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Abstract

With the aid of the hyper-sphere method, the influence on deple-
tion interactions from the electrostatic potential in the charged colloidal
system which is further confined between two charged plates is studied
through Monte Carlo simulation in this paper. The numerical results
show that, the depletion forces between the two likely charged large-
spheres in the charged binary colloidal system are strengthened by the
electrostatic potentials of other charged spheres and the charged plates.

PACS: 82. 70. Dd

Colloidal suspensions have attracted much attention in the field of sta-
tistical physics[1]. It is of fundamental interest to understand the effective
interaction between charged colloidal particles in aqueous solution[2−10], be-
cause a vast number of industrial and natural processes depend on controlling
the interaction between the colloidal particles. As we know that the Coulomb
interaction between two like charged colloids is purely repulsive, however the
problem is made nontrivial by the presence of micro-sized colloidal particles
(carrying opposite charge so as to ensure global charge neutrality of the sys-
tem), which screen the direct Coulomb repulsions. Recently, the effective inter-
actions between charged colloidal particles have been measured in experiments
[11−15]. These experiments found that an attraction arises while the system is
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confined between two charged plates. However, there has been a controversy
over the possibility of attraction between two like-charged colloidal spheres.
It is said that the results reported in these papers are artefacts[16,17]. Despite
of above debates, we believe that the dynamical behaviors of the charged col-
loidal particles will be strongly affected by the electrostatic potential, and the
distribution of micro-ions around the macro-ions, then the depletion interac-
tion must be different to that in a uncharged one. So, in this paper, we pay
our attentions to expose the influence on the depletion interactions from the
electrostatic potentials.

As the Coulomb system is very complex, in which the pair potential is
long ranged, one should pay more cautions while simulating. The most com-
mon ways for us to handle the Coulomb interaction are the periodic bound-
ary conditions (PBC), Ewald Summation techniques [18], and Lekner Sum-
mation techniques[19,20]. Although these methods are proved to be efficient,
there are some shortcomings with them. Now, the hyper-sphere method, pro-
posed by Caillol et. al., has been successfully and efficiently used to study
the charged colloidal system, through which the Coulomb potential can be
derived analytically[21−24]. Obviously, numerical simulations performed within
the hyper-sphere surface(noted as S3) are free of any truncations or approxi-
mations.

In the context of the primitive model, we use computer simulations per-
formed on S3 to study the depletion interaction between the charged colloidal
particles. For simplicity, we only study the charged system consisting of two
macro-ions with radius rm and counter-ions with radius rc. It is further con-
fined by two like-charged plates. So the system under study involves the de-
pletion interactions and the Coulomb interactions. We suppose that the two
spherical macro-ions carry charge −Ze(Z > 0), and the two parallel plates
carry with surface charge density −σpe (Qp = σpSp), where e is the elementary
charge of a electron. On the other hand, the micro-ions are the counter-ions
carrying opposite charge qe, which maintain the neutrality of the system:

2Z − Ncq + 2σpSp = 0, (1)

where Nc is the number of the counter-ions, Sp is the area of one plate. We
further suppose that the pair interaction potentials Vmm, Vmc, and Vcc between
the macro-ions and the counter-ions are

Vmm =

{ ∞ for r ≤ dm
Z2e2

4πε0εrr
for r > dm

(2)

Vmc =

{ ∞ for r ≤ (dm + dc)/2
−Zqe2

4πε0εrr
for r > (dm + dc)/2

(3)
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Vcc =

{ ∞ for r ≤ dc
q2e2

4πε0εrr
for r > dc

(4)

where dm, dc are the diameters of the macro-ion and micro-ion, respectively.
With the aid of the concept of pseudo-charges, i.e., the association of a bare
charge with a uniform neutralizing background, the electric field and the cor-
responding potential generated by the charged spheres can be easily obtained
by Gauss theorem on S3

[23]. When a charge qN is located at the North pole
N of S3, it generates at point M an electric filed Eion(θM) satisfying Gauss
theorem:

Eion(θM)S(θM) = Q(θM )/ε0εr, (5)

where ε0 is the permittivity of vacuum, Q(θM ) is the net charge included
within the volume V (θM ) of S3 limited by the interfacial area S(θM), and can
be written as

Q(θM ) = qN [1 − V (θM)/VT ], (6)

where VT = 2π2R3 is the total volume of S3. From Eqs. (5), (6) one can
deduce

Eion(θM ) =
qN

4π2ε0εrR2
(
π − θM

sin2 θM

+ cot θM ), (7)

through the E = − 1
R

∂
∂θ

V (θM), the electrostatic potential at points M is given
as:

Vion(θM) =
qN

4π2ε0εrR
[(π − θM ) cot θM − 0.5]. (8)

Then the Hamiltonian in the field of ion-ion, ions-plates, plate-plate can be
expressed as follows:

HII =
1

8π2ε0εrR

Ni∑
i=1

qi

Nj∑
j=1,j �=i

qj [(π − θij) cot θij − 0.5]

+
Niq

2
i

8π2ε0εrR
[(π − 2α) cotα + 0.5 − π/ sinα]; (9)

HPI =
Ni∑
i=1

qiqp

4π2Rε0εr
[(π − 2θi) cot θi − 1] +

q2
p

π2Rε0εr
(θN cot θN − 1); (10)

Hpp =
q2
p

4π2ε0εrR
[1 + (π − 4θN ) cot θN ]. (11)
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where Ni or Nj represents the number of ions, qi denotes the charge of the ith
ions, θij = dij/R, α = rc/R, here dij is the distance between the ith and jth
ions (i, j = m, c), R is the radius of the hyper-sphere, which can be determined
through Eq. (1) and the relation D = R(π − 2θN ).

As is known that the depletion force which involves the counter-ion density
on the macro-ion surface and measures the imbalance of the counter-ionic
pressure on the macro-ions is expressed as[25]:

�F1 = kBT
∫

S
d�nρc, (12)

where kB is the Boltzmann’s constant and T the temperature, �n is the surface
vector pointing towards the macro-ion center, ρc the contact density of micro-
ions on the surface of the macro-ion, and S is the surface area of macro-ion. In
addition, the depletion force in the hard sphere or nearly hard sphere system
is also usually determined through the differentiation of depletion potential,
which can be conveniently obtained by the acceptance ratio method (ARM)
[26−29]. For ARM, two systems of the micro-ions fluid in an external potential
characterized by the two macro-ions located at different positions on the center
line of simulating cell should be considered. If the potential and the partition
function of the two systems are V0, Q0 and V1, Q1 respectively, the free energy
difference between these two systems is given by

βΔF = − ln
Q1

Q0
= − ln

〈f [β(V1 − V0 + C)〉0
〈f [β(V1 − V0 − C)〉1 = − ln

N10

N01
, (13)

where β = (KBT )−1, N10 is the number of samples drawn out from N simulated
samples, which generated with the potential V0 where V1 is not infinite; N01 is
the number of samples drawn out from N simulated samples, which generated
with potential V1 where V0 is not infinite.

In this paper, we aim to expose the influence on depletion interaction from
the electrostatic potential, so the depletion interactions in both the charged and
uncharged systems are studied. Due to the following factor, we only study the
weakly charged system in which the dynamical behavior of the charged spheres
is similar to that of the hard spheres, so the ARM can still be validly used to
get the depletion interactions. In the simulations, the simulated cell for these
systems is a rectangle Lx × Ly ×Lz, and the two charged or uncharged plates
are located at x1 = −Lx/2 and x2 = Lx/2 respectively, in addition, the two
macro-ions or the two uncharged large-spheres are placed on the middle plane
of the two plates (schematic picture is figure 1); the radius ratio of the macro-
ion to the counter’s or the large- to small-sphere rm/rc is 5, and the number
of counter-ions or small-spheres Nc is determined through the given packing
volume fraction η, defined as η = NcVc/(V −2Vm), where V is the total volume
of the simulating cell, Vc stands for the volume of a counter-ion, Vm the volume
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of a macro-ion. Here, for both the charged and uncharged systems, we keep
Ly = 20rc, Lz = 36rc and Lx equals to 20rc. Corresponding to the two plates,
the fixed boundary condition is used in X direction. Obviously, the periodic
boundary condition is applied to the other two directions Y and Z. Then
the configurations of the micro-ions are sampled according to the Metropolis
algorithm[30] with the two macro-ions fixed at a separation h. Each micro-ion
is orderly chosen involving a trial displacement. Except for an overlapping
with the macro-ions, the other micro-ions and the plates, the new position is
accepted with a certain probability: rand() < e−βΔE , where rand() is a random
function, and ΔE = E ′ − E is the difference of the energy of the two systems
corresponding to after and before displacing a counter-ion respectively. It is
known that Monte Carlo simulations on the hypersphere S3 are very efficient,
i.e., in Ref. [23], only 2.5 × 103 Monte Carlo steps (MCS) were performed for
the thermalization of ionic system and 1.0 × 104 MCS to collect data. In our
simulations, for the charged system, 2.5×104 MCS are used for equilibrium of
the system and other 2.5×104 MCS to collect data; for the uncharged system,
2.0 × 105 MCS are used for equilibrium of the system and other 2.0 × 105

MCS to collect data. In addition, we take the charge ratio of the macro-ion
to counter-ion Z/q = 100, and the zero point of potential is set while the two
macro-ions contacting, .i.e., h = 0. The depletion potential can then be got
through the ARM and the depletion force between the two macro-ions can
be obtained through the differentiation of the depletion potential. Since the
simulated data are scattered with statistical errors, obviously, the data should
be smoothed firstly by means of the polynomial fitting method. In this way,
we perform our simulations for both the charged and uncharged systems with
packing volume fractions η = 0.100, 0.116, 0.150, respectively. The depletion
potentials and depletion forces are obtained, and the results are shown in
figures 2 and 3. In both figures 2 and 3, the solid and dashed lines denote the
depletion potential or depletion force of the charged and uncharged system
respectively. From figure 2, we can see that there is almost no difference
between the depletion potentials of the charged and uncharged systems within
the distance of rc, however, with the increase of the distance between the
surfaces of the two macro-ions, the depletion potential in the charged system
turns to be smaller than that in the uncharged system. Furthermore, the
difference between them increases with the increase of h and quickly maintains
to a certain magnitude. Obviously, the depletion potentials are affected by the
electrostatic interactions, especially in the range of rc → 4rc. From figure 3,
we also find that the depletion forces are affected by the electrostatic potential:
just like the depletion potentials, when 0 < h < rc, the depletion force in the
charged system is almost the same to that of the uncharged system, while the
distance h increases, the depletion force in the charged system is strengthen,
i.e., the peak value of the repulsive part is larger than that of the hard-sphere
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system, and the bottom value of the attractive part (the second attractive part)
is smaller than that of the hard-sphere one. This phenomena is a nature result
of the primitive model mentioned above. As we know that when 0 < h < rc,
the interaction between the macro- and micro-ion is dominated by the collision
between them which is characterized by the hard core, therefore, in this region,
the depletion interactions of the charged and uncharged systems are almost
unaffected. However, with the increase of h, the electrostatic potential will play
more and more important roles, then the influence on the depletion interactions
turns out. Furthermore, from figures 2 and 3, we also get that, with the increase
of the packing volume fraction, this influence increases.

In summary, in the weakly charged colloidal systems, we have studied the
influences on depletion interactions from both the electrostatic potential and
the geometrical confinement through the hyper-sphere S3 within a four dimen-
sion Euclidian space. It is found that the depletion interactions are strength-
ened by the electrostatic potential coming from other charged spheres and the
charged plates when h = rc ∼ 4rc. Obviously, it provides us useful informa-
tion for the stability and the structure of the charged system, especially for
the attraction between the likely charged spheres.

References

[1] Gast A P and Russel W B 1998 Phys. Today 51 24

[2] Israelachvili J 1992 Intermolecular and Surface Forces 2nd edn (London:
Academic)

[3] Alexander S, Chaikin P M, Grant P, Morales G J, Pincus P and Hone D
1984 J. Chem. Phys. 80 5776

[4] Carbajal-Tinoco M D, Castro-Rom’an F and Arauz-Lara J L 1996 Phys.
Rev. E 53 3745

[5] Rouzina I and Bloomfield V A 1996 J. Phys. Chem. 100 9977

[6] Levin Y 1999 Physica A 265 432

[7] Goulding D and Hansen J-P 1999 Europhys. Lett. 46 407

[8] Allahyarov E, D’Amico I and Löwen H 1999 Phys. Rev. E 60 3199
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Figure 1: (a) Schematic picture for two macro-ions between two likely charged
plates separated by a distance Lx, h is the surface distance of the two macro-ions.
(b) Schematic picture of (a) on S3 (Projected to three dimensions)
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Figure 2: Depletion potential between the two macro-ions located in the charged
and uncharged systems in unit of KBT . The separation between the two macro-ions
surface h is scaled by the unit of 2r. The solid line and dashed line denote the
charged system (noted CG) and hard sphere system (noted HD) respectively. The
packing volume fractions of (a), (b) and (c) are η = 0.100,η = 0.116 and η = 0.150
respectively.
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Figure 3: Depletion force between the two macro-ions in the charged and hard-
sphere systems in unit of KBT/2r. The separation between the two macro-ions
surface h is scaled by the unit of 2r. The solid line and dashed line denote charged
system (noted CG), hard sphere system (noted HD) respectively. The packing vol-
ume fractions of (a),(b) and (c) are η = 0.100, η = 0.116 and η = 0.150 respectively.


