ∈ Sp(4,R). This subgroup is realized by matrices
S ∈ Sp(4,R) having a specific block form constituted by two-dimensional
unitary matrices belonging to U(2):

K = U(2) = {S(X,Y ) ∈ Sp(4,R) |U ≡ X − iY ∈ U(2)} ⊂ Sp(4,R) (133)

with

S(X,Y ) =

(
X Y
−Y X

)
. (134)

The elements X and Y are the real and imaginary parts of U . Furthermore,
the condition U †U = � garantees that S(X,Y ) obeys the symplectic relation
SβST = β. One can write

K = U(2) = Sp(4,R) ∩O(4) (135)
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with

S(X,Y )(β or �)S(X,Y )T = β or�. (136)

The complex form S(C)(X,Y ) corresponding to S(X,Y ) acting on ξ(C) is

S(C)(X,Y ) = S(C)(U) =

(
X − iY 0

0 X + iY

)
. (137)

16 On the violation of the second law of ther-

modynamics (a short bibliographic guide)

In Sec. 2 of [86] (see also [85]) the following propositions are presented:

(i) Two states Φ, Ψ can certainly be separated by semi-permeable diaphragm
if they are orthogonal;

(ii) If Φ, Ψ are not orthogonal, then the assumption of such a semi-permeable
diaphragm contradicts the second law of thermodynamics.

The statements concern thermodynamics and the notions of distinguishability
and orthogonality.

Von Neumann proved the statement i) in a study relative to “thermody-
namic considerations”, and the converse of i), namely: if two states can be
separated by semi-permeable diaphragms, then they must be orthogonal.

As it was pointed out in [86], it was Peres (see [68]) that “demonstrated” the
statement ii) resorting to a thought-experiment with quantum gases in which
he supposed the non-orthogonality of two quantum states, their separability
by semi-permeable diaphragms, on the basis of these assumptions, Peres was
able to build up a thermodynamic cycle which violates the second law.

A deep discussion is performed on the arguments of preparation and mea-
surement procedure and distinguishability, and their mathematical represen-
tatives, i.e. the density matrix, the positive-operator-valued measure and the
orthogonality. However, as it is observed in [57], Peres thought-experiment
is affected by a contradiction which can be focused as a situation in which
two observers use two different density matrices to analyze the same physical
phenomenon. This assert furnishes a description of the fact that a density
matrix exploited to describe a preparation is always dependent on a particular
knowledge of the preparation of the observer (see Refs quoted in [57] on this
subject). Peres also elucidates what occurs when the two observers have and
use different pieces of knowledge, and thus different density matrix descrip-
tions. An example of this situation appears when one consider the second law.
This law may be seemingly violated by one of the observer.
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Another important contribution to the question of a possible violation of
the second law of thermodynamics is provided by Jaynes (see [48]) who de-
scribed a thought-experiment very similar to that proposed by Peres in which
the same seeming violation of the second law appears for one of the observers.
To share the whishes of Mana et al. [57], the contributions to this question of
Peres and Jaynes would give insight into each other.

Mana et al. observe that the demonstrations by Peres, von Neumann and
Jaynes are based on cyclic processes, which start from and end in a situation
described by the same thermodynamic state (on this regard see the footnote 2
of [57]). We notice also that in all the considerations made in [57] the state
variable of entropy does not enter in the discussion. Therefore, the second law
of thermodynamics takes the form

Q ≤ 0 (cyclic processes), (138)

where Q denotes the total amount of heat observed by the thermodynamic
body in the process. In [57] it is employed the entropy-free form (138).

17 Quantum channels

Let {H, ρ} be an independent and identical distributed (i.i.d.) quantum infor-
mation source. If the rate R is > S(ρ), then a reliable compression scheme of
rate R exists for the source. On the contrary, if R < S(ρ) then any compression
scheme of rate R will be not reliable.

This statement is known as Schumacher’s quantum noiseless coding theo-
rem.

In this Section we introduce the important notions of quantum channels.
Let ρ be a density operator describing a general quantum system in a

Hilbert space H. A quantum channel T is a completely positive and trace-
preserving map, that transforms states on the sender’s end of the channel into
states on the receiver’s end, i.e.

ρ → T [ρ ]. (139)

Since T [ρ ] should also be a density operator, T has to be a positive and trace
preserving map. If the system under consideration is a part of a larger system
with which it interacts, the condition of positivity must be satisfied again in
a larger Hilbert space. Hence, T must be a completely positive map. The
concept of complete positivity was introduced by Kraus [54] in the context of
linear maps.

Let us consider an n-dimensional Hilbert space Hn. The map T acting on
the Hilbert space H is said to be completely positive if the map T ⊗ In on the
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Hilbert space H⊗Hn is positive for all n. Kraus showed that a set of operators
Ak exists such that

T [ρ ] =
∑
k

A†
kρAk. (140)

Owing to the trace-preserving property of T , the operators Ak, called Kraus
operators, verify the relation ∑

k

AkA
†
k = �. (141)

In [54] it is demonstrated that any quantum channel arisen from a unitary
interaction operator U of the system with an environment described by another
Hilbert space HE whose initial state is characterized by ρE :

T [ρ ] = TrEU(ρ ⊗ ρE)U †. (142)

18 Positive Operator Valued Measurements

A positive operator valued measurement (POVM) is a generalization of the
formula for evaluating probability of outcomes from projective measurements
to non-projective measurements.

For a family of projection operators {Pn} such that PnPm = δnmPn and∑
n Pn = �, a projective measurement Pn leads to the outcome n with proba-

bility

p(n) = Tr(Pnρ). (143)

By virtue of the fact that the probabilities sum up to 1, the En measures obey
the completeness relation ∑

n

En = �. (144)

In the Kraus formalism, we can construct the reduced state with outcome n
by measuring the environment. The probability of obtaining this outcome is
given by

p(n) = Tr(A†
nρAn) = Tr(AnA

†
nρ), (145)

where AnA
†
n is a positive operator satisfying the completeness relation (144)

(see (141)). Thus, AnA
†
n = En is an example of the POVM generated by quan-

tum operation. For this reason, the family of POVM {En} is often expressed
as a set of quantum operations using the Kraus operators {√En = An}.
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19 Capacities for classical information

19.1 The noisy channel coding theorem

The noisy coding theorem gives a bound on the minimum amount of redun-
dancy that must be introduced to correct for noise affecting the information
during the transmission process.

Let us consider a discrete noisy channelN . The most important quantity in
this theorem is the channel capacity C(N), defined as the maximum rate that
information may be reliably transmitted over the channel. Here, “reliably”
means that the probability of an error between input and output messages
vanishes in the asymptotic limit.

A noisy channel is characterized by an input alphabet X and an output
alphabet Y . Furthermore, the action of the channel is described by a set
of conditional probabilities p(y|x) with x ∈ X and y ∈ Y . Of course, once
p(y|x) and p(x) are specified, then p(y) is determined, p(y) =

∫
dxp(x, y) =∫

dxp(y|x)p(x). One says that the channel is memoryless when the noise acts
independently on each use of the channel, i.e. p(y|x) = p(y1|x1) . . . p(yn|xn);
otherwise, the channel is called memory channel.

Now let us take a memoryless chanel over which some random messages
of n letters are transmitted. With high probability, these messages belong to
a set of about 2nE(X) typical sequences. For any typical message received by
Bob, there are about 2nE(X |Y ) that could have been sent. As a consequence,
we need to associate with Bob’s message a sphere composed by 2n(E(X |Y )+δ)

possible inputs, where δ is an arbitrary variable. So, the number of input
typical sequences in such a sphere is given by

2nE(X |Y )+δ

2nE(X)
= 2−n(E(X :Y )−δ). (146)

Now, if we have 2nR strings of letters, the probability that they are in this
sphere is

2nR2−n(E(X :Y )−δ) = 2−n(E(X :Y )−R−δ). (147)

Due to the arbitrarity of δ, we can choose R arbitrarily close to E(X : Y ) for
any p(x). In particular, the probability of a decoding error becomes small for
any rate R ≤ E(X : Y ). From this result and from the definition of channel
capacity, we deduce Shannon’s noisy channel coding theorem.

19.2 Shannon’s noisy channel coding theorem

For a noisy channel N the capacity is given by

C(N) = max
p(x)

E(X : Y ), (148)



368 T.A.C. Maiolo, L. Martina, G. Ruggeri and G. Soliani

where the maximum is taken over all input distribution p(x) for X, for one
channel use, and Y is the random variable at the output of the channel.

20 The phenomenon of teleportation

In [17] and [23] some important aspects of teleportation are discussed. Here
we take a brief account of these, emphasizing the main characteristica of this
phenomenon.

Concerning first the work [17], we point out that (see [79]) instantaneously
information transfer is definitely impossible. The authors of [17] shown that
Einstein-Podolsky-Rosen (EPR) correlations can assist in the teleportation of
an intact quantum state from one place to another, by a sender who ignores
both the state to be teleported and the location of the receiver.

More specifically, in [17] an observer, say Alice, has been given a quantum
system (e.g. a photon or a spin −1

2
particle) prepared in a state |φ〉 unknown

to her. Suppose that Alice should communicate to another observer, say Bob,
sufficient information about the quantum system to make an accurate copy of
it.

We observe that the vector state |φ〉 contains sufficient information, but
there is no way to learn it. We imagine that only Alice knows that |φ〉 belongs
to a given orthonormal set on which she can carry out a measurement whose
result will allow her to realize an accurate copy of |φ〉. On the contrary, if
the possibilities for |φ〉 include two or more non-orthogonal states, then no
measurement will provide sufficient information to prepare an accurate copy.

We notice that Bob can reverse the actions of Alice to prepare a replica of
her original state |φ〉. This spin-exchange measurement (see [64]) elucidates an
essential property of Quantum Information: it can be swapped from a system
to another, but it can not be duplicated or “cloned” (see the basic paper [90]).

In regards to this point, a fundamental difference exists between Classi-
cal Information and Quantum Information, in the sense that the first can be
duplicated at will. Furthermore, the most tangible manifestation of the non-
classicality of Quantum Information is the violation of Bell’s inequality [11]
observed in experiments [4] on EPR states.

Following the scheme of [17], it is possible to teleport the quantum state
|φ〉 of a spin-1

2
particle.

Let us deal first the transmission of the non-classical part. To this aim, let
us start from two spin-1

2
particles which are prepared in an EPR singlet state

defined as

|Ψ(−)
23 〉 =

√
1

2
(| ↑2〉| ↓3〉 − | ↓2〉| ↑3〉) , (149)

where the subscripts 2 and 3 label the particles in this EPR pair.
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The mechanism of the teleportation can be described by it follows. The
original particle of Alice, characterized by the unknown state |φ〉, that Alice
wants to teleport to Bob, is indicated by the subscript 1. The three particles
may be of different kinds, for example one or more may be photons, in cor-
rispondence of which the polarization degree of freedom has the same algebra
as a spin. One of EPR particle (particle 2) is given to Alice, while the other
(partcle 3) is given to Bob. A crucial point is that even if this establishes
the possibility of non-classical correlations between Alice and Bob, the EPR
pair at this stage contains no information on |φ〉. In fact the whole system,
including Alice’s unknown particle 1 and the EPR pair, is a pure product state:

|φ1〉|Ψ(−)
23 〉, (150)

where |Ψ(−)
23 〉 is expressed by (149).

We remark that the state (150) involves neither classical correlation nor
quantum entanglement between the unknown particles and the EPR pair.
Consequently, no measurement on either member of the EPR pair, or both
together, can yield any information about |φ〉.

As it emerges from [17] and [24], the complete state of the three particles
before Alice’s measurement reads

|Ψ123〉 =
a√
2

(| ↑1〉| ↑2〉| ↓3〉 − | ↑1〉| ↓2〉| ↑3〉) +
b√
2

(| ↓1〉| ↑2〉| ↓3〉 − | ↓1〉| ↓2〉| ↓3〉) ,
(151)

where the coefficients a and b obey the condition |a|2 + |b|2 = 1.
In Eq. (151) each direct product | 1〉〈 2| can be expressed in terms of the Bell

operator basis vectors |Φ(±)
12 〉 and |Ψ(±)

12 〉, giving so formula (5) shown explicitly
in [17]. One derives that each measurement outcomes are equally likely, each
occurring with probability 1/4. After Alice’s measurement, Bob’s particle 3
will have been projected into one of the four pure states superimposed in Eq.
(5) of Ref. [17]. These states are:

|φ3〉 =

(
a
b

)
,

( −1 0
0 1

)
|φ3〉,(

0 1
1 0

)
|φ3〉,

(
0 −1
1 0

)
|φ3〉.

(152)

Each state (152) for Bob’s EPR particle is related simply to the original
state |φ〉 which Alice sought to teleport. In the case of the first (singlet)
outcome, Bob’s state is the same except for a phase factor. In such a way Bob
may reproduce a replica of Alice’s spin. For the remaining cases, Bob must
apply one of the unitary operators appearing in (152). These correspond to
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180◦ rotations around the z, x and y axes. Hence, to convert his EPR particle
into a replica of Alice’s original state |φ〉, Bob has to resort to (152).

An important issue on teleportation effect is described below [17]. Ac-
cordingly to [17], unlike the quantum correlation of Bob’s EPR particle 3 to
Alice’s particle 2, the result of Alice measurement is purely classical infor-
mation, which can be transmitted, copied, and stored at will in any suitable
physical medium. Another basic feature inherent to this situation is that this
information need not to be destroyed or cancelled to bring the teleportation
process to a successful conclusion. In other words, as it is said in [17], the
teleportation of |φ〉 from Alice to Bob has the effect of producing two bits of
random classical information, uncorrelated to |φ〉.

Another remarkable fact underlined in [17] is that since teleportation is a
linear operation applied to the quantum state |φ〉, it will work not only with
pure states, but also with entangled states.

To conclude our brief review of the main results found in [17], we recall that
the authors show that in the process of teleportation an unknown quantum
state can be disassembled into, then later reconstructed from, purely classical
information and purely non-classical Einstein-Podolsky-Rosen (EPR) correla-
tions.

It is worthwhile to mention as well, in the context of teleportation, the
experimental realization performed by Boschi et al. (see [23]) of teleporting
an unknown pure quantum state via dual classical and EPR channel. The
authors of [23] report on a quantum optical experiment in which teleportation
of unknown pure quantum states are implemented. This realizes all of the non-
local aspects of the original scheme proposed in [17] and it is equivalent to it
up to a local operation. Results are obtained for the teleportation of a linearly
polarized state and of an elliptically polarized state. In [23] it is shown that the
experimental results cannot be explained in terms of a classical channel alone.
Furthermore, the Bell measurement in the experiment carried out by Boschi
et al. can distinguish between all four Bell states simultaneously allowing, in
the ideal case, a 100% success rate of teleportation. Essentially, the analysis
carried out in [23] sees how a state, which is locally unknown to Alice, can be
disassembled into purely classical and purely non-local EPR correlations and
successively reconstructed at a distant location.

In the paper [47] a review of quantum cryptography (QC) and the relative
potential applications of an experimental proptotype at Los Alamos have been
considered. In the following, the main aspects of QC are discussed together
with some experimental issues whose original works are deal with.

A crucial argument which is asked by Hughes et al. is what is “quantum”
about QC. Quantum Cryptography began essentially with Wiesner ([88]), who
proposed that a single quantum state could be stored for long periods of time.
Anyway, in 1984 it was not practic to isolate a quantum state from the envi-
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ronment for long periods. Later Bennett and Brassard instead of using single
quanta for information storage, they employed them for information transmis-
sion.

In [18] they published the so-called BB84 protocol. In [39] another progress
in QC was performed when Ekert resorted to the Einstein-Podolsky-Rosen
(EPR) entangled two-particle states, that could be used to implement a QC
protocol whose security was based on Bell’s inequalities [11].

In 1991 Bennett et al. proved that the Quantum Key Distribution (QKD)
can help in building up a prototype system for BB84 protocol based on polar-
ized photons [15].

In [47] it is underlined that one of the crucial problem in cryptography is
the so-called key distribution problem. This can be formulated by asking how
do the sender and the recipient come into possession of the secret key material
while being sure that eavesdropper cannot acquire even partial information
regarding this secret. Concerning classical information, it is not possible to
establish a secret. A probably secure key distribution is possible in the context
of Quantum Communication.

An important conclusion on this question is that the two fundamental char-
acteristics of QKD are that eavesdroppers cannot reliably acquire key material,
and any attempt to do so would be detectable.

In 1992 Bennett proposed a minimal QKD scheme (named B92). Bennett
proposed that B92 protocol could be implemented using single-photon inter-
ference with photons propagating for long distances over optical fibres [12].

Quantum cryptographic key distribution (QKD) was invented by Bennett
and Brassard in 1984 (see [16]). The QKD is a procedure for creating shared,
assurdly secret, key data over unsecured optical link (see [12], [13] and [15]).

Security is garanteed by the fundamental quantum properties of light rather
than the computational complexity. Moreover, in QKD information is encoded
in the quantum states of individual optical photons. Many researchers have
proved the feasibility of QKD using light transmitted through free space (see
[4]-[7] of [21]) or through optical fiber (see [8]-[23] of [21]).

In [21] it is reported a system based on Faraday orthoconjugation, which
is briefly discussed below, that eliminates certain inefficiencies present in the
applications of Muller et al. at the University of Geneva, where these au-
thors were the first to demonstrate a Quantum Cryptography key distribution
(QKD) based on a long-path interferometer using Faraday orthoconjugation to
automatically compensate for uncontrolled birefringence and refractive index
changes (see [60], [91]).

Muller and collaborators proved that the system studied had excellent in-
terference characteristics and clearly established the value of autocompensation
technique in their application. However, in the original form their system had
some optical inefficiencies that reduced the signal pulse amplitudes giving rise
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to spurious optical noise pulse. The authors of [21] investigate a system based
on Faraday autocompensation that eliminates such inefficiencies by resorting
to polarization splitting rather than amplitude splitting of light pulses (see
[20]).

We remark also that in [72] the Geneva group reported an elegant variation
of their system, based also on polarization splitting of light. In their paper a
great improvement of the performance and efficiency of their original autocom-
pensating system is obtained. The experiment considered in [21] is described
in detail in Fig. 1 of their article. The results achieved concern error-corrected
privacy-amplified cryptographic key data over a 10-km single-mode fiber link
and are described accurately in Sec. II (see A and B). The effect of Faraday
orthoconjugation was described by Martinelli in 1989. This discovery allows
automatic and passive compensation for the polarization-transforming effect
of the fiber (see [58] and [69]). In Martinelli’s discovery, light is transmitted
down a fiber, passes through a 45◦ Faraday rotator, reflects from a mirror,
passes through the Faraday rotator a second time and go bac k to the fiber.
Martinelli showed that with its device the polarization state of the light re-
turning to the input end of the fiber is always orthogonal to the polarization
state of the input light. This fact occurs independently from the polarization
transformation induced by the fiber. This effect is known as Faraday ortho-
conjugation. It is important for long-path-length interferometry. The reader
interested in this context could consult Refs. [26]-[28] of [21].

21 Entanglement criteria

In [52] a criterion is given for detecting the entanglement of a quantum state.
This entanglement is used to study the relationship between topological and
quantum entanglement. For [52] it is fundamental to view topological entan-
glements such as braids as entanglement operators and to associate with them
unitary operators that are capable of creating quantum entanglement. In [52]
the entanglement criterion is applied to explore this connection.

Section 2 introduces some results given a set of equations that characterized
entanglement of a quantum state. In Section 2 it is shown how this criterion
can be employed to analyze a general class of solutions to the Yang-Baxter
equation and their corresponding link invariants. The section ends with a
discussion of invariants of local unitary transformations in relations to this
algebraic criterion for entanglement.

In Section 3 it is discussed the structure of entanglement in relation to
measurement. In particular, the authors of [52] discuss the EPR thought-
experiment and other aspects of Bell inequalities. In [52] the criterion of en-
tanglement is used to show how unentangled states cannot violate the Bell
inequalities for a given choice of operators. The upshot of this discussion is
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that also a complex relationships between quantum entanglement and non-
locality. It should be auspicable that one could obtain a deeper connection
between topology and non-locality.

Let us define

Φ =
∑

aα|α〉 (153)

where α runs over all binary strings of length n. Thus we regard Φ as a general
element of V ⊗n where V is a complex vector space of dimension two with basis
(|0〉, |1〉). With α a binary strings as above, let |α| denote a number of ones
in the string. Thus, |1101| = 3.

Let ei denote the string of length n with all zeros exept for a 1 in the i-th
place.

We shall write i ∈ α to mean that the i-th place in the string α is occupied
by a 1. Thus, i ∈ ei and 2 ∈ 11.

Theorem 21.1 The state Φ =
∑
aα|α〉 is entangled if and only if the fol-

lowing equations are satisfied for such coefficients in Φ:

a
|α|−1
0...0 a0 =

∏
i∈α

aei . (154)

Proof If Φ is entangled then Φ has the form of an n-fold tensor product as
shown below, with k a complex constant.

Φ = k (|0 . . . 0〉 + A1...0|1 . . . 0〉) (|0 . . . 0〉 + A01...0|01 . . . 0〉)
. . . (|0 . . . 0〉+ A0...1|0 . . . 1〉)

= k
n∏
i=1

(|e0〉 + Aei|ei〉) = k
∑
α

Aα|α〉 (155)

where α runs over all binary strings of length n, A0...0 = Ae0 = 1, and

Aα =
∏
i∈α

Aei . (156)

Since here

aα = kAα (157)

it follows at once from the decomposition that

a
|α|−1
0...0 aα =

∏
i∈α

aei. (158)
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Conversely, if the coefficients of Φ satisfy (158), then it is easy to see that Φ
factorizes in the above form. This complete the proof of the Theorem.

Remark The simplest example of the theorem is the case of two entangled
qubits.

By the theorem

Φ = a00|00〉 + a01|01〉 + a10|10〉 + a11|11〉 (159)

is entangled exactly when

a00a11 = a10a01 (160)

This is the criterion that we checked by hand earlier in the paper.
For three qubits we have the equations

a000a100 = a100a010, a000a101 = a100a001,

a000a011 = a010a001, a2
000a111 = a100a010a001. (161)

We are now in a position to compare topological and quantum entanglement
for the large class of solutions to the Yang-Baxter equation that we mentioned
in the previous paper [51]. Recall that if Mα,β is a matrix with entries on the
unit circle (α and β range over all binary strings of length n), then we can
define

R|α, β〉 = Mα,β|β, α〉 (162)

and R is a unitary solution of the Yang-Baxter equation. See [51] for a discus-
sion of this solution.

Corresponding to a link diagram K, in [51] is defined a state summation
Sk by summing over all assignments of binary strings α to each component of
the link K (colorings of the diagram K) and taking the product of the matrix
entries Mα,β associated via R with each crossing in colored diagram. It is then
easy to see that if K is a link of two components K1 and K2, then

SK =
∑
α 	=β

Mω(K1)
α,α M

ω(K2)
β,β M

2lk(K1,K2)
α,β +

∑
α

Mω(K1)
α,α Mω(K2)

α,α M2lk(K1,K2)
α,α . (163)

Here ω(Ki) denotes the writhe of the component Ki. That is, ω(Ki) denotes
the sum of the signs of all the self-crossing of Ki. Recall that the linking
number of K, denoted lk(K) = lk(K1, K2), is one-half the sum of the signs of
the crossing shared by K1 and K2. Finally, the writhe of K, denoted ω(K),
stands for the sum of all the signs in the diagram K whether they are between
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two components, or with a component and itself. The following formula is an
immediate consequence of these definitions

ω(K) = ω(K1) + ω(K2) + 2lk(K1, K2). (164)

In order to separate out the topological dependence so that we can see how
this state summation can detect the linking number of the link, it is useful to
assume that Mα,α = λ is a constant independent of the binary string α. We
shall make this assumption from now on.

We can then write the formula for the state sum in the form

SK =
∑
α 	=β

λω(K1)λω(K2)M
2lk(K1,K2)
α,β +

∑
α

λω(K1)λω(K2)λ2lk(K1,K2)

=
∑
α 	=β

λω(K)
(
M2

α,β/λ
2
)lk(K1,K2) +

∑
α

λω(K) (165)

= λω(K)
∑
α 	=β

(
M2

α,β/λ
2
)lk(K1,K2) + 2n.

Thus we obtain the topological invariant ZK defined by the equation

ZK = λ−ω(K)SK =
∑
α 	=β

(
M2

α,β/λ
2
)lk(K1,K2) + 2n. (166)

We conclude, as in the case of two qubits, that ZK can detect linking number
so long as M2

α,β �= λ2.
Now let us return to the matrix R and see about its entanglement capabili-

ties. We are assuming that all theMα,α are equal to λ. Then if Φ =
∑

α,β |α, β〉,
then

RΦ =
∑
α,β

Mα,β |α, β〉. (167)

Using the entanglement criterion considered in [51], and writing 0 for the
string 0 . . . 0, one concludes that the state RΦ is entangled exactly when the
following equations are satisfied for all α and β

λ|α|+|β|−1Mα,β =
∏
i∈α

Mei,0

∏
j∈β

M0,ej . (168)

In the case α = β this equation becomes

λ|α|+|α|−1Mα,α =
∏
i∈α

Mei,0

∏
j∈α

M0,ej , (169)

λ|α|+|α|−1λ =
∏
i∈α

Mei,0

∏
j∈α

M0,ej ,

λ2|α| =
∏
i∈α

Mei,0

∏
j∈α

M0,ej . (170)
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Thus letting

mα,β =
∏
i∈α

Mei,0 (171)

and

m0,α =
∏
j∈α

M0,ej , (172)

we have

λ2|α| = mα,0m0,α. (173)

From these formulas we find that

m0,αmα,0m0,βmβ,0λ
−2M2

α,β = mα,0m0,βmα,0m0,β. (174)

Hence

m0,αmβ,0λ
−2M2

α,β = m0,βmα,0. (175)

Therefore

Mα,β/λ
2 = (mα,0/m0,α)(m0,β/mβ,0). (176)

The state RΦ is entangled exactly when this last equation (176) is satisfied.
We see from this that if the matrix M is symmetric, i.e. if Mα,β = Mβ,α

for all α and β, then the invariant ZK detects linking exactly when RΦ is
an entangled state. On the other hand, if M is not symmetric, then the
invariant can detect linking even when the state RΦ is entangled. This is the
generalization of the previous results of [51], using the entanglement criteria
proved in [52].

The generalization shown that while there is no necessary relation between
quantum entanglement and the ability to detect topological linking, there are
cases of invariants where the two properties are directly related to one another.
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[35] M. Dakna, L. Knöll and D. G. Welsch, Photon-added state preparation
via conditional measurement on a beam splitter, Optics Communications,
145 (1998), 309-321.
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